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Abstract

Amebiasis and typhoid fever are life-threatening tropical diseases that affect the human intestine and can lead to death. Both share a common
transmission route and are prevalent in developing countries, particularly in regions with poor sanitation and hygiene. Consequently, concurrent
infection is inevitable in such populations. This study investigates the transmission dynamics of amebiasis-typhoid co-infection by computing the
reproduction number, stability, bifurcation, and sensitivity analyses. Simulation results further examine the impact of screening and treatment,
showing that effective preventive measures, alongside adequate screening and treatment, are essential to control each disease and their co-infection.
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1. Introduction

Typhoid fever is a serious illness caused by Salmonella Typhi, transmitted primarily through contaminated food, water, or surfaces
[1]. It is most common in populations lacking safe water and sanitation, particularly in Africa, Asia, and Latin America [2]. The
incubation period ranges from 6 to 30 days [3]. In 2019, approximately 9 million cases and 110,000 deaths were reported globally,
with antibiotics remaining the primary treatment [1].

Amebiasis denotes an intestinal parasitic infection attributable to Entamoeba histolytica. [4]. It is transmitted via the faecal–
oral route through contaminated food, water, poor hygiene, contaminated surfaces, and, less commonly, sexual contact [5]. The
incubation period typically ranges from 2 to 4 weeks. Symptoms include diarrhoea, abdominal pain, and cramping. In severe cases,
the condition may progress to bloody stool, fever, and potentially death if not properly managed [4, 5]. Globally, it is the second
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Figure 1: Typhoid fever–amebiasis co-dynamics flow diagram.

leading cause of death among parasitic diseases after malaria [6]. The infection remains endemic in many developing regions of
Central and South America, Asia, and Africa, where access to potable water, proper hygiene, and adequate sanitation is limited
[4, 7].

Amebiasis and typhoid fever are life-threatening intestinal diseases prevalent in tropical regions, both sharing similar transmission
routes [5, 6]. They are widespread in developing countries, particularly where sanitation and hygiene are poor [1, 4, 5]. Consequently,
concurrent infection is common in populations lacking adequate sanitation and hygiene [6].

Maxwell et al. [8] investigated water-related diseases in Benue State, Nigeria, analysing trends and spatial distribution, and re-
ported cases of malaria, diarrhoea, dysentery, filariasis, onchocerciasis, amebiasis, schistosomiasis, typhoid fever, and cholera across
all 23 local government areas. They recommended improved public education on hygiene and enhanced community water supply to
control these diseases. Similarly, Jombo et al. [9] and Iboyi et al. [10] examined typhoid fever and amebiasis in Makurdi, respectively,
providing insights into their transmission dynamics. Building on this established presence, the present study employs mathematical
modelling to analyse typhoid–amebiasis co-infection using demographic data from Makurdi to propose effective control strategies.

Mathematical models are imperative for understanding disease transmission dynamics and guiding control interventions [11, 12].
While several studies have developed individual models for typhoid fever [13–15] and amebiasis [16–19], fewer have examined their
co-infection in medical and clinical sciences, though valuable insights exist [6, 20, 21]. To the best of our knowledge, no author has
used mathematical modelling to assess typhoid fever-amebiasis co-dynamics. Thus, this study applies mathematical modelling to
investigate the spread of typhoid fever and its co-infection with amebiasis, incorporating screening and treatment as mechanisms to
interrupt transmission. Accordingly, this study develops a seven-compartment co-infection model to analyse the dynamics of typhoid
fever and amebiasis, with the aim of reducing their public health burden.

The study is organized as follows: Section 2 introduces the model formulation; Section 3 presents the qualitative analysis; Section
4 details the numerical simulations; and Sections 5 and 6 provide the discussion and conclusion.

2. Model formulation

Following the epidemiology of typhoid fever and amebiasis co-infection, the human population is partitioned into seven compart-
ments: susceptible individuals, S (t); amebiasis-infected individuals, Ia; typhoid fever-infected individuals, It; co-infected individuals,
Iat; amebiasis-recovered individuals, Ra; typhoid fever-recovered individuals, Rt; and co-infection recovered individuals, R. The total
population at time t is given by

N(t) = S + Ia + It + Iat + Ra + Rt + R.

The force of infection for amebiasis is defined as λa = βa(Ia + Iat), and for typhoid fever as λt = βt(It + Iat), where βa and βt denote
the respective human-to-human contact rates.

Figure 1 illustrates the interaction and transition dynamics of typhoid-amebiasis co-infection across compartments, while Table 1
lists and describes all parameters. The human population is assumed to be homogeneous, with disease-related mortality occurring
across all infected and infectious classes [1, 6]. Each infected compartment includes symptomatic, asymptomatic, or carrier indi-
viduals (in the case of typhoid fever). Transmission is restricted to the direct human-to-human route [1, 4]. By combining the
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Table 1: Parameter descriptions.

Parameter Description Unit (day) Value Source

Λ Recruitment rate Human population
time 25 Estimated

ρ ∈ (0, 1) Proportion of individuals that become infected with typhoid fever no unit 0.65 Assumed
d1 Disease-related mortality rate for Ia individuals time−1 0.000055 [18]
d2 Disease-related mortality rate for It individuals time−1 0.000286 [22]
d3 Disease-related mortality rate for Iat individuals time−1 0.000341 Estimated
ψ Progress rate from Ia to Ra due to screening and treatment time−1 0.133 [23]
η Progress rate from It to Rt due to screening and treatment time−1 1

10 [24]
ω2 Progress rate from Iat to It due to screening and treatment time−1 0.133 Assumed
ω1 Progress rate from Iat to Ia due to screening and treatment time−1 0.1 [24]
ν Progress rate from Iat to R due to screening and treatment time−1 0.1 Estimated
κ Progress rate from Ra to S due to loss of immunity time−1 0.0667 Estimated [4, 6]
τ Progress rate from Rt to S due to loss of immunity time−1 0.0667 Estimated [1, 3]
α Progress rate from R to S due to loss of immunity time−1 0.0667 Estimated
µ Human natural death rate time−1 0.000049 [25]
βa Amebiasis contact rate from human-to-human 1/person × time 0.00000164 Assumed
βt Typhoid fever contact rate from human-to-human 1/person × time 0.00000197 [26]

compartmental flow diagram in Figure 1 with the parameter descriptions in Table 1, the following system of equations is derived.

dS
dt
= Λ + κRa + τRt + αR − ρλtS − (1 − ρ)λaS − µS ,

dIa

dt
= (1 − ρ)λaS + ω1Iat − (λt + ψ + d1 + µ)Ia,

dIt

dt
= ρλtS + ω2Iat − (λa + η + d2 + µ)It,

dIat

dt
= λtIa + λaIt − (ν + d3 + ω1 + ω2 + µ)Iat,

dRa

dt
= ψIa − (κ + µ)Ra,

dRt

dt
= ηIt − (τ + µ)Rt,

dR
dt
= νIat − (α + µ)R.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1)

where initial conditions, S (0) > 0, Ia(0) > 0, It(0) > 0, Iat(0) > 0, Ra(0) ≥ 0, Rt(0) ≥ 0, R(0) ≥ 0, with λa = βa(Ia + Iat), λt =

βt(It + Iat), with the model parameters taken to be non-negative.

