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Abstract

A deterministic mathematical model is proposed and analyzed to study the transmission dynamics of Varroosis in honeybee colony
with interventions. The study combined both treatment and biocontrol strategy on curbing the menace of Varroosis on honey-
bee colony. As such, the study established the existence of the most important four steady states that include: disease-free and
infestation-free, infestation with virus-free Varroa-mites, infestation with virus-carrying Varroa-mites and endemic steady state.
Moreover, the study established the existence of backward bifurcation and sensitivity analysis of the model was performed. Corre-
spondingly, the analysis of the model reveals that, ineffective treatment can induce backward bifurcation. Furthermore, the study
results indicated that, when treatment is 100% effective, the disease-free and infestation-free steady state is globally asymptotically
stable for Ry < 1, whereas for Ry > 1the global stability of the endemic steady state is proved only on a special case.
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1. Introduction

Honeybee has been substantially influencing modern agricultural production through pollination processes in sus-
taining ecosystem. As such, the majority of food crops consumed by human depend largely on honeybees’ pollination
[1]. In addition, the generous contributions of honeybees could not be over-emphasizing in producing honey, beeswax,
and other products which are used for vast purposes.
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Honeybee population is confronted increasingly with enormous challenges extending from diseases, predators,
parasitic Varroa-mite, viruses, brood diseases, pesticides, inadequate nutrition, climate & seasonal changes and the
stresses of moving colonies for crop pollination [2-4].

Varroa-mite (Varroa-destructor) is an ectoparasite that attacks honeybee colony. It infests and transmits pathogens
(viruses) via vertically or horizontally within and between colonies. In a nutshell, Varroa-mite feeds on honey-
bee body, reproducing and surviving on brood cells and suppressing honeybee immunity which eventually results
to death. Moreover, viral infection spreads via feeding process when honeybee contacted with contaminated uten-
sils or a Varroa-mite carrying virus feeds on an uninfected honeybee, it might release the virus into the honeybee’s
haemolymph and a virus-free Varroa-mite feeds on an already infected honeybee, it can acquire the virus [5-8].

Interventions such as biological, chemical, mechanical and heating methods have long been put to use to curb
the menace of Varroosis as studied by [9-11]. Furthermore, mathematical models were developed and studied on the
dynamics of Varroa-mite infestation and vectored disease transmission into honeybee population. Also, [12] examined
honeybee-mite interactions in the presence of migration effects on their population dynamics. A mathematical model
studied and analyzed on honeybee, Varroa-mite, and Acute honeybee paralysis virus interactions with seasonality
[13]. Bifurcation analysis is one of focus of this study which prompted to reviewing [14], whose study investigated
the existence of bifurcation on the transmission dynamics of HIV/AIDS on CD count. Additionally, a study proposed
a mathematical model of Varroa-mite and the Acute Bee Paralysis Virus (ABPV), in which the honeybee population
is divided into hive bees and forager bees based on tasks performed in the colony [15]. In short, gargantuan models
were developed on honeybee such includes: [16-19] and among others.

This study is committed to extending the model developed due to [11] by remedying the model shortfalls. Their
model didn’t consider Varroa-mite population (virus-free Varroa-mite and Varroa-mite carrying virus). Similarly,
control strategies using treatment and biocontrol agent (Pseudoscorpions) for Varroosis were not addressed. Hence,
this study incooperated these components in order to have a model mimicking real life phenomenon and reducing
the impact of Varroosis on honeybee colony. It also aimed to investigate existence of bifurcation, global stability and
sensitivity analysis of the model.

2. Methodology

2.1. Model formulation

The total populationN(f)of honeybee, at time ¢, is divided into six (6) mutually exclusive compartments, namely:
Susceptible honeybee S (), honeybee infested by virus-free Varroa-mite M(t), honeybee infested by Varroa-mite carry-
ing virus I(¢), Population of virus-free Varroa-mite V(t), Population of Varroa-mite carrying virusV, (t)and Population
of biocontrol agent Ag(t). Thus, N(¢) = S () + M(¢) + I(?)

It is assumed that infested and infected honeybee has (N,, andN;) a shorter life span than healthy beesN;. Also,
assuming that Varroa-mites have higher interaction with broods and hives than forager and that rate of disinfestation in
honeybee depends on its state of health, hence;a; > a,. Itis assumed that the biocontrol agent feeds on both virus-free
and virus-carrying varro-mite, the population growth for biocontrol agent is assumed to be logistic, the recruitment
rate of brood population is assumed to be constant, the population growth for Varroa-mite is assumed to be logistic
and the carrying capacity for the mite changes with host (honeybee) population size and natural death rate for all the
populations is assumed to be constant. Infection induced death rate for all the populations is assumed to be constant.
Also, it is only a horizontal transmission mode is assumed and Varroa-mites carrying virus is constantly recruited into
the colony.

