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Abstract

Tuberculosis (TB) is considered a severe disease and remains a serious public health problem in developing regions, especially in Khyber
Pakhtunkhwa (KPK), Pakistan, where the failure to timely diagnose the disease, poor access to healthcare, poverty, and treatment interruptions
significantly contribute to the disease’s transmission and persistence. The main goal of this research is to investigate the transmission and control
dynamics of TB using a nonlinear delayed compartmental mathematical model, with particular interest in the surge of TB in the KPK region. In
view of the rising burden of TB in the region, this study proposes a nonlinear delayed compartmental mathematical model of the spread behavior of
TB. The proposed model includes two biologically relevant time delays, those of latent disease progression and treatment monitoring mechanisms.
The qualitative analysis of the model is rigorously investigated. The basic mathematical properties, including positivity, boundedness, and existence
of solutions, are established. The threshold dynamics of the disease is determined by the basic reproduction number Ry, which is computed by the
next-generation matrix method, and the disease-free equilibrium (DFE) and endemic equilibrium (EE) points are derived. Moreover, the stability of
the equilibrium states is examined by using Lyapunov techniques and stability theory both locally and globally. A sensitivity analysis is conducted
to determine the most important epidemiological parameters defining the spread of TB. The results obtained reveal that low values of R, are ob-
tained when the transmission-associated parameters are low, whereas high values associated with treatment efficiency and the delay associated with
the control mechanism lead to low transmission of the disease. In particular, it is shown that the presence of the second delay parameter related
to the supervised treatment and monitoring shows a significant decrease in the effective Ry, thus highlighting the need for continuous treatment
monitoring and patient follow-up programs. Numerical simulation is carried out using the nonstandard finite difference (NSFD) method to validate
the theoretical results. The NSFD scheme is able to maintain mathematical consistency of the model solutions for all the selected step sizes, leading
to stable numerical behavior. The results of the simulations are also consistent with the DFE being achieved for R, < 1 and the persistence of
the disease for Ry > 1. This study’s findings highlight the importance of early diagnosis, successful supervision of treatment, controlled drug
utilization and ongoing patient monitoring to significantly reduce TB transmission in KPK, Pakistan. The delayed tuberculosis model might be
helpful for designing more effective disease control and intervention strategies by healthcare authorities and policymakers. Moreover, this work
advances biomathematical modeling by merging the incorporation of biologically relevant time lags and the use of rigorous stability, sensitivity and
dynamically consistent numerical simulations in a coherent framework for modeling infectious diseases.
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1. Introduction

A bacillus mycobacterium causes tuberculosis (TB), a disease that is mostly transmitted by aerosol, from an infected individual
to those in close proximity through coughing, sneezing, spitting, or talking [1, 2]. TB is one of the top ten leading causes of
death worldwide and continues to be one of the biggest public health issues, especially in developing nations. After HIV/AIDS,
it is the second deadliest infectious disease brought on by a single infectious agent [3]. Over 60% of the global TB burden is
attributed to developing nations where access to TB diagnosis and treatment is challenging [4]. Pakistan is one of them where this
disease seriously threatens public health. Every year, health authorities report approximately 500,000 new cases of TB, resulting
in the deaths of around 70,000 individuals [5]. Due to the high prevalence of multi drug resistant TB infections, Pakistan has
the fifth-highest TB case burden in the world [6]. The northwest Pakistani province of KPK reports over fifty five thousands new
individuals of TB of all kinds every year. In KPK province, about 462,920 TB cases were documented between 2002 and 2017
[1]. A number of epidemiological studies of TB have already been carried out in various districts of KPK [7]. These studies
were undertaken on the epidemiology and risk factors analysis of TB in a particular district [8]. Global socioeconomic disparities,
significant levels of population mobility, fast urbanization, and population increase are important structural factors of TB spread. Key
social determinants of TB, including malnutrition and environmental conditions, as well as, financial and geographic impediments
to healthcare access, are distributed unevenly as a result of these situations. One of the main risk factors for TB is these social
determinants [9]. For example, poor ventilation and overcrowding in homes, workplaces, and communities increase the likelihood
of uninfected individuals being exposed to TB infection [10]. Poverty can make people more vulnerable to illness and the severity of
clinical results [11]. People who have TB symptoms frequently encounter major obstacles that prevent them from contacting health
systems where a proper diagnosis could be arranged. These obstacles include challenges to medical availability of facilities [12],
fear of being stigmatized if they seek disease diagnosis, and to get care when they become ill [13]. While the use of a patient’s
social network to enhance treatment adherence has been pioneered by DOTS (directly observed treatment, shortcourse), a social
determinants framework also emphasizes how poverty-driven pessimism may contribute to high rates of treatment that compromise
TB control [14].