3. Model qualitative analysis

This section examines the key features of system Eq. (1) by analysing the typhoid fever and amebiasis sub-models, with emphasis
on the basic reproduction number and the stability of the disease-free equilibrium, and relates these results to the co-infection model.

3.1. Sub-model for typhoid fever
To obtain the typhoid fever sub-model from the system of equations Eq. (1), we set λa = Ia = Iat = Ra = R = 0 and this gives the

typhoid fever sub-model as
dS
dt
= Λ + τRt − ρλtS − µS ,

dIt

dt
= ρλtS − (η + d2 + µ)It,

dRt

dt
= ηIt − (τ + µ)Rt,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(2)

with initial conditions, S (0) > 0 It(0) > 0, Rt(0) ≥ 0,R(0) ≥ 0, where λt = βtIt, and assumed non-negative model parameters.
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3.1.1. Typhoid fever sub-model invariant region
Here, the invariant region in which the system solutions lie is derived. The human population is N(t) = S + It + Rt, with initial

condition N(0) = N0.

Theorem 3.1. The feasible solutions of the model are uniformly bounded in the region

ΠT F =
{︂
(S , It,Rt) ∈ R3

+ : N(t) ≤
Λ

µ

}︂
.

Proof. From Eq. (2), we have
dN
dt
= Λ − µN − d2It ≤ Λ − µN,

when there is no disease related death, meaning, d2 = 0. Applying integrating factor technique with N(0) = N0 gives

N(t) ≤
Λ

µ
+

(︂
N0 −

Λ

µ

)︂
e−µt. (3)

As t −→ ∞ in Eq. (3), N(t) ≤ Λ
µ
, implying the feasible solution of equation Eq. (2) is in the region,

ΠT F =
{︂
(S , It,Rt) ∈ R3

+ : N(t) ≤
Λ

µ

}︂
.

Thus, the feasible region for the model system of Eq. (2) is given by ΠT F =
{︂
(S , It,Rt) ∈ R3

+ : N(t) ≤ Λ
µ

}︂
. Hence, since the initial

conditions of the state variables are non-zero and the parameters are positive together with this invariant region obtained, it implies
that the sub-model of the typhoid fever is universally valid. So, it implies that model Eq. (2) in this region ΠT F can be studied.

3.2. Stability of TFFE and typhoid fever reproduction number Rt
0

The TFFE, typhoid fever-free equilibrium is obtained when It = Rt = 0. Thus,

T FFE(Et
0) = (S 0, It0,Rt0) =

(︂Λ
µ
, 0, 0

)︂
.

Following the approach of Van den Driessche & Watmough [27] as adopted by Ref. [28], the basic reproduction number for typhoid
fever, Rt

0, in system Eq. (2) is computed as the spectral radius (maximum eigenvalue) of FV−1. Here, F = (ρβtS 0) represents the
matrix of new infection rates in the infected compartment, while V = (η + d2 + µ) denotes the matrix of transition terms accounting
for non-new infections, i.e., transfers between compartments. Hence, the typhoid basic reproduction number is obtained as

Rt
0 =

ρβtΛ

µ(η + d2 + µ)
.

This represent the number of secondary cases of typhoid fever infection that can be produced from the proportion, ρ at the contact
rate, βt, in a population size, Λ

µ
over the period of 1

η+d2+µ
.

3.2.1. Local stability of typhoid fever-free equilibrium (TFFE)
Theorem 3.2. The TFFE Et

0 of the typhoid fever sub-model, is locally asymptotically stable if Rt
0 < 1, otherwise it is unstable if

Rt
0 > 1.

Proof. The Jacobian matrix of the sub-model Eq. (2) computed at Et
0 is given by

J(Et
0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝−µ −ρβtS 0 τ
0 ρβtS 0 − (η + d2 + µ) 0
0 η −(τ + µ)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
By applying the inspection technique, the Jacobian matrix , J(Et

0), is found to have eigenvalues, −µ, −(τ+µ) and (η+d2+µ)(Rt
0−1).

This implies that J(Et
0 possesses negative real eigenvalues whenever Rt

0 < 1. Therefore, the TFFE, Et
0, is locally asymptotically stable

if Rt
0 < 1. Hence, the proof.
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3.2.2. Global stability of typhoid fever-free equilibrium (TFFE)
The following theorem demonstrates the global stability of the typhoid fever-free equilibrium point, Et

0.

Theorem 3.3. The TFFE Et
0 of the typhoid fever sub-model Eq. (2), is locally asymptotically stable if Rt

0 < 1, otherwise it is unstable
if Rt

0 > 1.

Proof. Following Castillo-Chavez & Song [29], the typhoid fever-free equilibrium is globally asymptotically stable when Rt
0 < 1,

provided two additional conditions are satisfied. These conditions are outlined below.

i. F(X1, 0) establishes a globally asymptotically stable equilibrium for dX1
dt .

ii. Define G(X1, Y1) = AY −G∗(X1, Y1), with G(X1, Y1) ≥ 0 for all X1, Y1 ∈ Q. Here, A = DYG(X∗, 0) is an M-matrix representing
infected classes, and ΠT F denotes the biologically feasible region of the model.

To decompose system Eq. (2) into subsystems. Let X1 = (S ) denote the population of uninfected humans, and define Y1 = (It) as the
infected compartments with Rt = 0. Under these definitions, system Eq. (2) is reformulated as follows:

dX1

dt
=F(X1, Y1)

dY1

dt
=G(X1, Y1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

where X1 ∈ R+, Y1 ∈ R+. So, the functions of the two vector-valued are given thus.

F(X1, Y1) =
(︂
Λ + τRt − ρλtS − µS ,

)︂T

G(X1, Y1) =
(︃
ρλtS − (η + d2 + µ)It

)︂T

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

T is the transpose. For convenience, we treat X1 as equivalent to (X1, 0) and Y1 with (0, Y1) ∈ R+ × R+ Hence. dX1
dt = F(X1, 0) is

dS
dt
=

(︂
Λ + τRt − ρλtS − µS

)︂
. (4)

The Jacobian matrix of subsystem Eq. (4) is J(x∗) =
(︂
−µ

)︂
, with eigenvalue −µ. Implying equilibrium point for the system

dX1
dt , F(X1, 0) exhibits global asymptotic stability as utilised by Ref. [29]. For the second condition

G(X1, Y1) = AY −G∗(X1, Y1),

with G(X1, Y1) ≥ 0 for all X1, Y1 ∈ Q, where A = DYG(X∗, 0) is an M-matrix. Clearly, G(X1, Y1) satisfies

G(X1, 0) = 0, G(X1, Y1) = A∗Y1 −G∗(X1, Y1), G∗(X1, Y1) ≥ 0,

with
A∗ = DYG(X1, 0) =

[︂
ρβtS 0 − (η + d2 + µ)

]︂
.

and

G∗(X1, Y1) =
[︄
ρβtIt

(︄
Λ

µ
− S

)︄]︄
.

Since the population of humans attains a stable equilibrium value,

ρβtIt

(︄
Λ

µ
− S

)︄
≥ 0,

Λ

µ
≥ S .