2.2. Model description

The model describes the interaction between honeybee population, Varroa-mite population and population of bio-
control agent in a single honeybee colony. The model provides control strategies that minimize the effects of both
infestation and infection. The population of susceptible honeybee S (¢)is naturally recruited at the rateA, disinfestation
rate ajanda;, treatment raterfrom bothM(7) and I(f)respectively. It decreases by transmission rate of infestation by
virus-free Varroa-mitef3;. The population of honeybee infested by virus-free Varroa-mite M(t) grows by the rate of in-
festation by virus-free Varroa-mite 51and decline by rate of infestation by Varroa-mite carrying virusf,, disinfestation
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Table 1. State Variables

Symbol Descriptions

S(1) Susceptible honeybee at time ¢

M) Honeybee infested by virus-free Varroa-mite at time ¢

1(1) Honeybee infested by Varroa-mite carrying virus at time ¢

V() Population of virus-free Varroa-mite at time ¢

V(1) Population of Varroa-mite carrying virus at time ¢

Ap(t) Population of biocontrol agent at time ¢

N Total subpopulation of healthy honeybee

Ny, Total subpopulation of honeybee infested by virus-free Varroa-mite

N; Total subpopulation of honeybee infected by Varroa-mite carrying virus
N Total population of honeybee

Table 2. Parameters

Symbol Descriptions

Bi transmission rate of infestation by virus-free Varroa-mite

B2 transmission rate of infestation by virus-carrying Varroa-mite

a) Disinfestation rate for honeybees infested by virus-free Varroa-mite

o) Disinfestation rate for honeybees infested by virus-carrying Varroa-mite

d Natural death rate for all the populations of honeybees

0 Infection induced death rate for all the populations of honeybees
T Intrinsic growth rate of biocontrol agent

Yy Intrinsic growth rate of Varroa-mite

k Environmental carrying capacity for biocontrol agent

(0] Environmental carrying capacity for Varroa-mite

m Rate at which virus-free Varroa-mite acquires virus

m Rate at which virus-carrying Varroa-mite loss it to the host healthy bees
m Constant recruitment rate of Varroa-mite carrying virus into the colony
C Conversation coefficient of virus-free Varroa-mite to bio-agent

C, Conversation coefficient of virus-carrying Varroa-mite to bio-agent

My Natural death rate for the populations of Varroa-mite

u Natural death rate for the population of biocontrol agent

m Treatment using Thymol powder

A Recruitment rate of healthy bees in the colony

at the ratea, treatment at raterr and natural death ratedrespectively. The population of honeybee infested by Varroa-
mite carrying virus /(f) grows when Varroa-mite carrying virus infested on both susceptible honeybee and honeybee
infested by virus-free Varroa-mite at the ratef; andB,respectively. It declines by disinfestation at ratea,, treatment
at raterr, natural death ratedand infection induced death 6 respectively. The population of virus-free Varroa-mite V
naturally grows at the rate y (1 - %) and get decline by conversion coefficient of biocontrol agent and its natural
death at rate Cjand y,respectively. The population of Varroa-mite carrying virus V, naturally grows by acquiring
the virus at rate n7;, grow by constant recruitment into a colony at 7zand get decline by losing the virus to healthy
honeybee at 17,, conversion coefficient of biocontrol agent and its natural death at rate Cpand p,respectively. The
population of biocontrol agent (pseudoscorpion) naturally grows at rate 7 (1 - @) and conversion coefficients at rate

k
CiandCyrespectively. It declines by natural death at rateu.

2.3. State variables and parameters

The state variables and parameters of the model are presented in Table 1 and Table 2 respectively:
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2.4. Model equations
SO =A=-BS (Vi+Vo+ M+1)+ (a1 +m) M+ (ay +7) [ - dS
M@®)=p1S (Vi + M) =M (Vy + 1) = (@1 + 71+ d) M

IO =S Vy+D+BoMV,+I)—(ar+n+d+06)1

. Vi
Vf(l) = )/Vf (1 - w) (C1AB + ) Vf

. N, N,

Vo) = Vi~ — Vo2 43 = (CoAp + i) Vs
® mViy —mV 13 — (C2Ap + )
. As

Ap(t) = TAg (1 - 7) +(C1Vy + C2V,) Ap - A

With initial conditionsS (0) > 0, M(0) > 0,1(0) > 0, V;(0) = 0, V,(0) > 0 and A(0) > 0

3. Model Analysis

3.1. Existence of the steady states of the model

ey
@)
3

“

®

(6)

The steady states of the model are established, when the RHS of the equation (1)-(6) is set to zero and eventually

solved.