Mathematical models are thought to be powerful and helpful tools for precisely predicting a disease’s dynamic behavior and
provide guidance on how to create effective control techniques [15—17]. Numerous models have been examined in the literature to
learn more about the dynamics of TB in various parts of the world. In 1962, Waaler et al.[18] established the first mathematical model
of TB based on three distinct demographic classifications. The system of nonlinear ODEs was then used by researchers Revelle et
al.[19] to create a TB transmission model in 1967. Feng and Castillo-Chavez [20] created three distinct TB models and performed
a detailed stability analysis with the help of model’s fundamental ®R,. Another team of researchers Yang et al. [21] investigated the
global dynamics of two TB models with inadequate therapy. In order to investigate TB transmission in endemic areas of the Asia,
Trauer et al. [22] devised a mathematical model. Zhang et al. [23] put up a novel TB model and offered a plausible explanation
for the actual TB cases in China. In order to eradicate TB in Philippine, one of the team of researchers Kim et al. [24] developed a
model with efficient intervention techniques. Control strategies for reducing TB have also been suggested using the optimal control
framework. In a two-strain TB model, Jung et al. [25] proposed the best control methods. It was the first study to use optimal control
theory in a model of tuberculosis transmission. For the Republic of Korea, Whang et al. [26] created a mathematical TB model and
recommended the best TB intervention techniques. By contrasting the government’s TB budget with the best control outcomes, Choi
and Jung also suggested a workable intervention strategy (Choi et al. [27]). A mathematical model for the dynamics of TB in the
Philippines was created by Villasin et al. [28], taking into account BCG vaccination and calculating parameters from the available
data.

A model to analyze the proportion of several scenarios of TB disease transmission with partial treatment was introduced by
Yang et al. [21]. To investigate TB’s global stability outcomes and the impact of heterogeneity on TB dispersion, a number of
studies provided mathematical models for the disease [29]. Hospitalized and non-hospitalized infectious classes were included in
the dynamic problem of TB disease that Zhang et al. [30] examined. Robert examined a mathematical model of TB in order to
examine the effects of degradation and reinfection [23]. Additionally, a model for TB disease was presented by Egonmwan et al.
[31] to assess the impact of treatment and analysis for infectious individuals. A number of fractional order and non-local derivatives
that conclude the reduction of an integer-order derivative have recently been proposed by numerous scholars. For example, the
theory of fractional derivative is introduced by Riemann-Liouville, and Caputo has made additional improvements. These kinds
of operators are unworkable for the dynamical mathematical models, according to the notion of fractional derivatives singularity.
Another researcher, Caputo-Fabrizio (CF) [32], suggested a unique derivative that uses the exponential function as its kernel to
control these issues. In order to comprehend the CF nomenclature, we include a few applications; for more information, see [33].
The literature introduced a novel idea in which the kernel was transformed from non-local singular to non-local and non-singular. The
representation of vanishing memory and clearly defined memory of the system being studied is the benefit of this new kernel. A new
derivative that extended the Mittag-Leffler function to non-local and non-singular functions was created in 2016 by Atangana and
Baleanu [34]. This recently developed derivative has been used in a variety of domains to describe real-world issues mathematically
[35]. As a result, the majority of researchers are eager to learn more about the biology model of infectious disease. Some model
researchers are concerned about the model’s stability and optimization; see [36]. Creating a computational framework to solve a
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mathematical model of streptococcus pneumonia infection with accuracy [37]. As a result a boundedness-preserving numerical
model with immunization [38]. A novel mathematical model of the tuberculosis pandemic under the influence of consciousness [39].
The literature presents a fresh concept regarding numerical simulations and the optimal existence of a fractional order computer virus
epidemic model [40].

In recent years, mathematical modelling of TB transmission has been much discussed because of the ongoing burden of TB,
especially in developing regions like KPK, Pakistan. The present study is an extension of a previous TB model with two biologically
meaningful time delays in the disease transmission process. In the previously published model [1], spread behavior were examined
without considering the explicit delay effects which restricted the model’s ability to account for realistic epidemiological processes
involved in TB progression and treatment. The proposed model, on the other hand, adds a first delay parameter, 7;, which describes
the latent and delayed activation of TB infection, as well as a second delay parameter, 7,, which describes the process of supervised
treatment, medication adherence, patient follow-up, and controlled recovery. These two delays give a more realistic representation
of TB natural history and enable a detailed examination of the effect of these delays on the dynamics of disease transmission. The
analysis shows that the second delay has a significant impact on reducing the effective disease transmission and the R, even if
the first delay is decreased, indicating that monitoring treatment and healthcare intervention strategies will play a significant role
in controlling TB transmission. Additionally, the extended model comes with a detailed sensitivity analysis to pinpoint the most
important epidemiological parameters that could impact disease persistence and management. Numerical simulations are carried out
with the NSFD scheme to maintain positivity, boundedness and dynamism of the solutions. The NSFD method yields stable and
convergent solution which accurately represents theoretical properties of the continuous model, unlike the conventional numerical
method. Thus, the use of dual time delays and sensitivity analysis and dynamically consistent numerical simulations gives a great
improvement over the earlier developed model that gives valuable insight into the biological aspect of tuberculosis control and
prevention strategies in KPK, Pakistan.