It follows that the typhoid fever sub-model is globally asymptotically stable, implying that the disease will eventually disappear
regardless of the initial number of infected individuals. From an epidemiological perspective, this indicates that typhoid fever will
be eliminated from the population in the absence of external interventions, provided the stability conditions of the disease-free
equilibrium are maintained.
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3.2.3. Existence of endemic equilibrium (EE) state of the typhoid fever sub-model (EET F)
We establish the EE of the typhoid fever sub-model Eq. (2), representing a state in which infection remains in society. The

equilibrium is given by
Ee =

(︁
S e, Ie

t ,R
e
t
)︁
.

To determine Ee, the R.H.S of system Eq. (2) is set to zero and solved. Upon solving the system of equations Eq. (2), we have

S e =
Λ

µRt
0
, Ie

t =
(η + d2 + µ)(τ + µ)(Rt

0 − 1)
ρβt

(︁
(η + d2 + µ)(τ + µ) − τη

)︁ ,Re
t =

(η + d2 + µ)η(Rt
0 − 1)

ρβt
(︁
(η + d2 + µ)(τ + µ) − τη

)︁ .
For S e > 0, Ie

t > 0,Re
t > 0 provided Rt

0 > 1. This existence of the endemic equilibrium of typhoid fever indicates the continued
presence of typhoid fever in the population.

3.2.4. Bifurcation analysis of the typhoid fever sub-model
A crucial threshold, called bifurcation, is analysed to evaluate the impact of specific factors on typhoid fever transmission,

particularly when the basic reproduction number, R0t = 1. In the case of a backward bifurcation, the disease may persist in multiple
steady states even when R0t < 1, thereby complicating efforts to forecast and control the disease [30]. The centre manifold theorem
[31] is applied to conduct the bifurcation analysis of system Eq. (2), with

a =
n∑︂

k,i, j=1

zkwiw j
∂2 fk(E0)
∂xi∂x j

, b =
n∑︂

k,i=1

zkwi
∂2 fk(E0)
∂xi∂βt

,

serving as the bifurcation coefficients, and βt as the bifurcation parameter. The condition Rt
0 = 1 [32] holds if and only if

βt = β
∗
t =

µ(µ + d2 + η)
ρΛ

.

Such that S = x1, It = x2,Rt = x3. Utilising vector notation x⃗ = (x1, x2, x3)T , typhoid fever sub-model Eq. (2) can be written in the
form x⃗′ = F(x⃗), such that F = ( f1, f2, f3)T , written below as

dx1

dt
= Λ + τx3 − ρβt x2x1 − µx1,

dx2

dt
= ρβt x2x1 − (η + d2 + µ)x2,

dx3

dt
= ηx2 − (τ + µ)x3,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(5)

assuming non-negative initial conditions, the technique relies on the Jacobian of system Eq. (5) evaluated at the disease-free equilib-
rium, J(Et

0), have a simple zero eigenvalue and all other eigenvalues negative at Rt
0 = 1

with eigenvalues w and z of J(Et
0) derived respectively utilising J(Et

0) · w = 0 and J(Et
0) · z = 0.

w1 =
[−ρβtS 0(τ + µ) + τη]w2

µ(µ + τ)
< 0,w3 =

ηw2

(µ + τ)
, w2 = w2 > 0, (6)

z2 = z2 > 0,

z1 = −
[(τ + µ)

(︁
ρβtS h0 − (η + d2 + µ)

)︁
+ ητ]z2

(τ + µ)ρβtS 0
< 0, z3 = −

τz2

(τ + µ)
, (7)

with w.z = 1, w⃗ =
(︁
w1,w2,w3

)︁T and z⃗ =
(︁
z1, z2, z3

)︁T
.

The non-zero second order derivatives of x1, x2, x3 at disease-free equilibrium yield

∂2 f1(Et
0)

∂x1∂x2
= −ρβt,

∂2 f2(Et
0)

∂x1∂x2
= ρβt, (8)

and

z1w2
∂2 f1(Et

0)
∂x2∂βt

= −z1w2ρS 0, z2w2
∂2 f2(Et

0)
∂x2∂βt

= z2w2ρS 0. (9)

6
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Therefore, by using the non-zero second-order partial derivatives of equation Eq. (8) and equation Eq. (9), and given that w.z = 1,
we obtain

a = −z2w2
2

[︄(︃ [(τ + µ)
(︁
ρβtS 0 − (η + d2 + µ)

)︁
+ ητ]

(τ + µ)ρβtS 0

)︃(︃ [−ρβtS 0(τ + µ) + τη]
µ(µ + τ)

)︃
ρβt

+
[−ρβtS 0(τ + µ) + τη]

µ(µ + τ)

]︄
,

which gives

a = −z2w2
2

[︄(︄
2τηβtρ

µ(µ + τ)
+
ρβt(η + d + µ)

µ2 +
η2τ2

Λ(µ + τ)2

)︄
−

(︄
2ρ2β2

tΛ

µ2 +
ηρβ2

t

µ(µ + τ)
+
τµ(η + d + µ)
Λ(µ + τ)

)︄]︄
.

Thus,

a > 0, if
(︄

2τηβtρ

µ(µ + τ)
+
ρβt(η + d + µ)

µ2 +
η2τ2

Λ(µ + τ)2

)︄
<

(︄
2ρ2β2

tΛ

µ2 +
ηρβ2

t

µ(µ + τ)
+
τµ(η + d + µ)
Λ(µ + τ)

)︄
(10)

and

a < 0, if
(︄

2τηβtρ

µ(µ + τ)
+
ρβt(η + d + µ)

µ2 +
η2τ2

Λ(µ + τ)2

)︄
>

(︄
2ρ2β2

tΛ

µ2 +
ηρβ2

t

µ(µ + τ)
+
τµ(η + d + µ)
Λ(µ + τ)

)︄
. (11)

Also,

b = ρS 0z2w2

[︄
[(τ + µ)

(︁
ρβtS 0 − (η + d2 + µ)

)︁
+ ητ]

(τ + µ)ρβtS 0
+ 1

]︄
. (12)

This result in

b = ρw2z2
Λ

µ

[︄
2 +

µητ

(τ + µ)βtΛρ
−
µ(η + d2 + µ)

ρβtΛ

]︄
.

b > 0, if
µ(η + d2 + µ)

ρβtΛ
≤ 2 (13)

and
b < 0, if 2 +

µητ

(τ + µ)βtΛρ
<
µ(η + d2 + µ)

ρβtΛ
. (14)

If equations Eq. (10) and Eq. (13) hold, then the system exhibits a backward bifurcation implying that the system support several
stable equilibrium states of disease free and endemic equilibria implying that, Rt

0 < 1 does not guarantee disease elimination from
the population. On the other hand, if equations Eq. (11) and Eq. (13) hold, the system exhibits a forward bifurcation, hence, for
Rt

0 < 1, typhoid fever would be eliminated from the population [30]. Thus, Figure 2 depicts the resulting bifurcation diagram.
Illustration from Figure 2 reveals that typhoid fever sub-model undergoes forward bifurcation. Hence, the TFFE displays global
stability, illustrating the possibility of disease elimination and reduced transmission risk when the reproduction number, Rt

0 remains
below 1. Conversely, when the Rt

0 exceeds one, the EE persists, leading to sustained spread.