3.1.1. Disease-free and infestation-free steady state
The model has a unique disease-free and infestation-free steady state given as

E:(5%,0,0,0,0,0) = (dooooo)

3.1.2. Infestation with virus-free Varroa-mites steady state
In this steady state, susceptible honeybees are infested with virus-free Varroa-mite only. Then,

I:VV:AB=O

Substituting equation (8) in to the system (1)-(6), we have:
S* = A+ VA M* = Bl+r and V* _ Q(V‘ﬂv)

= 2BydN ° = By TN
For positive steady state y > 1y holds
Where:

= AB1YN + yd*N + a;ydN + nydN + ByydQ — Bdu,Q
2
Ay = (ABIYN +ydN + (@1 + m)ydN +B1dQ(y - 1)) — 4AB1Y*dN (@1 +d + m)
By = AB1yN — yd’N + ayyd(~N) — mydN — B1ydQ + B1du, Q

Thus, we obtain the infestation with virus-free Varroa-mite steady state given as

A1+\/_Bl+‘/_0Q(7 Hy)
2B1ydN " 2ByydN ~ 7 yN

E;(S*,M",0,V},0,0) = E ,0,0

(N

®

€))
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3.1.3. Infestation with virus-carrying Varroa-mites steady state
In this steady state, susceptible honeybees are infested with virus-carrying Varroa-mites only. Then,

M=V;=Ap=0 (10)
Substituting equation (10) in to the system of equation (1)-(6), we have:
S* = A+ VA * _ Bi+ VA, dv: = Nns
= BaGNmNy L T T B@e NNy N Yy = NN

Where:
A1 = (N + maN)AB +d(ay +d + 6 + 1)) + BNns(d + ),

As = 2BNn3(d + 8) (N + 1N )AB + d(as + d + 6 + 7)) + (uyN + 112N ) (AB — d(as +d + 6 + 7))* + B2 N*13°(d + 6)* B,
= (u,N + mN)(d(ar +d + 6 + ) — AB) + BNn3(d + 6)

Thus, we obtain the infestation with virus-carrying Varroa-mite steady state given as:

A+ VAy Bi+VA; N3
0 0 J (11

E!(S*,0,I°,0,V;.,0) = E; ( PRy’ >~ NNy O e

3.1.4. Existence of the endemic steady state and backward bifurcation

In this steady state, there exist all the population of honeybee, virus-free Varroa-mite, virus-carrying Varroa-mite
and biocontrol agent.

Let Eg = (S O ME T, V;ﬁ, vy ,A;)be any arbitrary steady state of the model (1)-(6). Further, let
=S (Vi+ Vi + M + 1) =BiS* (Vi + M)+ B1S* (Vi + 1) (12)

Equation (12) is associated with forces of infestation and infection at steady state. Setting the right hand side of the
model (1)-(6) to zero and solve for the state variables (non-zero solutions). We have:

§*= (A1 + AA1g + As)® — A7)

M = 2;3% (Ais + A1)

r (A19 + A5 Alg)

V.* = CszQ (A20 + W) 13
vy = Czk (A22 + W)

Ay = gy (s + 42)

Substituting (13) into the force of infestation and infection defined in (12), so that the non-zero (endemic) steady states
of the model (12) satisfy equation (14). In addition, from equation (14) we obtained 1* = Oas one of the solutions (that
corresponds to disease-free and infestation-free steady state) and the core quartic polynomial corresponds to endemic
steady state.

(@2 + ad” + a3 A + ay A + as) = 0 (14)
Where:
A%2.D A? A2%.D;DgD? D
a; = 2 2,612: 0 gy =10 o 2 ay = S as=D:De D) = A +As, Dy = Ao + Ayg,
wo 2Bow> w3 2Bows3 2Bowr
ﬁl D3+ D3 + Dy + Ds

D3 = (A5 +A1)*, Dy = (Azo + \/Azl),Ds = (Azz + \/Azl),Dé = +D2 —A7,D7 =

2dpywsyCok (CHNQ - yr)’
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P 2 2
rwiws  uwiwy  CINQwiws  Iwow;  uwows;  CINOQwows;  CINQwiwiwy

Av=—Aws - et G 4C,  4Cwr  4Caw, T 4G HGC
CINQWOW§W4 rWIW3Ws CfNQw1W3W5 rwowgw_s C%NQwowgws rwowg,uv FWIW3L,
WCw, 4Gk | 4 4Chw 4yC2w, 4C2w,  4C2k
_wiws CINQwowsp, B CINQwiwspt,  CiNQw wiu, ~ CiNQwowin, ~ wow3 L Wiwaws
4yC3k 4yCiw, 4yC3 4yCy 4yCowy 26, 2B,
wi wWows
eos-2)

A3 = 4yC3k(CInskNQ — CikNQrwy + CikuN Qws — NQrwap, + yNQrws + yisr)
W()W%

2
+(yC2k,u —yC2C1kNQ — CTkNQuy + C2C1kNQu, + CH(—k)NQws — CoC1kN Qwy — yCokr — yrus, — WWS) +m
2
Ay = 4)/C%k (C%rnkNQ — C1kNQrwy + C1kuN Qw4 — NQrwap, + yNQrwy + 7773r)

2
+ (yCakp = yC2C1ANQ = CTRN Qu, + CoC kN Qpay + CH(—k)NQws — CyC1kN Qws — yCakr = yrya, — yrws)