The rest of this paper is organized as follows: In the introduction of Section 1, TB is introduced, and the epidemiological
importance of the disease in the KPK province, Pakistan, is highlighted. In addition, a review of the mathematical modeling methods
that can be applied to the understanding of the spread behavior of TB is provided.The introduction of Section 1 introduces TB and
its epidemiological importance in the province of KPK, Pakistan, and reviews some of the mathematical modeling approaches that
have been used in the study of TB spread behavior. The details of the proposed delayed TB model by delay differential equation
(DDEs) are given in Section 2, along with the biological assumptions and parameter descriptions. The qualitative properties of this
model, such as positivity, boundedness, existence of solutions, disease-free and EE point, derivation of Ry, and the local and global
stability analysis of the equilibrium states, are also examined. The effect of the different epidemiological parameters on the Ry is
studied in detail in Section 3, which is dedicated to sensitivity analysis. In addition, the biological interpretation of the first delay
parameter is discussed to emphasize the epidemiological role of the parameter in the transmission and control of TB. In Section 4,
numerical simulations are carried out with NSFD scheme. The positivity, boundedness, convergence and dynamical consistency of
the numerical solutions are checked, and graphical results are given that support the theoretical results. In section 5, a modified model
for TB with two biologically relevant time delays is introduced. The DFE, EE and Ry are derived and investigated for this extended
model. Epidemiological aspects of both delays are also discussed, highlighting their involvement in the evolution of the disease and
treatment monitoring. Lastly, in Section 6, the key analytical, biological, and numerical results are summarized and implications for
TB control strategies in KPK, Pakistan, are discussed.

2. Methods and materials

2.1. Classes and parameters

To investigate the decline and rapid spread of TB, we propose an S EITR transmission model with two latent classes. The
total population is divided into six compartments: susceptible individuals S (¢), slow and fast latent classes E(¢) and E,(f), infected
individuals I(7), treated individuals 7'(¢), and recovered individuals R(#). Following effective contact with an infected individual, a
susceptible person enters either the slow latent class or the fast latent class, depending on the condition of the infected individual.
Individuals in the slow latent class must first progress to the fast latent class before becoming infectious. The transitions among
the compartments are illustrated in Figure 1. A proportion ¢ (0 < g < 1) of susceptible individuals enters the slow latent class E|
after a time delay represented by e™#™', while the remaining proportion (1 — g) enters the fast latent class E; following successful
contact with infected individuals. The model parameters are defined as follows: A denotes the recruitment (birth) rate, 3 the effective
transmission rate, and u the natural death rate across all compartments. Disease-induced death rates in the infected and treated classes
are represented by o and o, respectively. The parameters €; and €, denote the progression rates from E; to E; and from E; to
I, respectively, while vy is the treatment rate of infected individuals. Individuals leave the treated class at rate §, depending on the
treatment stage. A proportion 67 returns to the infected class I due to drug resistance, whereas the remaining proportion (1 — 7)6T
returns to the slow latent class E;. The recovery rate of treated patients is represented by the parameter @, and 17 (0 < 1 < 1) denotes
the proportion of treated individuals who develop drug resistance.
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Table 1: Values of parameters and variables used in the SEITR TB model.

Parameter Description Value Reference
A Human birth ratio 450,862.20088 [1]

B Human contact rate 0.6001 [1]

a Recovery rate 0.0100 [1]

0% Treatment rate 0.1500 [1]

u Natural death rate 1/67.7 [1]

o Disease-induced death rate in I 0.2738 [1]

o Disease-induced death rate during treatment process 0.1000 [1]

0 Rate of leaving treatment of treated people and again entry toLor E;  0.0649 [1]

n Treatment failure rate 0.2959 [1]

€ Transition rate from E; to E, 0.2351 [1]

& Transfer rate from class E; to infected 0.2001 [1]

q Ratio of susceptible individuals becoming infected 0.5259 [1]

T Time delay >0 Assumed
T Time delay >0 Assumed

(1 +02)T
A
ol
uR
noT
ks (w+o1)l

Figure 1: Delay in slow exposed.

2.2. TB model with delay in the slow exposed class

According to Figure 1, the initial modification of the TB model states that an infected person does not immediately become
contagious. Instead, a susceptible person who is successfully infected by an infectious person first enters the slow and fast exposed
class (E and E;), where the illness is latent for a while before becoming infectious (I). This is because TB infections have a protracted
latent period. The values of all parameters are shown in Table 1.

An exponential delay factor (e7#™') is added to the transmission from the susceptible class (S) to the exposed class (E) in order
to account for this effect. This shows the likelihood of surviving the latent phase and the delay in the infection process. The delay
between contracting an infection and being infectious is thus represented by the force of infection, which depends on the history of
the infectious population. In the S E{E>ITR architecture, the delay term guarantees that the population moves naturally from one
compartment to another (S — E; - E, - [ — T — R). People first become exposed (latent), and there is no direct passage from
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the susceptible class to the infectious class. This modification enhances the model’s realism and permits a deeper investigation of the

dynamics of TB, particularly the influence of latency on disease transmission. The system of DDEs is

Considering the starting conditions

Here,t>0. t<t.

s PerSE-DIt-1)
% - ]S(’;,T)m_” (et @)Ei(1) + (1 - )oT (@),
dE S (1)1
= (1-9P 0 s B0 - s B0,

1

i eEx(t) +noT () — (u+vy + o)D),

d—f = YI() = (u + 6 + 02 + T (2),

d—R =aT(t R(t

= () — pR(2).