3.3. Global stability of the endemic equilibrium state of the typhoid fever sub-model

We examine the global stability of the endemic equilibrium Ee to determine whether the system converges to this state for all
admissible initial conditions within the feasible region. To establish this, we state and prove the following theorem.

Theorem 3.4. For Rt
0 > 1, the endemic equilibrium state is globally asymptotically stable.

Proof. Let
V(X) = (S , It,Rt)T .

Consider the Lyapunov function,

V(X) =
[︂
S − S e − S e ln

S
S e

]︂
+ a1

[︂
It − Ie

t − Ie
t ln

It

Ie
t

]︂
+ a2

[︂
Rt − Re

t − Re
t ln

Rt

Re
t

]︂
, (15)

where a1 and a2 are unknown constants. Thus, equation Eq. (15) becomes

V ′ =
[︂
1 −

S e

S

]︂
S ′ + a1

[︂
1 −

Ie
t

It

]︂
I′t + a2

[︂
1 −

Re
t

Rt

]︂
R′t . (16)

Let
Λ = −τRe

t + ρβtIe
t S e + µS e, (τ + d2 + u) = ρβtS e, (τ + µ) =

ηIe
t

Re
t
. (17)

7
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Figure 2: Bifurcation plot of the typhoid fever sub-model.

Substituting equation Eq. (17) into equation Eq. (16) result in

V ′ = −µ
(S − S e)2

S
+

[︂
1 −

S e

S

]︂[︂
τRe

t

(︂ Rt

Re
t
− 1

)︂
+ ρβtIe

t S e
(︂
1 −

S
S e

It

Ie
t

)︂]︂
+ a1

[︂
1 −

Ie
t

It

]︂[︂
ρβtIe

t S e

(︂ S
S e

It

Ie
t
− 1

)︂
+ ρβtS eIe

t

(︂
1 −

It

Ie
t

)︂]︂
+ a2

[︂
1 −

Re
t

Rt

]︂[︂
ηIe

t

(︂ It

Ie
t
− 1

)︂
+ ηIe

t

(︂
1 −

Rt

Re
t

)︂]︂
.

(18)

The coefficients of S
S e ,

It
Ie
t
, and Rt

Re
t

are chosen such that a1 = 1, a2 =
τRe

t
ηIe

t
and ρβtIe

t S e = 0. Thus equation Eq. (18) becomes

V ′ = −µ
(S − S e)2

S
+ τRe

t

[︂
−

Rt

Re
t
·

S e

S
+

S e

S
+

It

Ie
t
−

It

Ie
t
·

Re
t

Rt

]︂
+ ρβtS e

[︂
2 −

It

Ie
t
−

Ie
t

It

]︂
. (19)

Consider the function v(x) = 1 − x > 0, with equality attained only at x = 1. Since 1 − x ≤ − ln x, it follows that the τRe
t term in

equation Eq. (19) reduces to(︂
1 −

Rt

Re
t
·

S e

S

)︂
−

(︂
1 −

S e

S

)︂
+

(︂
1 −

It

Ie
t
·

Re
t

Rt

)︂
−

(︂
1 −

It

Ie
t

)︂
≤ − ln

Rt

Re
t
·

S e

S
+ ln

S e

S
− ln

It

Ie
t
·

Re
t

Rt
+ ln

It

Ie
t

= ln
(︂ S
S e ·

Re
t

Rt
·

S e

S
·

Rt

Re
t
·

Ie
t

It
·

It

Ie
t

)︂
= 0.

Also, using arithmetic-geometric mean on the ρβtS e term in equation Eq. (19) gives zero. Thus, equation Eq. (19) becomes

V ′ = −µ
(S − S e)2

S
≤ 0. (20)

By applying LaSalle’s invariance principle [33], we conclude that the solutions of the typhoid sub-model Eq. (2) converge to the
endemic equilibrium for Rt

0 > 1 as t → ∞. Hence, the unique endemic equilibrium of the typhoid fever sub-model Eq. (2) is globally
asymptotically stable.

8
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3.4. Amebiasis sub-model

By setting the state variables and parameters associated with typhoid fever to zero, we obtain the amebiasis sub-model:

dS
dt
= Λ + κRa − (1 − ρ)λaS − µS ,

dIa

dt
= (1 − ρ)λaS − (ψ + d1 + µ)Ia,

dRa

dt
= ψIa − (κ + µ)Ra,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(21)

with initial conditions S (0) > 0, Ia(0) > 0, Ra(0) ≥ 0, where λa = βaIa and N = S + Ia + Ra. Analogously, the domain of feasible
solutions for the amebiasis sub-model, representing the human population, is given by

ΠA =
{︂
(S , Ia, Ra) ∈ R3

+ : N ≤
Λ

µ

}︂
.

This region ΠA is positively invariant. Hence, the amebiasis system Eq. (21) is both epidemiologically and mathematically well-
posed, justifying its study within the domain ΠA.

3.4.1. Amebiasis-free equilibrium (AFE) and amebiasis basic reproduction number, Ra
0

The amebiasis-free equilibrium (AFE) is obtained by setting Ia = Ra = 0 in equation Eq. (21). Thus,

Ea
0 = (S 0, Ia0,Ra0) =

(︂
Λ
µ
, 0, 0

)︂
.

Following the same approach, the basic reproduction number Ra
0 for system (21) is computed as

Ra
0 =

Λ(1 − ρ)βa

µ(ψ + d1 + µ)
.

This quantity represents the expected number of secondary amebiasis cases generated from the susceptible fraction (1−ρ), at contact
rate βa, over the average infectious period 1

ψ+d1+µ
.

Local stability of amebiasis-free equilibrium (AFE)
Theorem 3.5. The AFE Ea

0 of system Eq. (21) is locally asymptotically stable if Ra
0 < 1, otherwise it is not stable if Ra

0 > 1.

Proof. The Jacobian matrix of system Eq. (21) evaluated at the amebiasis-free equilibrium Ea
0 is

J(Ea
0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝−µ −(1 − ρ)βaS 0 κ
0 (1 − ρ)βaS 0 − (ψ + d1 + µ) 0
0 ψ −(κ + µ)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
By inspection, the eigenvalues of J(Ea

0) are −µ, −(κ+µ), and (ψ+d1+µ)(Ra
0−1). It follows that all eigenvalues are negative whenever

Ra
0 < 1. Therefore, the equilibrium Ea

0 is locally asymptotically stable if Ra
0 < 1. Hence, the result is established.

Global stability of amebiasis-free equilibrium (AFE)
The following theorem demonstrates the global stability of the amebiasis-free equilibrium point, Ea

0.

Theorem 3.6. The amebiasis-free equilibrium (AFE) Ea
0 of the sub-model Eq. (21) is globally asymptotically stable when Ra

0 < 1,
and unstable when Ra

0 > 1.

Proof. As noted by Castillo-Chavez et al. [29], if the amebiasis-free equilibrium is locally asymptotically stable for Ra
0 < 1, two

additional conditions must be satisfied to guarantee global stability:

i. F(X1, 0) defines a globally asymptotically stable equilibrium for dX1
dt .

ii. G(X1, Y1) = AY −G∗(X1, Y1), with G(X1, Y1) ≥ 0 for all X1, Y1 ∈ Q, where A = DYG(X∗, 0) is an M-matrix of infected classes
and ΠA denotes the biologically feasible region.