1
As = %Wl\/_ 4B wrws3

—waws = 282 + 3w (yCakr = yCok + yC1C2ANQ + C1CokN Qwy + yrws + CIkN Qws + yryu, )
+C2kNQu, — C1C2kNQu, 2
+\/(<)/C2k,u — YC2C1kNQ = C3kN Qp, + CoC1AN Qpuy + CH(—k)NQws — CyC1kN Qws — yCakr = yry, — yrws)
4)/C§k (CfmkNQ — C1kNQrwy + C1kuN Qw4 — NQrwau, + yNQrwy + ’}/7]3}”)

Ag
27C§k

2
Ag = (—Zﬂz + - szs) — 4Brwrws

wows3
A, = Ae
77 28w,

As = Baws (—yCaktt + yC2C1ANQ + Ao + CTRN Qpty = CoC1kN Qu, + CTKN Qws + CoC1AN Qwy + yCokr + yrya, + yrws)

Ag = 4)/C§k (C%T]:;kNQ — C1kNQrwy + C1kuNQws4 — NQrwap, + yNQrwy + y773r)
2
+(¥Caktt = yC2C1kNQ — CHN Qu, + C2C1kN Oty + CH(=k)N Qws — CoC1kN Qwy — yCakr = yrya, — yrws)

A10=A2\/A_3\/A_4

1
A11 = Wwows + 2,32 - —W3ﬂ2 ()/Czkr - )/Czkﬂ + 7C1C2kNQ + C1C2kNQW4 + yrws + ClszQWS + yru,

2yC gk

+CEkNQu, — C1C2kN Qu,+
Arp = 4yC2k (CinskNQ — C kN Qrwy + CikuN Qws — NQrwaps, + yN Qrws + ynsr)
2
+(yCaktt = yCLC1kNQ = C2hN Qpy + C2C1AN Quy + CH(—k)NQws — CoC1kN Qwy — yCakr — yru, — yrws)

6
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Az = =C2kNQu, + C2C1kN Qp, + CH(—=k)NQws — C2C1kN Qwy + yCoCy Q — yris, — yrws
+4yC§k (CfmkNQ — C1kNQrwy + C1kuN Qw4 — NQrwau, + yNQrwy + yn;3 r)

1 o yCokr — yCokpt + yC1CokNQ + C1C2kNQwy + yrws + C%kNQws + yru, )
2yC2k 2\ +CTRN Quy = C1CokN Qi + V (YCokpt = yCokr = kN + Asg

Avs = (A + VAR) + v (~4Bawaws + (413 1Y)

C%NQWL“\' CiNQOwsu, C]ZNQWSWS CiNOw3wy _ CiNQOws _ws

A = —wow3 =26, +

A - _ rwaly, _ I'waws w3 _ _ _ s
16 4CZk ~ 4Ck T #yCk 4C2 4yCy 4C2 4yCy 4Gy 4Cy
44 A wows

ic, ~ 2 2 26,
Arz = 4yClk (CoskNQ — CLkN Qrws + CrikuN Qwy = NQrwags, + yNQrwy + yipar)
2
+(¥Caktt = yC2C1ANQ = C2kN Qpy + C2C1kN Quy + CH(—k)NQws — CoC1kN Qwy — yCakr — yru, — yrws)

_ g a _ 1 yCokr — yCoku + yC1C2okNQ + C1CokNQwy + yrws
A = \/( 4Brwows3 +( wawsz — 20, + _2yC§kW3ﬁ2( +C%kNQW5 +yru, + C%kNQMV — C1CokNQu,

2
+\/<(7C2k/1 — YC2C1kNQ — CYkN Quy + C2C1AN Oy + CH(—k)N Qws — CaC1kN Qwy — yCakrr = yrya, — yrws)
+47C§k (C%rnkNQ — C1kNQrwyg + C1kuNQw4 — NQrwau, + yNQrwy + yr]3r)

A9 = A6 VA

CIkN? QPwy _ CiNQrws CkN?* Qi CIRN?Q*py

Az = y(=N)Qr + 3CikNQr = 3C1kuNQ ~ 3CTkN?Q* — == 26T G 2
CkN*Q*ws  CNQ  CiNQry,
lZT _%/_Cz_ 1272”1+NQ’”’MV

Ay = 47C§k (CfmkNQ — C1kNQrwy + C1kuN Qw4 — NQrwau, + yNQrwy + 7r]3r)
2
+ (7C2k;1 —vCr,C1kNQ — C%kNQ,uV + C,C1kNQu, + C%(—k)NQws — C,C1kNQwyg — yCokr — yru, — yrws)

Ay = yCakr — yCokp + yC1C2kNQ + C1C2kNQwy + yrws + CTkN Qws + yri, + C2kNQu, — C1C2kN Qu,
Agy = —Sykr+ B8 Ly C KN Q+LC N Qug 1255 4 SN 1 kN Qp, + 1 4 SN
wy=(a+rn+d),ws=(a+7+d+0), wy =TI1%,W5 =7]2%

Hence, 4] = 51S* Vit M *)and A5 = 81S* (V; + I") are forces of infestation and infection respectively.