§$>0, £, 20, E >0, I>0, T>0, R>0.

In order to simplify equations (1) to (6), let’s indicate
bi=u+e, bh=pu+e, by=u+y+oy, bpy=u+dé+oy+a

2.3. Model analysis

ds _, _BetmSI

T N us,
% _ q‘%ﬁ“ — by Ey + (1 - )oT,
% =(1- q)l% +eE, - bEs,

Z_j = &> + 7T - bsl,

”(% = yI - b,T,

% =aT — uR.

ey
@
3
“
(&)
(6)

@)

®)
&)
(10)
(In
(12)

(13)

The qualitative aspects of TB transmission are investigated by the suggested mathematical model. To comprehend the long-
term dynamics of the disease, the system’s basic characteristics such as the presence, boundedness, and stability of stable states
are thoroughly investigated. This is crucial to ascertain whether control measures can be implemented and whether the disease will
spread or deteriorate. Additionally, appropriate threshold parameters are computed to identify the conditions for the persistence and
extinction of TB, much as the R in epidemiological systems. Because time delays account for both the latent phase of the disease
and the interval between diagnosis and treatment responses, the model becomes more biologically realistic. As a result, the model
provides a framework for comprehending the intricate relationships between susceptible, exposed, infected, and recovered persons
as well as how intervention strategies impact the dynamics of the disease.

Theorem 2.1. The proposed disease model has a non-negative solution that provides nonnegative starting circumstances for any t

> 0.

Proof. Assume that the starting circumstances with initial conditions, examine the first equation:

Since I(t) > 0, we have

Thus,

ds Be 1S T
— =A-——uS.
dt N s

e
per 10 4 o,
N

ds _(ﬁe"”‘ 1)

-z N +,u)S(t).
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Let i g
T g
e

A = N

Then,

ds
— 2 =ADS ).

exp(f A(s)ds),

0

¢ s [ 0|20
o (1) exp ; (s)ds|| = 0.

S (t)exp (ftA(s) ds) > 5(0).
0

Multiplying by integrating factor with both sides

we obtain

Integrating from O to ¢, we get

Hence,
5
S > S(0)exp (—f A(s) ds) > 0.
0
Likewise, in the case of the exposed class E,

dE,  Be*1SI
= =g/ —pE; + (1 —n)dT.
7 9N biE; + (1 -n)d

All inflow terms are non-negative, so that it follows that
— 2 -bEy,

which implies
Ei(f) > E;(0)e™™" > 0.

For E»,
dE, BSI
— =(1-¢9— +gE; - byE,.
7 (I-¢9 N Taki-hk
Therefore,
dE,
— > —-bhyE,
7 2 B>
and hence

Ex() > Ex(0)e™™" > 0.
For people infected with the virus,

d E +I]6T bsl
— =€ — i
It 212 3

Thus,

dl
— > —hsl,
ar =

which gives
1(7) > I(0)e ™" > 0.

For the treatment class,

dT
— =yl — b4T.
dr Y 4
Hence, J
T
— > —byT,
a = !

and therefore
T(t) > T(0)e™ > 0.
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Finally,
dR
— =aT — uR
dt
Thus,
dR
_—> —/,lR,
dt

which implies
R(t) = R(0)e ™ > 0.

It follows, then, that for all # > 0, all state variables are positive. O
Theorem 2.2. The solutions of the system are bounded in a feasible unique region Q c RS.

Proof. Let N(¢) is the sum of all classes and let the population at time ¢ be the total population. Differentiating N(¢) with respect to
time, we get
AN _  _BeST

Be TS|
dt N

uS —(u+e)E + (1 —n)oT

BSI
+(]—Q)T+61E1—(ﬂ+€2)E2+62E2+7]6T—(,u+’y+0'1)]
+yl[—(u+0+02+a)T +aTl —uR.

After simplification, we get

% =A—-uN—-ol-o,T.
Since o1/ > 0 and 0T > 0, it follows that
dij < A—uN.
Consider the differential equation
d—N = A —uN.
dt

It has a solution of
A A
N =—+ (N(O) - —)e"”.
u H

Hence,
A
0<N(t)< —,Foranyt>0.
u

Hence the feasible region is

A
Q= {(S,EI,EZ,I, T,R) e RS : N(») < —}.
o)
The following are therefore all the solutions that are uniformly bounded in Q of the proposed TB model. O

2.4. Model equilibrium point

Absence and persistence of TB is defined by the presence and stability of the TB-free equilibrium and EE of the model proposed.
The DFE is the point in which there is complete absence of TB in the community and it is achieved within the feasible region of the
system. However, the EE occurs when the R is greater than one, meaning that the disease is ongoing and can be transmitted. These
equilibrium states are important in the analysis of the qualitative behavior, stability properties and long-term dynamics of the model
for the transmission of TB.