9
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To verify these conditions, we introduce new variables and decompose system (21). Let X1 = (S ) represent the susceptible population
and Y1 = (Ia) the infected compartments, with Ra = 0. The system becomes

dX1

dt
= F(X1, Y1),

dY1

dt
= G(X1, Y1),

where X1, Y1 ∈ R+. Explicitly,
F(X1, Y1) =

(︁
Λ + κRa − (1 − ρ)λaS − µS

)︁T
,

G(X1, Y1) =
(︁
(1 − ρ)λaS − (ψ + d1 + µ)Ia

)︁T
.

For the reduced system dX1
dt = F(X1, 0), we obtain

dS
dt
= Λ + κRa − (1 − ρ)λaS − µS ,

with Jacobian
J(x∗) = (−µ),

which has eigenvalue −µ < 0. Thus, F(X1, 0) is globally asymptotically stable [29]. For condition (ii), G(X1, Y1) satisfies G(X1, 0) = 0
and can be expressed as

G(X1, Y1) = A∗Y1 −G∗(X1, Y1), G∗(X1, Y1) ≥ 0,

where
A∗ = DYG(X1, 0) =

(︁
ρβtS 0 − (ψ + d1 + µ)

)︁
,

G∗(X1, Y1) =
(︁
(1 − ρ)βaIa(Λ

µ
− S )

)︁
.

Since the human population approaches the steady-state Λ
µ
≥ S , it follows that (1 − ρ)βaIa(Λ

µ
− S ) ≥ 0. Therefore, the amebiasis

sub-model satisfies both conditions, establishing global asymptotic stability. This implies that amebiasis can be eradicated regardless
of the initial number of infected individuals.

3.4.2. Existence of endemic equilibrium (EE) state of the amebiasis sub-model (EEA)
The EE of the amebiasis sub-model Eq. (21) characterizes the persistence of infection within the population. It is defined as

Ee∗ =
(︁
S e∗, Ie∗

a ,R
e∗
a
)︁
.

The equilibrium is obtained by setting the R.H.S of system Eq. (21) to zero, yielding

S e∗ =
Λ

µRa
0
, Ie∗

a =
(ψ + d1 + µ)(κ + µ)(Ra

0 − 1)
(1 − ρ)βa

(︁
(ψ + d1 + µ)(κ + µ) − ψκ

)︁ , Re∗
a =

(ψ + d1 + µ)η(Ra
0 − 1)

(1 − ρ)βa
(︁
(ψ + d1 + µ)(κ + µ) − ψκ

)︁ .
Existence of the endemic equilibrium requires Ra

0 > 1, ensuring persistence of amebiasis within the population.

3.4.3. Bifurcation analysis of the amebiasis sub-model
To analyse the bifurcation behaviour of system Eq. (21) , we apply the Centre Manifold Theorem of Castillo-Chavez & Song

[31]. The bifurcation coefficients take the form

a =
n∑︂

k,i, j=1

zkwiw j
∂2 fk(Ea

0)
∂xi∂x j

, b =
n∑︂

k,i=1

zkwi
∂2 fk(Ea

0)
∂xi∂βa

,

where βa serves as the bifurcation parameter. The threshold condition Ra
0 = 1 [32] holds if and only if

βa = β
∗
a =

µ(µ + d1 + ψ)
(1 − ρ)Λ

.

Such that S = x1, Ia = x2,Ra = x3. Using vector notation x⃗ = (x1, x2, x3)T , the amebiasis sub-model Eq. (21) is expressed as
x⃗′ = F(x⃗), where F = ( f1, f2, f3)T , as shown below.

dx1

dt
= Λ + κx3 − (1 − ρ)λax1 − µx1,

dx2

dt
= (1 − ρ)λax1 − (ψ + d1 + µ)x2,

dx3

dt
= ψx2 − (κ + µ)x3,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(22)

10
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with non-negative initial conditions. By Centre Manifold Theorem [31], bifurcation analysis of system Eq. (22) requires that the
Jacobian at the disease-free equilibrium, J(Ea

0), exhibit a simple zero eigenvalue, with the rest strictly negative when Ra
0 = 1. The

corresponding right and left eigenvectors, w and z, are obtained from J(Ea
0) · w = 0 and J(Ea

0) · z = 0, respectively, and are given by

w1 =
[−(1 − ρ)βaS 0(κ + µ) + κψ]w2

µ(µ + κ)
< 0, w2 > 0, w3 =

ψw2

µ + κ
,

z1 = −
[(κ + µ)(ρβaS 0 − (κ + d1 + µ)) + ψκ]z2

(κ + µ)(1 − ρ)βaS 0
< 0, z2 > 0, z3 = −

κz2

κ + µ
,

with normalization w · z = 1, where w⃗ = (w1,w2,w3)T and z⃗ = (z1, z2, z3)T . The second-order derivatives at the disease-free
equilibrium that are non-zero are

∂2 f1(Ea
0)

∂x1∂x2
= −(1 − ρ)βa,

∂2 f2(Ea
0)

∂x1∂x2
= (1 − ρ)βa,

and

z1w2
∂2 f1(Ea

0)
∂x2∂βa

= −z1w2(1 − ρ)S 0, z2w2
∂2 f2(Ea

0)
∂x2∂βa

= z2w2(1 − ρ)S 0.

Using these derivatives, the bifurcation coefficients are computed as

a = −(1 − ρ)βaw2
2z2

[︂ (︄βaΛ

µ2 +
ψκ

(κ + µ)
+

ψκ(κ + d1 + µ)
Λβa(µ + κ)(1 − ρ)

)︄
−

(︂
(k + d1 + µ) +

κψ

µ(µ + κ)
+

ρκψ

µ(µ + κ)(1 − ρ)
+

κ2ψ2

(κ + µ)2(1 − ρ)βaΛ

)︂]︂
.

a > 0, if (︄
βaΛ

µ2 +
ψκ

(κ + µ)
+

ψκ(κ + d1 + µ)
Λβa(µ + κ)(1 − ρ)

)︄
<

(︂
(k + d1 + µ) +

κψ

µ(µ + κ)
+

ρκψ

µ(µ + κ)(1 − ρ)
+

κ2ψ2

(κ + µ)2(1 − ρ)βaΛ

)︂
(23)

and a < 0, if(︄
βaΛ

µ2 +
ψκ

(κ + µ)
+

ψκ(κ + d1 + µ)
Λβa(µ + κ)(1 − ρ)

)︄
>

(︂
(k + d1 + µ) +

κψ

µ(µ + κ)
+

ρκψ

µ(µ + κ)(1 − ρ)
+

κ2ψ2

(κ + µ)2(1 − ρ)βaΛ

)︂
. (24)

For b, we have

b = (1 − ρ)
Λ

µ
w2z2

[︄(︄
1 +

ρ

1 − ρ
+

ψκµ

(κ + µ)(1 − ρ)βaΛ

)︄
−
µ(κ + d1 + µ)
Λβa(1 − ρ)

]︄
.