It follows that from equation (14) a; > 0 (since all the model parameters are non-negative). Furthermore, as > 0
whenever Ry < 1. Thus, the number of positive real roots of the polynomial (14) can depends on the sign ofaj,
azanday. This can be analyzed using the Descartes rule of sign on quartic polynomial f(x) = a;x* + axx® + azx® +
asx + as, given in (14) with(x = 4%).

The various possibilities for the roots of f(x)are tabulated in Table 3.

The results of theorem 1 is deduced from the various possibilities highlighted in Table 3.

Theorem 1 of the model (1)-(6) claimed the following results:

wo = (a1 +m), w; = (a2 + 1),

1. has a unique endemic steady state if Ry > land whenever cases 1, 2, 3 and 6 of Table 3 are satisfied
2. could have more than one endemic steady state if and whenever cases 4, 5, 7 and 8 of Table 3 are satisfied

3. could have 2 or more endemic steady states if Ry < 1 and whenever cases 2-8 of Table 3 are satisfied

The existence of multiple endemic steady states of the model (1)-(6) when Ry < 1 (as shown on Table 3) suggests
the possibility of backward bifurcation to exist which is similar to [20].

Corollary 1 The model (1)-(6) undergoes backward bifurcation at Ry < 1 from the possibilities shown in table 3

Theorem 2 The model (1)-(6) has a backward bifurcation at Ry < 1 if and only if case ii and Case iii hold.

Proof
To show the existence of backward bifurcation in model (1)-(6) at Ry < 1 if and only if case ii and Case iii hold,

center manifold theorem is used as in [21]
7
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Table 3. Number of possible positive real roots of f(x) for Ry < land Ry > 1

Cases a a as ay as Ry Number of sign Number of possible real roots
change (endemic steady state)
1 + + + + + Ry<1 O 0
+ + + + - Ry>1 1 1
2 + - - - + Ry<1 2 0,2
+ - - - - Ry>1 1 1
3 + + - - + Roy<1 2 0,2
+ + - - - Ry>1 1 1
4 + - + - + Ry<1 4 0,2,4
+ - + - - Ry>1 3 1,3
5 + - - + + Ro<1 2 0,2
+ - - + - Ry>1 3 1,3
6 + + + - + Ro<1 2 0,2
+ + + - - Ry>1 1 1
7 + + - + + Ry<1 2 0,2
+ + - + - Ry>1 3 1,3
8 + - + + + Roy<1 2 0,2
+ - + + - Ry>1 3 1,3

Consider model (1)-(6)

dX
=2 X9 s)

Where ¢ is the bifurcation parameter and G is a continuously differentiable at least twice (both in x and ¢).
Using the centre manifold theory, the following change of variables is made by denoting S = x;, M = x;, [ = x3,
Vi = x4, V, = x5 and Ap = xg. The vector notation is given byX = (x1, X2, X3, X4, X5, X6)" . Therefore, the model is
dX _

. . T
written in a vector form as - = G = (g1, 82, 83, 84, 85, 86)" such that

fC](Z‘) =A —,81X1 (X4 + X5 + xp + X3) + (011 +7T))C2 + (a’z +7T).X3 —dx

X)) = rx1 (x4 + x2) = Boxz (x5 + x3) — (@1 + 1+ d) x2

K3 = Fr1x1 (x5 + x3) + foxz (x5 + x3) X2 — (@2 + T+ d + 0) x3

X4(t) = yx4 (1 - ﬁ) —(Crx6 + 1) X4 (16)
5(t) = mxs N — moxs i + 173 = (Caxg + ) x5

X

X6(t) = rxs (1 -3 ) + (C1x4 + Coxs) Xg — [iXs

Letg;denote a bifurcation parameter such that 8; = 8. The system is linearized at the disease-free and infestation-free
steady stateE}. Given the reproduction numbers

Ry = %, Ry = %and Max (Ro1, Ry2). Hence, the maximum between the two reproduction num-
bers, is given in equation (17).
Roi = —2PL a7
day+7+d)
Where Ry, = lis the bifurcation point from equation (17), we have:
. d(ap+m+d)
B = — (18)
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At the disease-free and infestation-free steady state, the Jacobian is given as

-d -b by -5 -Bi§
by 0 pB5 O

0 b 0  pBig

J(EY) = 19

N eleleNe]
N eNeNeNe]

0 5
0 0 m % bG
0 0 0 0 b

Let’s denote: b; = 3, %+(a1 +7),b, = [31%—(051 +7+d), b3 =ﬂ1%—(a/1 +r7+d+96).by =51%+(a2 +7),bs =y—p,
be = —(772% +M) andb; =y —pu

The linearized system has a hyperbolic steady state (that is a linearized system has a simple zero eigenvalue and
all other eigenvalues have negative real parts. Hence, the center manifold theory can be applied to the model. Next,
we evaluate the left and right eigenvector which are associated with zero as a simple eigenvalue of equation (19).
Suppose, w = (w1, w2, W3, W4, Ws, wé)Tare to be the right eigenvector associated with the eigenvalue zero, then the
following equations are obtained