2.4.1. DFE point
The DFE points are:

A
g0 = (S0, E10, E20, 1o, To, Ro) = (—,0, 0,0,0, 0)- (14)
u
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2.4.2. Reproduction number

The (Rp) is among the most crucial threshold parameters in an epidemiological model. It decides if TB will remain or go extinct
in a population. From a biological point of view, (Ry) is the average number of secondary infections generated by an infectious person
in the entire infectious period in a fully susceptible community. Hence it is an important tool in gaining insight of transmission and
control of TB. The compartments (E), (E>), (I), and (T') in the proposed delayed SEITR TB model represent the infected classes,
(S) represents the susceptible population and (R) represents the recovered population. We use the next-generation matrix method of
van den Driessche and Watmough to calculate the Ry. This approach gives a structured analysis of the transmission of infectious
diseases. Let x be the vector of infected compartments, and y the vector of non-infected compartments [41]. The system can then be
expressed in the form

d
d—f = F(x,y) - V(x,y),

where (F(x,y)) is the appearance of new infections, and (V(x,y)) is the movement of people between infected compartments due to
progression, treatment, recovery, and natural death. The matrices (F) and (V) are the linearizations of the infected subsystem at the
DFE. The next generation matrix theory says that the Ry is equal to the spectral radius of the matrix (FV~"), or

Ry = (FV.

The epidemiology of (Ry) is known. If
Ro < 1,

Then, each infected person produces, on average, fewer than one new case of infection, and the disease slowly dies out of the
population. For this case, the DFE is locally asymptotically stable (LAS). Were the other way, however,
Ro > 1,

Infection can invade the population and hold the disease, with the DFE being unstable. Moreover, the stability properties of the
equilibrium points are very sensitive to the value of (Ry). This can be checked with the Jacobian matrix computed at the DFE.
Therefore, the matrices (F) and (V) of the infected subsystem is described as follows:

0 0 gBe™* O
F_[000 (-gB 0
{0 0 0 of
0 0 0 0
by 0 0 —-(1-n)0o
|-a b 0 0
V= 0 —€ b3 —7](5 ’

0 0 -y b
gpe™ " (1 —moyer  gBe™' (1 —n)dyby  gPe™ "' bibbs  gBe™ "' 6b1(nby + (1 — n)e2)

A A A A
gyt o | U Z@BA —mdyer (1= @A —mdybi - (1 = @)Bbibabs (1 = 9)B6bi (b2 + (1 — &)
N A A A A :
0 0 0 0
0 0 0 0

where
A = b1babsby — noybi1by — (1 — n)oye &.

Notice that the matrix FV~! is rank one, and that the dominant eigenvalue is the non-zero characteristic root. Thus, the Ry is:
Ro = p(FV),
Here, p(FV~') is the spectral radius of the matrix FV~!. Hence, the Ry of the proposed TB model is

R = Beby [qgee™™ + (1 - q)bi]
0

= . 15
b1b2b3b4 - U57b1b2 - (1 - T])(S)/E] € ( )
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2.4.3. EE point
The EE points are:

&1 =(S,E\,Eo, I,T,R) = (S*, E}, E5, ", T",R").

This implies that,

(16)

A 1 (gBe™ "' S*I*
N Be I by N
N

1((1—q)ﬁS*I* *) &FE, +néT vyI*  ayl*
— (S ), 22200 Y .

+ (1 =-n)dT*), , s
( T]) ) b2 N b3 b4 yb4

u

2.5. Stability analysis
This section looks at the system’s stability at endemic and DFE, both LAS and GAS.
Theorem 2.3. The DFE point
A
g = (—,0, 0,0, 0,0).
u
of the proposed delayed SEITR TB model is LAS if Ry < 1, and unstable if Ry > 1.

Proof. The system has the following Jacobian matrix:

—uTi J -uti g
B g o S 0
N N
gpe™ 1 qpe 'S
—_— -b 0 —— ({d-mp6 O
N 1 N (1-mn)
1-q)BI 1 -q)BS
- (I-9p o b, UZ9B 0 0
N N
0 0 € —b3 776 0
0 0 0 y —by 0
0 0 0 0 a —u
At the DFE point, calculating the matrix
A
€0 :(_’05050’090)5
u
we obtain
-« 0 0 —Betn 0 0
0 -by 0 gBe* (A-mo O
0 &a -b (1-9pB 0 0
J(&o) =
0 0 € —b3 7]5 0
0 0 0 y —by 0
0 0 0 0 a —u
The characteristic equation is the same as the one below:
[J(g9) — Al = 0.

Obviously, the two eigenvalues are
A =—u, A = —p,

which are negative. The rest of the eigenvalues are calculated for the infected subsystem

—by 0 gBe* ™ (1-p)d
e -by (I-gB 0
0 € —b3 775
0 0 y —by
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The next-generation matrix approach gives rise to the associated Rp.