Also, b < 0, if (︄
1 +

ρ

1 − ρ
+

ψκµ

(κ + µ)(1 − ρ)βaΛ

)︄
<
µ(κ + d1 + µ)
Λβa(1 − ρ)

(25)

and b > 0, if (︄
1 +

ρ

1 − ρ
+

ψκµ

(κ + µ)(1 − ρ)βaΛ

)︄
>
µ(κ + d1 + µ)
Λβa(1 − ρ)

. (26)

The system exhibits a backward bifurcation, if equations Eq. (23) and Eq. (26) holds such that there is a possibility of multiple
equilibrium states, thus, Ra

0 < 1 is not a guarantee for disease eradication. Consequently, a forward bifurcation occurs if equations
Eq. (24) and Eq. (26) holds demonstrating that Ra

0 < 1 is sufficient for disease eradication [30]. Thus, a bifurcation diagram is
illustrated in Figure 3. This result implies that the AFE exhibits a global asymptotic stability when Ra

0 < 1, implying elimination of
the disease. Conversely, when Ra

0 > 1, the endemic equilibrium is globally asymptotically stable, indicating sustained transmission
of amebiasis [31].

3.5. Global stability of the endemic equilibrium state of the amebiasis sub-model

We investigate the global stability of the endemic equilibrium Ee∗ to assess whether the system converges to this state for all
admissible initial conditions within the feasible region. To establish this, we present and prove the following theorem.

Theorem 3.7. For Ra
0 > 1, the endemic equilibrium state is globally asymptotically stable.

11
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Figure 3: Bifurcation plot of amebiasis fever sub-model.

Proof. Let
V(X) = (S , Ia,Ra)T .

Consider the Lyapunov function,

V(X) =
[︂
S − S e∗ − S e∗ ln

S
S e∗

]︂
+ b1

[︂
Ia − Ie∗

a − Ie∗
a ln

Ia

Ie∗
a

]︂
+ b2

[︂
Ra − Re∗

a − Re∗
a ln

Ra

Re∗
a

]︂
, (27)

where b1 and b2 are unknown constants. Thus, equation Eq. (27) becomes

V ′ =
[︂
1 −

S e∗

S

]︂
S ′ + b1

[︂
1 −

Ie∗
a

Ia

]︂
I′a + b2

[︂
1 −

Re∗
a

Ra

]︂
R′a. (28)

Let
Λ = −κRe∗

a + (1 − ρ)βaIe∗
a S e∗ + µS e∗, (ψ + d1 + u) = (1 − ρ)βaS e∗, (κ + µ) =

ψIe∗
a

Re∗
a
. (29)

Substituting equation Eq. (29) into equation Eq. (28) result in

V ′ = −µ
(S − S e∗)2

S
+

[︂
1 −

S e∗

S

]︂[︂
κRe∗

a

(︂ Ra

Re∗
a
− 1

)︂
+ (1 − ρ)βaIe∗

a S e∗
(︂
1 −

S
S e

Ia

Ie∗
a

)︂]︂
+ b1

[︂
1 −

Ie∗
a

Ia

]︂[︂
(1 − ρ)βaIe∗

a S e∗
(︂ S
S e∗

Ia

Ie∗
a
− 1

)︂
+ (1 − ρ)βaS e∗Ie∗

a

(︂
1 −

Ia

Ie
a

)︂]︂
+ b2

[︂
1 −

Re∗
a

Ra

]︂[︂
ψIe∗

a

(︂ Ia

Ie∗
a
− 1

)︂
+ ψIe∗

a

(︂
1 −

Ra

Re∗
a

)︂]︂
.

(30)

The coefficients of S
S e∗ ,

Ia
Ie∗
a
, and Ra

Re∗
a

are selected to satisfy the conditions b1 = 1, b2 =
κRe∗

a
ψIe∗

a
and (1 − ρ)βaIe∗

a S e∗ = 0. Thus equation
Eq. (30) becomes

V ′ = −µ
(S − S e∗)2

S
+ κRe∗

a

[︂
−

Ra

Re∗
a
·

S e∗

S
+

S e∗

S
+

Ia

Ie∗
a
−

Ia

Ie∗
a
·

Re∗
a

Ra

]︂
+ (1 − ρ)βaS e∗

[︂
2 −

Ia

Ie∗
a
−

Ie∗
a

Ia

]︂
(31)

Let v(x) = 1 − x > 0, with equality attained only at x = 1. By the inequality 1 − x ≤ − ln x, it follows that the term κRe∗
a in equation

Eq. (31) reduces to (︂
1 −

Ra

Re∗
a
·

S e∗

S

)︂
−

(︂
1 −

S e∗

S

)︂
+

(︂
1 −

Ia

Ie∗
a
·

Re∗
a

Ra

)︂
−

(︂
1 −

Ia

Ie∗
a

)︂
≤ − ln

Ra

Re∗
a
·

S e∗

S
+ ln

S e∗

S

12
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− ln
Ia

Ie∗
a
·

Re∗
a

Ra
+ ln

Ia

Ie∗
a
= ln

(︂ S
S e∗ ·

Re∗
a

Ra
·

S e∗

S
·

Ra

Re∗
a
·

Ie∗
a

Ia
·

Ia

Ie∗
a

)︂
= 0.

Furthermore, by applying the arithmetic-geometric mean inequality to the term (1 − ρ)βaS e∗ in equation Eq. (31), we obtain zero.
Consequently, equation Eq. (31) reduces to

V ′ = −µ
(S − S e∗)2

S
≤ 0. (32)

Applying LaSalle’s invariance principle [33], we deduce that the solutions of the typhoid sub-model Eq. (21) converge to the endemic
equilibrium whenever Ra

0 > 1 as t → ∞. Consequently, the unique endemic equilibrium of the typhoid fever sub-model Eq. (21) is
globally asymptotically stable.

3.6. Typhoid fever–amebiasis (TFA) co-infection model

Stability of TFA-free equilibrium (TFAFE) and basic reproduction number, R0

The feasible region of the full TFA co-infection system (1) is given by ΠT FA =
Λ
µ

. The typhoid fever-amebiasis-free equilibrium
(TFAFE) of the model is

E0 = (S , Ia, It, Iat,Ra,Rt,R) =
(︂
Λ
µ
, 0, 0, 0, 0, 0, 0

)︂
.

The basic reproduction number of the co-infection model, denoted R0, is the maximum of the reproduction numbers for the
typhoid fever and amebiasis sub-systems, i.e.,

R0 = max(Rt
0,R

a
0).

This is obtained using the next-generation matrix approach, with

F =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝(1 − ρ)βaS 0 0 (1 − ρ)βaS 0
0 ρβaS 0 ρβaS 0
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , V =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝ f1 0 −ω1
0 f2 −ω2
0 0 f3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

V−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
f1−1 0 ω1

f1 f3

0 f2−1 ω2
f2 f3

0 0 f3−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and

FV−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(1−ρ)βaS 0

f1
0 (1−ρ)βaS 0ω1

f1 f3
+

(1−ρ)βaS 0
f3

0 ρ βtS 0
f2

ρ βtS 0ω2
f2 f3

+
ρ βtS 0

f3

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
Upon obtaining the spectral radius of FV−1, we have Rt

0 =
ρβtΛ

µ(η + d2 + µ)
and Ra

0 =
Λ(1 − ρ)βa

µ(ψ + d1 + µ)
.