—d(ul - b1w2 + b4a)3 —ﬂ1%w4 —,81 §w5 =0
byw, +ﬁ1éw4 =0
byws +p15ws =0

2
b50)4 =0 ( O)
Ni _
1§ W4 + bgws =0
b7w6 =0
Getting the solution of equations (20), we have:
A A
wy = wg =0, wy =ﬁ1%a)5, wy = —i‘]—dws, w3 = —%ws andws = ws free

Furthermore, the system of equation (19) with }as a bifurcation parameter has simple zero eigenvalues. Using the
center manifold theory to analyzed the system nearf3], the Jacobian matrix nearS] has a left eigenvectors associated
with the zero eigenvalues given by v = (v1, v, v, V4, Vs, vg)for the dynamical system (19). Solving the left eigenvector
given by v = (v, w2, v3, V4, Vs, Vg)and satisfyingw.v = 1, we take the transpose of the system (20) to obtain below:

—-d 0 0 0 0 0 Vi 0
b1 b2 0 0 0 0 %) 0
b4 0 b3 0 0 0 V3 0
JET" = , = 21
E] —,312{_1 Pig 0 bs my O || v 0 e
B 0 Big 0 b O || vs 0
0 0 0 0 0 b Ve 0
Equation (21) is translated into equations (22)
—dv1 =0
b]V] + b2V2 =0
b4V1 + b3V2 =0 (22)

A A Nio,o —
—Bigvi +B1gva+bsva+miyvs =0
A A
Bigvi+Bi15vs +bevs =0
b7v6 =0

Solving the system of equation (22), we have:

V1=V2=v6=0

N:
V3 = —/‘%‘w, Vg = '17\,'—175‘\/5 and vs = vsfree
Computation of bifurcation Coefficient’s sign a and b

9



Umar et al. / African Scientific Reports 2 (2023) 98 10

When we apply the center manifold theorem by using Theorem 4.1 in [21] the value of a and bare computed for
the direction of bifurcation as follows:

Sincev; = v, = vg = 0 fork = 1,2, 6, then, the values of k = 3,4, 5is considered and employed in the computation
process. From the system of equation (16), we observe that the second partial derivatives of fyand fsare zeros. Hence,
the only contributing terms are those corresponding tof3. Thus, the associated nonzero second order partial derivatives
at disease and infestation free steady state are given as:

P h o _ P f o _ s  _ —
E)x36x1 _ﬁl’ 3X33X2 _ﬁ27 (9)(5(9)(] ﬁl and aX519X2 ﬁz

> fs

5
0?
a=v3Zwl(uja %) (00)+V4waj f4 (00)+V520)(1)]a %)

i=j=k i=j=k i=j=k

-(0,0)a

62 62 62 B 2

+ wW3Wy 3 + WsW1 . L
0x30x; 0x30x7 Bxsaxl 6 50X

Lo o))

)+ v4 (0) +v5 (0)

—dbe
Ap

a =

2
(o8] v (85) e - i
a= by |15 BB + 161 - o)
a=bew?|(B14+1)B1—B2)| >0,if B > B

5

> 0’ fs s 0 f3
b=V3Zw5 0, 0)+V4Z(u5 - 1(0,0)+v5Za)sa)%aﬁl(o,O)
i i=j=2

b = vzws + vsws

dbg dbg
b= + = - [
ws (V3 +vs) = ws ( A8, Vs + V5) wsVs ( ,31)

b = wsvs (1 - ﬁ.) > 0, where 1 > E and vs is a free variable, strictly positive.
Since a > Oand b > 0, the system of equation (1)-(6) exhibit a backward bifurcation. Recall [22] and [23]
critically decomposed the center manifold and found that the sign of “a” can be used to determine the direction of the
bifurcation. Hence, by this reason, we conclude that the system of equation (1)-(6) exhibits backward bifurcation.
Theorem 3: The model undergoes a backward bifurcation sincea > 0, b > Owhich occurs at Ry = 1, if 8; < O,
this implies that there exists unstable negative endemic steady state and whenB; > 0, it implies that there exists stable
positive endemic steady state. Therefore, the endemic steady state or (EEP) is locally asymptotically stable for Ry

close to one.

3.2. Global stability of the endemic steady state of the model

The global asymptotic stability of endemic steady state £} of the model (1)-(6) is presented in a special case where
honeybee receiving treatment does not transmit disease. Also, it is further assumed that the efficacy of treatment is
perfect atr = 1. When this holds, then, backward bifurcation ceased to exist. The model (1)-(6) with special case
n = lis given in equation (23) below:

SO=A-BS(Vi+ Vot M+1)+ (a1 + DM+ (a2 + )I-dS
M@®)=p1S (Vi + M) =M (Vy, + D = (a1 + 1 + d) M
IO=BSV,+D+BMV,+D—(ax+1+d+0)1
Vi) = 7Yy (1 - ) = (Cidn+ )V,
Vi(t) =V = VX +13 — (C2Ap + 1) Vy
Ap(t) = tAg (1= 22) + (C1Vy + C2V,) Ap — pAp

10
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Figure 1. Backward bifurcation at Ry < lof the model

In this section, we need to establish the global stability of the endemic steady stateE); of the reduced dynamical
system (23). We now construct positive lyapunov function V(#)by Goh-Volterra type.