Ry = Beby [qgee™™ + (1 - q)bi]
bibybsbs — néybiby — (1 — n)dyere,”

The characteristic polynomial of the infected subsystem is the expression: Routh-Hurwitz stability criterion. Therefore all of the
eigenvalues are negative. If the following conditions apply, then both the real parts of them are:

d1>0, d2>0, d3>0, d4>0,

d1d2 > d3,

and
didady > d2dy + dj.

The conditions given above are satisfied whenever, as can be seen by substituting the coeflicients of the characteristic polynomial.

Ro < 1.
So, the DFE point gy is LAS when
R() <1,
and unstable if
Ro > 1.
Hence the proof is finished. O

Theorem 2.4. When the population is not affected by the disease, it is known as the DFE point.
A
& = (—, 0,0,0,0, O)
J7

The proposed delayed SEITR TB model is GAS for all delays, when
Ro < 1.
Proof. Construct the following Lyapunov function:
V(E\,E>,,T)=E, +Ey +c 1l + T,
c1 > 0 and ¢; > 0 are positive constants to be determined. Differentiate V with respect to the solutions of the system,

dV_dﬂJr@+ dI dar
dt dt

dt dt dt
By substituting the system equations, we get
dav Be 1 SI
— =q———— —-bhEi + (1 —n)oT
7 1Ev+(1-1n)

S 1
+(1 - Q)'BT +ak — bk,
+c (eFE; + 7]6T —bs3l)
+ (’)/1 —bsT).
Rearranging terms gives

dv
— =(a-b)E +(cie—-b)E,

dt
+[gBe™™ + (1 — @) — c1b3 + c2y]1
+ [(L=n)d+ci1nd — c2b4] T.
With the correct choices of the constants ¢; and c,, the above expression becomes.

dv
— < - 1DI.
7 <Ro-1

10
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Therefore, if

Ro < 1,
then av
— <0,
dt <
for all
(E1,E»,1,T) #(0,0,0,0).
av
-0
dt
iff

E1=E2=I=T:O.

In consequence, from the principle of invariance of LaSalle (LIP), the point of DFE is an invariant point.
A
& = (—, 0,0,0,0, 0)
7

is GAS for all
Ro <1.

Thus, this completes the proof. O

Theorem 2.5. The EE point
E*=(S"E|,E5,I",T",R")

The proposed delayed SEITR TB model is GAS for all # > 0 if Ry > 1.

Proof. To prove GAS of the EE point, we will use the Lyapunov function

S
=(S-8"-S"In— E, -Ej-Ejl
V (S S S nS*)+( 1= nE*)

I
+(E2 EzlnE*) (I—I*—I*lnl—*)

+(T—T*—T*ln—)+(R—R*—R*1n£).
T R

Taking the time derivative of V along the trajectories of the system gives
av _ 1 — ST\ dS +l1= dE,
dr S ) dt E, dr
dE, “\dI
1-—= e
+( Ez) dt+( I)dt
+1 - — a1 +11- R} 4R
dr R dt’

Then, substituting in the model equations, we get

av s* Be ST
a5 )
—HT1
+1- 1)(& S1 —b1E1+(1—n)6T)
+ 1_—) (e

E

+

1- )(62E2 + I]5T b3l)

+

|
|
|
(1 )(yl baT)

11
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R*
+(1 - E)(aT—,uR),

since
E*=(S",E},E},I',T*,R")
The point is an EE point, when we have
das* dE} dE, dI* dT* dR
dt —dt dt dt dt  dt

If the equilibrium relations are used and the above expression is simplified, then

av
< O,
dr
for all
(S’EI’E27I’T’R) EQ,

where
A
Q= {(S,EI,EZ,I, T,R) € R® : N(1) < —}
M

is bounded and positive invariant. Furthermore,

iff
§S=S8* E=E], E,=E,, I=I'y T=T", R=R"
Thus, according to LIP, the EE point E* is GAS when.

Hence, the proof is completed. O

3. Sensitivity analysis of parameters

To investigate how the Ry is affected by parameters of the model, sensitivity analysis is performed. This analysis is crucial in
determining the parameters that are important to transmission and control of TB within the population. Additionally, it provides
helpful information on which epidemiological aspects should be targeted in order to reduce the disease’s spread. The sensitivity
index for an epidemiological model is the ratio of the change in the R to a unit change in a parameter in that model. Therefore, it
measures how much of a dependence the model’s parameters have on Ry. The sensitivity index of Ry with respect to any parameter
P is given [42] by

Ro _ @ X £

P Tap R
If the sensitivity index is positive, the parameter is a factor that would increase the value of Ry if it increased, thus helping the spread
of the disease. On the other hand, if the sensitivity index is negative, this suggests that, for an increase in the parameter, there is a
decrease in Ry, and this helps to control the disease. The sensitivity indices are calculated for the major epidemiological parameters
in the proposed SEITR TB model, which are related to the transmission of TB, progression of the disease, treatment, recovery and
delay effects. The following parameters have positive impact on the Ry. Therefore, the more these parameters are increased, the
more the disease spreads.