Such that R0 = max(Rt
0,R

a
0), where f1 = ψ + d1 + µ, f2 = η + d2 + µ, f3 = ν + d3 + ω1 + ω2 + µ. Also, based on the outcome of

Theorem 3.2 and Theorem 3.5 as applied to typhoid fever and amebiasis systems, respectively, it is established that the E0 of the
typhoid fever-amebiasis system Eq. (1) is locally asymptotically stable if R0 < 1 and unstable if R0 > 1 [34]. This can be proved as
follows: We address the DFE stability of system Eq. (1) since the next-generation approach is employed for the computation of R0.

Theorem 3.8. E0 is locally asymptotically stable if R0 < 1 and unstable if R0 > 1.

Proof. Theorem 3.8 implies that the typhoid fever-amebiasis co-infection can be eliminated over time if R0 < 1 and this will be
carried out using linearisation method by obtaining the Jacobian matrix, J(E0) of system of equations Eq. (1), given as follows:

J(E0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−µ −AβaS 0 −ρ βtS 0 −AβaS 0 − ρ βtS 0 κ τ α

0 AβaS 0 − f1 0 ω1 0 0 0

0 0 ρ βtS 0 − f1 ω2 0 0 0

0 0 0 − f3 0 0 0

0 ψ 0 0 − f4 0 0

0 0 η 0 0 − f5 0

0 0 0 ν 0 0 − f6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Figure 4: Plots of (a) S , Ia, It, Iat,Ra,Rt, and R.

Figure 5: Partial rank correlation coefficient (PRCC) values illustrating the impact of parameters on R0.

Applying the inspection method as used by [32], we have the eigenvalues, λ1, ..., λ7 as µ,− f4, − f5, − f6, f1(Ra
0 − 1), f2(Rt

0 − 1),− f3,
where f1 = (ψ + d1 + µ), f2 = (η + d2 + µ), f3 = (ν + d3 + ω1 + ω2 + µ), f4 = (κ + µ), f5 = (τ + µ), f6 = (α + µ).
Since all the eigenvalues λ1, ..., λ7 are negative provided Ra

0 < 1 and Rt
0 < 1 it is evident that the system of equations Eq. (1) of the

typhoid fever-amebiasis co-infection model is locally asymptotically stable.
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Table 2: Sensitivity indices of selected model parameters.

Parameters Index signs Sensitivity index values
βt + 0.7968
βa + 0.7957
Λ + 0.9408
η − 0.8275
d1 − 0.1281
d2 − 0.0820
ρ − 0.7928
ψ − 0.7843
µ − 0.9474
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Figure 6: Varying values of βa for (a) the infected and infectious population of amebiasis, (Ia), (b) the infected and infectious
population of typhoid fever, (It), (c) co-infected and infectious population (Iat).

4. Numerical simulations

Typhoid fever-amebiasis co-infection is widespread in many countries in Africa, like Nigeria and specifically Benue State, due
to their shared transmission route [1, 4, 6]. Whether occurring individually or concurrently, both diseases pose major public health
challenges, highlighting the need for targeted interventions and effective control measures. For numerical simulations of these co-
infections, it is crucial to evaluate parameter values that approximate real-world situations, despite the lack of empirical data. Such
estimates enable the generation of contextually relevant results for Nigeria, particularly Makurdi, Benue State.
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Figure 7: Varying values of βt for (a) the infected and infectious population of amebiasis, (Ia), (b) the infected and infectious
population of typhoid fever, (It), (c) co-infected and infectious population (Iat).

4.1. Parameter estimation

Parameter values were estimated to facilitate numerical analysis of TFA co-dynamics for accurate forecasting as well as predic-
tion. All estimated values were expressed in days, using demographic data from Makurdi, Benue State, Nigeria. The population of
Makurdi is S 0 = 509,000, with an average life expectancy of approximately 56 years. The natural death rate is therefore

µ =
1

Life expectancy
=

1
56 × 365

≈ 0.000049 per day.

The demographic sources are given in Refs. [25, 35]. Since S 0 = Λ
µ

, the recruitment rate is estimated as

Λ = 0.000049 × 509, 000 ≈ 25 per day.

The mortality rate related to disease for co-infected individuals, d3, was taken as the sum of d1 and d2, reflecting the elevated mortality
risk from dual infection, yielding d3 = 0.000341. Ref. [23] indicates that amebiasis can be treated within 5 to 10 days. Using the
average duration, ψ = 1

7.5 = 0.133 is obtained. Similarly, ω2 = 0.133 is derived for treatment and recovery from amebiasis in the
co-infected class, and ω1 = 0.1 is calculated using the same approach. The parameter ν is estimated as 0.1, since 7.5 days falls within
the 10-day range, resulting in ν = 0.1. Furthermore, Refs. [1, 3, 4, 6] report that there is no permanent immunity for either disease
after recovery, so individuals may become susceptible to one or both diseases within days or months, depending on hygiene practices
and preventive measures. Due to the poor hygiene practices observed in the studied population in Makurdi, as noted by Maxwell et
al. [8], possibility of reinfection is assumed to occur, on average, 15 days after recovery. This assumption leads to τ = 1

15 = 0.0667,
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Figure 8: Varying values of κ and τ for (a) the infected and infectious population of amebiasis, (Ia), (b) the infected and infectious
population of typhoid fever, (It), (c) co-infected and infectious population (Iat).

κ = 1
15 = 0.0667, and the same value is assigned to α, resulting in α = 0.0667. Table 1 presents details of other parameters. Then we

utilised
Ia0 = 1, It0 = 1, Iat0 = 1, Ra0 = 0, Rt0 = 0, R(0) = 0, S 0 = 508,997,

for the simulations, where S 0 was obtained after deducting the infected compartments.

4.2. Baseline plots

Numerical simulations are conducted for each equation in system Eq. (1) using details provided in Table 1 and
(S , Ia, It, Iat,Ra,Rt,R) = (508997, 1, 1, 1, 0, 0, 0). This approach was employed to assess the co-dynamics of both diseases in the
population and to inform decision-making and resource allocation for effective disease control.

Figure 4 illustrates the baseline simulation for each individual class of Eq. (1). Susceptible population, S declines from approxi-
mately 509,000 on day 18 to about 47,528 on day 30, and further to 75,776 by day 200, reflecting infections with typhoid fever and
amebiasis.

The It curve in Figure 4 illustrates the dynamics of individuals infected solely with typhoid fever, rising from about day 15 to
approximately 297,352 by day 27 before declining to a stable level of about 98,889 by day 200. This reduction likely reflects the
impact of screening and treatment. The Ia curve shows that the amebiasis-infected population grows at a slower rate and remains
smaller than the typhoid-infected population, indicating that typhoid fever spreads more rapidly and with greater prevalence. It
starts increasing from about day 50 and maintain a steady state of about 18,408 till day 200. Similarly, the Iat curve represents the
co-infected population, which begins to increase around day 30 and stabilizes at approximately 48,787 by day 200. These results
suggest that co-infection is less prevalent than typhoid fever alone, but its dynamics warrant careful consideration.
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Figure 9: Varying values of ψ and η for (a) the infected and infectious population of amebiasis, (Ia), (b) the infected and infectious
population of typhoid fever, (It), (c) co-infected and infectious population (Iat).