Theorem 4: The endemic steady state of reduced model (23), which exists if Ry > 1is Globally Asymptotically
Stable (GAS)

Proof: Let Ry > land consider a non-linear lyapunov fuction of Goh-Volterra type given by

:(S—S*—S*log%)+<M—M*—M*log%)+([—l*—I*loglé)+(Vf—Vf*—Vf*log%)

+(Vo = V' = Vit log ) + (Ap — Ap* — Ap* log 42) @Y

Differentiating with respect to time, we have:

. ) ) . MM I . Ve , *y . Ap*A
V= SICR Y Y +i= =)+ V- L)+ = YW | (4, - AsAs 25)
S M i Vi v, Ag

Substituting the derivatives of (S ML Ve, V,, AB)from the model (1)-(6) into (25), we have:

V=(A-pS (Vs +V, +M+1)+WOM+W11 dS — 52 +B1S* (Vp+ Vy + M + 1)+ woM + wil +dS”)
+(B1S (Vi + M) = BaM (V, + 1) = waM - 2o, (vf + M*) + B M* (V, + 1) + waM*)
+(B1S v, +I)+,82M(V + 1) = w3l = LB1S (Vo + 1) + BaM (Vy + ') + wI")
+(y ~ o)~ CLABVs + i Vy = Yoy Vi (1= g60) + ClApVy + i Vy' )
+(mVeR —mVle + 13 = CuApVy = iV, = SEm Vel + Vit 5 + s + CoAgV + 1 Vi)
+(rAp (1= 22) + (C1Vy + CaV) Ap — pAg — 2 rAp* (1= 25) + (C1Vy + C2V,) A + pA5")

(26)

Wherewy = (@ + 1), w; = (@2 + 1), wp = (a1 + 1 +d)and w3 = () + 1 +d + 9).

11
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Using the relation below:
A=BS*(Vi+ Vi + M +T)+dS* —woM" —wI' 27

Hence, equation (27) is at steady state from equations (1)-(6). Therefore, substituting equation (27) into equation (26),
we have:

Vz(,BlS*(VJﬁ+V;‘+M*+I*)+dS*—WOM*—wll*—,815(Vf+Vv+M+I)+w0M+w|I—dS
—S BT (Vi+ Vit M+ 1) = 548" + wols Mowy 551 + B1S* (Vi + Vi + M+ 1) + woM + wil +dS”
+ Eﬁls (v + Mj =BoM (Vo + D) = waM = 2oB1S (Vi + M) + BoM* (V, + 1) + wy M)
+BS Vo + D+ MV, +1)—wsl — EﬁlS Vo + I+ oMV, + 1) +W3I*)
+(yv_,-(1 o) = CLABVy — Vs = Yoy vy (1— Q(N))+C1A3Vf +pvvf)
+(meN MV + 13 — C ARV, — 1,V — VV YoVl +mV, R s+ CApY) +quv*)
+(rap(1-42)+ (Clv, +CaV) Ap — pAp — SErAg* (1 - 225) + (Clvf +CV,) Ag” + pAg")
(28)

Further simplification and collecting all the infested and infected compartments without star (¥*) from equation (28)
and equating to zero, we have

BiST(Vy+ Vi + M+ 1) = BaM (Vy + 1) = wsl =, Vy = o,V (29)
A little perturbation of steady state from equation (1)-(6) and (29), we have:
ws = B1S* — foMandy, = S” (30)
Substituting equation (30) into equation (29) with some algebraic calculations give:
e ( BiS* (V*+V* + M+ ) +dS* —woM* —wiI* = dS = 52y (Vi + Vi + M* + ') = 52d + woly M* )

+w S I+ 2woM + 2wyl + dS”
+( waM - g, § (Vf + M*) +BM* (V,+ 1)+ sz*) + (—w31 ~LBIS (Vy + ) + BoM (V, + %) + w31*)

+bV41_é%) Vf(l_QwJ+C”WVf+“J7)
+(_772Vv]x; + 173 +772V Ny +T]3 + CLARV, )
+<rAB(1 AB) _,UAB—A” r(l—A—) (CIVf+C2V)AB + uAg* )

Factorizing equation (31), we have:

. s s s 1 11
VzdS*(Z———?)+,815*(V;+Vj+M*+I*)(1—?)+w1S*I*(——'ﬁ— "2 )+W0M*S*(————£)

N S wi S *W() S N S *W()
(32)
Thus, since the arithmetic mean exceeds the geometric mean, the following inequalities from equation (32) hold
(- & - %) 0.0 §) 0.} & - na (4 - & - 1) <0