0Ry &by [gere™ + (1 — q)b1]

OB bibabsbs —noybiby — (1 - n)dyere
MR _ Berbage™™ >0
dei bibyb3by — néyb1by — (1 —n)dyere
Ry _ Bbslgere™ + (1 - q)bi]

de&s  bibabsby — ndybiby — (1 — n)dyere

IR _ Pebilgac™™ + (A ~gbily@bibr + (1 -nee&)
96 (b1babsbs — néybiby — (1 — n)dyer &)

0.

12
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Figure 2: Parameter values.

The next set of parameters negatively affect the Ry Ry. So, raising these parameters will help to decrease transmission of TB.

IRy _ Pebilgae™™ + (A - @bi]émbibr + (1 -nee) _

dy (b1b2b3bs — noybiby — (1 — n)dyei &)’
R ____ Pebilganie™ + 1 -g)]
oy b1byb3bs — 10yb1by — (1 — n)dye e
% _ _Pe [gere™™ + (1 = @)by] (b1b2b3 — néyb 1 bs) .
da (b1byb3by — nyb by — (1 — n)dye e)?

In addition, the delay effect 7; also negatively affects the dynamics of disease spread, because the corresponding sensitivity expression
shows that 7| is inversely proportional to the disease spread behavior.

0.

0.

Ry Beebyque™

=— <0
oty b1bybsby — néyb1by — (1 —n)dyere

This conclusion suggests that a longer delay period causes a decrease in the value of R, which means that the spread of TB in the
population is reduced.

The numerical values of the parameters in the proposed delayed TB model are shown in the Figure 2. The graphical representation
gives a clear comparison of the epidemiological parameters that are included in the spread behavior of the disease. According to the
analysis, the greatest number of the parameters is the recruitment rate A. Additionally, the parameters of the transmission, treatment,
progression and recovery of the infection have significant effects on the Ry value. The graph uses a logarithmic scale to represent
the different parameters on the same scale and to enhance the graphical presentation. The sensitivity analysis shows how the Ry Ry
depends on the various parameters of the model as shown in Figure 3. Parameters that have positive sensitivity indices contribute to
increase in transmission potential of TB while parameters with negative sensitivity indices contribute to the reduction of the spread
of the disease. Numerical results indicate that the transmission parameter 3, the progression parameters €; and e, and the relapse
parameter ¢ all have a positive effect on the transmission parameter Ry. On the other hand, treatment parameter vy, natural death rate
M, recovery parameter « and delay parameter 7| have negative sensitivity indices highlighting their importance in controlling disease
transmission. Moreover, the graphical depiction of the sensitivity indices offers a direct comparison of the relative effects that each
parameter has on the disease dynamics. Therefore, reducing transmission of TB among the population by increasing treatment
efficiency and delay effects will be effective.

Figure 4 shows how the R, changes as a function of the Contact rate 8. From the graphical results it is found that the transmission
parameter is a significant factor to increase Ry as it increases. The behavior is an expression of the positive effect of the transmission
rate on the spread of TB in the population. In addition, the curve is rising indicating the need to reduce the contact and transmission
rate to control the dynamics of the disease. The Figure 5 shows the effect of the recovery rate @ on the Ry. The graphical results
show that the larger the recovery parameter, the smaller the value of Ry, which in turn means that the transmission potential of TB

13
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Figure 3: Parameters.

Figure 4: Variation of Ry with respect to .

within the population is smaller. This behavior substantiates the adverse effect of the recovery parameter on the dynamics of the
disease. Therefore, better recovery rates, achieved by sound treatment methods, can make an important contribution to the control of
TB. Figure 6 shows the change of the Ry as a function of treatment rate y. The graphical results indicate that the larger the treatment
parameter, the smaller the value of Ry, which in turn decreases the transmission potential of the TB disease in the population. This
behavior shows that the treatment parameter has a negative effect on the disease dynamics. As a result, a higher treatment rate is
an effective way of controlling and reducing the spread of TB. Figure 7 shows how the R, changes as the natural mortality rate u
changes. The plots suggest that the larger the value of yu is, the smaller the value of Ry is, which means that the more the transmission
potential of TB in the population is reduced. This behavior verifies the negative impact of the parameter for natural death on the
dynamics of the disease. Hence, higher values of i contribute toward reducing the spread of TB in the community. Figure 8 shows
how the Ry changes as function of the death rate parameter o; due to the disease. The graphical results show that as the value of
o increases, the value of R, decreases and the transmission of TB in the population is also reduced. This behaviour is consistent
with the adverse effect of the disease-induced death parameter on disease spread. Therefore, the greater the value of o is, the more

14
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Figure 6: Variation of R, with respect to 7.

transmission potential of TB will be reduced. The Figure 9 shows the effect of the ratio of the disease induced death parameter
during treatment o on the Ry. The graphical solutions show that as the value of o, increases the value of R, decreases, which
lowers the transmission potential of TB in the population. This behavior is in line with the negative effect that the treatment-related
disease-induced death parameter had on the disease dynamics. So increasing the value of o, will help reduce the spread of TB. The
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Figure 7: Variation of Ry with respect to u.