The Rt, Ra, and Rat curves in Figure 4 depict the recovery patterns of individuals infected with typhoid fever, amebiasis, and
both diseases, respectively. The comparatively higher recovery rate among typhoid fever cases may be attributed to greater disease
awareness and more widespread screening and treatment efforts.

4.3. Global sensitivity analysis
Global sensitivity analysis was carried out via Partial Rank Correlation Coefficient (PRCC) with Latin Hypercube Sampling

(LHS) to evaluate the relative importance of parameters in the transmission dynamics of typhoid-amebiasis co-infection, based on
the values in Table 1. The analysis employed the basic reproduction numbers as described in [16, 36]. Parameters with positive
PRCC values increase the reproduction number and thereby promote disease spread, while those with negative values reduce it.
Parameters with PRCC ≥ 0.5 or PRCC ≤ −0.5 are considered highly influential, whereas those with PRCC < 0.5 or PRCC > −0.5
are less influential but still contribute to transmission. The PRCC plots for the respective reproduction numbers are presented in
Figure 5. This analysis highlights how parameter variations shape disease dynamics and co-infection risks, providing insights to
guide decision-making and resource allocation for effective control. The plot was generated using 1000 runs and a 95% confidence
interval. The parameter range examined spans from 0.9 to 1.1.

An increase in the parameters Λ, βt, and βa raises the basic reproduction number, thereby facilitating the spread of typhoid
fever, amebiasis, or their co-infection. Specifically, the recruitment rate (Λ), the typhoid fever contact rate (βt), and the amebiasis
contact rate (βa) exert strong influence on transmission. This implies that to reduce the reproduction number and, by extension, the
spread of these diseases, either individually or as a co-infection, these three parameters require effective control. Conversely, higher
values of the progression rate from Ia to Ra through screening and treatment (ψ), the progression rate from It to Rt through screening
and treatment (η), the natural death rate (µ), the proportion of individuals infected with typhoid fever (ρ), and the disease-induced
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Figure 10: Varying values of ω1 and ω2 for (a) the infected and infectious population of amebiasis, (Ia), (b) the infected and infectious
population of typhoid fever, (It), (c) co-infected and infectious population (Iat).

death rates (d1, d2) are associated with reduced transmission. Among these, ψ, η, and µ are the most impactful in lowering disease
spread. Furthermore, as ρ increases, typhoid fever transmission intensifies while amebiasis infection declines, thereby reducing the
prevalence of co-infection. In summary, as these parameters increases, the reproduction number decreases, thereby leading to the
reduction of the diseases in the population. The details of the PRCC values are shown in Table 2

4.4. Simulations

Figure 6 shows that an increase in βa causes an increase in the Ia and Iat classes, with a reduction in the It class, implying that
amebiasis becomes more dominant than typhoid fever in the modelled population.

In Figure 7, an increase in βt causes an increase in the It class, with reductions in the Ia and Iat classes.
As seen in Figure 8, an increase in κ and an increase in τ lead to higher values in the Ia, It, and Iat compartments, indicating that

greater loss of immunity contributes to increased prevalence of amebiasis and typhoid fever in the population.
A reduction in ψ and an increase in η lead to lower values in the Ia, Iat, and a reduction in It compartments as shown in Figure 9.
Figure 10 shows that an increase in ω1 coupled with a reduction in ω2 favours the growth of the amebiasis-only class (Ia), indicat-

ing that conditions promoting amebiasis transmission while limiting typhoid spread shift the burden toward amebiasis. Conversely, a
decrease in ω1 with an increase in ω2 drives expansion of the typhoid-only class (It), reflecting stronger typhoid transmission relative
to amebiasis. When both ω1 and ω2 rise simultaneously, the co-infected class (Iat) expands.
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5. Discussion

Findings indicate that the rapid spread of typhoid fever may reduce the pool of susceptible individuals or prompt behavioural
changes, such as improved hygiene, which indirectly limit opportunities for amebiasis transmission [10]. Likewise, intensified public
health measures targeting rising amebiasis cases can curb typhoid fever through shared transmission pathways. Thus, rather than
mutually amplifying, the two infections interact competitively where the dominance of one constrains the prevalence of the other,
underscoring the need for integrated control strategies that address this epidemiological interplay [8].

As immunity to both diseases wanes, the susceptible pool is replenished more quickly, leaving previously protected individuals
vulnerable again. This recurring cycle drives higher reinfection rates, enlarging the infected populations and amplifying transmission
opportunities. The result is compounded co-infection burdens, more frequent immune challenges, heightened inflammation, and
increased risk of complications. Such dynamics create a feedback loop in which accelerated immunity loss undermines control efforts
and sustains elevated prevalence, emphasizing the need for integrated interventions that disrupt reinfection cycles and reinforce long-
term immunity or treatment adherence. These include proper water, sanitation, and hygiene (WASH) practices such as using safe,
clean drinking water, appropriate dispersal of human waste, regular handwashing with soap, safe food handling, and maintaining a
clean environment.

Since screening and treatment slow recovery from typhoid but accelerate recovery from amebiasis, typhoid infections persist
longer, sustaining transmission and enlarging its compartment, while amebiasis clears more quickly, reducing its compartment. This
imbalance expands the co-infection class, as individuals with prolonged typhoid infection remain infectious and are more likely to
acquire or sustain amebiasis before recovery. Overall, the dynamics show how differential treatment effectiveness and recovery rates
can shift infection burdens: extended persistence of one disease promotes co-infection prevalence even as the other declines. This
underscores the need for coordinated interventions that balance treatment outcomes across both pathogens to prevent unintended
increases in co-infection.

Findings show that the relative progression rates from the co-infection class to either typhoid or amebiasis determine which
pathway dominates, with intensified transmission routes for both diseases increasing the likelihood of dual infections. This indicates
that interventions targeting only one disease may inadvertently shift the infection burden toward the other or elevate co-infection
prevalence, highlighting the need for integrated strategies that balance both transmission pathways.

6. Conclusion

Direct human-to-human transmission of typhoid fever and amebiasis is particularly challenging in endemic regions. This study
examined their co-infection dynamics, revealing that an average increase in the progression rate of co-infected individuals to either
the typhoid or amebiasis class ultimately enlarges the co-infected compartment over time.

In this study, we computed the disease-free and endemic equilibrium states for the sub-models. The forward bifurcation confirmed
that R0 < 1 constitutes the necessary and sufficient condition for disease elimination [30]. Numerical simulations showed that
increased immunity loss enlarges the co-infected class, while higher transmission rates in either typhoid or amebiasis reduce the
prevalence of the other. PRCC analysis was conducted to assess parameter influence on disease dynamics. Overall, the results indicate
that effective prevention, screening, and treatment are essential to control each disease and their co-infection. Future work would
focus on incorporating environment-to-human (indirect) transmission pathways, using real-world data for model calibration and
parameter estimation, accounting for population heterogeneity, and implementing optimal control and cost-effectiveness analyses.
Identifying the most suitable and cost-effective control strategies is particularly important given resource constraints.
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