Therefore, V < 0 for Ry > 1. Hence, Vis a lyapunov function in Wand it follows by Lassalle’s invariance principle,
that every solution to the modified model (1)-(6) approaches the associated endemic steady state of reduced model
(23) as t — oo for Ry > 1. Thus, the endemic steady state is Globally Asymptotically Stable (GAS)

3.3. Sensitivity analysis of the model

Sensitivity analysis is a scientific method employed to determine how different values of an independent variable
will affect a particular dependent variable under a certain set of hypotheses. It can also be used to determine which
parameters are most significant in the model output [24]. We hereby adopted [25] technique in carrying out the sen-
sitivity analysis, by obtaining the normalized sensitivity index of ¢ with respect to individual parameters. Therefore,
we consider the parameters that appeared in reproduction numbers in equation (17) which invariably affect equation
(1)-(6) if changes in their values occur.

12
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Table 4. Signs of Sensitivity Indices for two reproduction numbers Rgjand R
Parameters  Elasticity Index  Sensitivity Index

A 1 positive
B 1 positive
d 0.456116279 Positive
a -0.279069767 Negative
m -0.627906976 Negative
1723 -0.163265306 Negative
0 -0.122448979 Negative

Consequently, sensitivity indices of the basic reproduction numbers in equation (17) with respect to the model
parameter are obtained. The computations are as follows:

e OR A B A d(a+rn+d)
TR0 _ 0 _ 1 1 _ Ror _
Sen51t1V1ty index for A : FA“ = ﬁ X R_O = m X T X T = I,FA‘” =1 (33)
o ORy _ fi A B d(ay+nr+d) R
Sensitivity index f ) LIV st R ot Gl SR U (U | 34
ensitivity index for 8, : ', B R d@antd 1 3, Ty (34)
R A d d d 1 1
Sensitivity index for d : F§° _ %R ><ﬁ—l = al 5 X+ @ +r+d _ , gﬂ =
B Ry &(ay+n+d? 1 Apy (a1 +m+d) () +7+d)
(35)
OR A d d
Sensitivity index for a; : F{,f‘l’ = —O><ﬂ = %x(—ﬂ) (a1 +7+d) = _ il ,Fﬁ‘]’ R ) S
0B Ry d(a+n+d) 1 ABy (a1 +7+d) (a1 +m+4d)
(36)
R A
Sensitivity index for 7 : [%0 = R X _ %x(—’—r)xd(al rrtd) il 1§ 5. S S—
0B Ry d(ay+n+d) 1 ABy (a1 +m+d) (a1 +7m+d)
(37)

The signs of sensitivity indices explicitly indicate whether reproduction number increases (positive sign) or de-
crease (negative sign) with the model parameters. Then, establishing the various sensitivity indices we have equations
(33)-(37) which are presented in Table 4.

Thus, from the Table 4, we clearly examined that the sensitivity analysis of both Ryjand Ry, with respect to the
model parameters computed are either of positive or negative sign. The model parameters with positive sign are:
constant recruitment rate of healthy honeybee, rate of infestation by virus-free Varroa-mite and natural death rate for
all honeybee population. Conversely, the model parameters with negative sign are: disinfestation rate for honeybee
infested by virus-free Varroa-mite, treatment, disinfestation rate for honeybee infested by virus-carrying Varroa-mite
and infection induced death for the honeybee population. The model parameter with positive sign indicated that, any
attempt to increase the value of these parameters will increase the spread of Varroosis, as such; they have a greater
impact on the rise of the reproduction number. On the contrary, increasing the value of model parameter with negative
sign indicated that, there is invariable decrease in the spread of Varroosis, which sufficiently reduces the reproduction
number.

4. Conclusion

A mathematical model, which considers treatment and biocontrol as combine intervention strategies adopted to
control the menace of Varroosis in honeybee colony, is developed and analyzed. The study established the existence of
disease-free and infestation-free, infestation with virus-free Varroa-mite, infestation with virus-carrying Varroa-mite
and endemic steady states respectively. The centre manifold theory was used to determine the local asymptotic stabil-
ity of the endemic steady state. It revealed that, model (1)-(6) undergoes backward bifurcation when its corresponding
reproduction numberR < 1. This occurs due to ineffective treatment (i.e. 7 # 1). However, when treatment is 100%

13
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effective (i.e. m = 1), the disease-free and infection-free steady state of model (1)-(6) is globally asymptotically sta-
ble provided that its associated reproduction number is less than unity. Also, the endemic steady state for a special
case (i.e. the reduced model given by (23)) is shown to be globally asymptotically stable whenever its associated
reproduction number is greater than unity (Ry > 1).

As part of possible extension, more refined models with seasonality terms can be studied. Stochastic model

mimics and portrays the phenomenal complexity nature of Varroosis rather than deterministic model. Also, Fractional
derivatives, instead of integer-order derivatives to consider the long-term memory effect, with functional response 11
in honeybee is a possible extension of this study.
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