0 Il Il Il Il
0 0.2 04 o, 06 0.8 1

Figure 8: Variation of R, with respect to 0.

Figure 10 shows the changing of the Ry as a function of the treatment failure parameter 7. As the value of 7 is increased, the value of
Ry is also increased, according to the graphical results, which shows that the spread behavior of TB within the population becomes
better and better as the value of 7 is increased. This is behavior that verifies that the treatment failure parameter is having a positive
effect on the transmission of the disease. Thus, a higher value for  will play an important role in enhancing the transmissibility of
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Figure 10: Variation of Ry with respect to 7.

TB. The Figure 11 shows the change of the R, as the progression rate parameter €; changes. The graphical solutions show that the
higher the value of €], the higher the value of Ry, which strengthens the transmission potential of TB in the population. This behavior
supports the positive effect of the progression parameter on the spread of the disease. Therefore, an increase in the value of € is an
important factor in enhancing the transmissibility of TB.
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Figure 12: Variation of R with respect to e,.

The Figure 12 shows the dependence of the R, on the progression rate parameter ;. The graphical solution allows us to see
that the larger the value of ¢, the larger the value of Ry which makes the spread behavior of TB in the population more powerful the
larger the value of €. This behavior is evidence of the positive effect of the progression parameter on the transmission of the disease.
Therefore, any increase in € will make a substantial addition to the transmission potential of TB.
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Figure 13: Three-dimensional surface plot of R, with respect to 5 and 7.

The combined effect of the parameters of the transmission parameter S and treatment parameter y on the Ry is shown in the
Figure 13 below. The graphical solutions show that the higher the rate of transmission the greater the value of R and the lower the
rate of transmission the less the dynamics of the disease. The three dimensional surface plot clearly shows that the spread of TB is
positively affected by 8 and negatively affected by y. Thus, decreasing the transmission rate and increasing the efficiency of treatment
is important in keeping the disease under control in the population. Figure 14 shows the combined roles of natural mortality parameter
w and recovery parameter a on the Ry. From the graphical results it is found that as the values of u and « are increased the value of
Ry is decreased which in turn reduces the spread behavior of TB in the population. The three dimensional surface plot illustrates the
negative effect of both parameters on disease transmission. This indicates that a greater rate of recovery and people’s natural excretion
are crucial in the management of TB. The combined effect of the relapse parameter ¢ and the treatment failure parameter 77 on the Ry
is shown in the Figure 15. The graphical outputs show that as the values of both ¢ and 7 are raised, the value of Ry is raised, which
means that the spread behavior of TB in the population is improved. The spread of the disease can be clearly observed from the 3-D
surface plot which shows that both parameters are positively affecting the disease. This results in a greater potential of transmission
of TB via higher relapses and treatment failure rates. Figure 16 shows the effect of the progression rate parameters €; and e on the
Ro. The graphical outputs suggest that the higher the values of € and e, the more close the TB spread behavior in the population,
that is, the higher the value of R. The three dimensional surface plot clearly shows the positive effect both parameters of progression
have on the spread of the disease. The result is that higher rates of progression will also raise the risk of TB being transmitted. The
change of the Ry as a function of the delay parameter 7; is shown in Figure 17. The graphical results demonstrate that when the
delay parameter is increased, the value of Ry lowers, indicating a decrease in the population’s TB spread behavior. This behaviour
is consistent with the downward impact that the delay parameter has on the transmission of the disease. Thus, the longer the delay
periods the more they will help to regulate the transmission potential of TB. This Figure 18 shows the dependence of the R, on the
progression parameter € for different values of the delay parameter 7;. The graphical results show that as € is increased the value
of the transmission parameter Ry is increased, as the delay parameter is increased the transmission parameter of TB is decreased. In
addition, the family of curves illustrates the important role of the delayed effect in the transmission of the disease. Thus, the larger
the value of the delay the more it helps to limit the spread of TB in the population. The graphical sensitivity analysis shows how
the Ry of the proposed model for TB is affected by the different epidemiological parameters. The results show that the transmission
parameter (3, progression parameters €; and e, relapse parameter § and treatment failure parameter 5 are all increasing factors for
Ro which make the transmission potential of TB in the population increase. The recovery parameter «, treatment parameter y, the
natural mortality rate ¢ and the delay parameter 7|, however, have negative effects on Ry and consequently help to reduce the spread
of the disease. Moreover, the behaviour of the graph is in line with the theoretically calculated sensitivity analysis. The results
of the numerical simulations are clear: An increase in the treatment efficiency and delay effects can be important to decrease the

19



Amir et al. / African Scientific Reports 5 (2026) 565 20

1.6

1.55

11.5

11.45

114

11.35

1.3

1.25

1.2
@ 0.02 0.03 z
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Figure 15: Three-dimensional surface plot of Ry with respect to § and 7.

transmission of TB while an increase in the transmission and progression rates can be important to increase the persistence of the
disease in the population.
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3.1. Biological interpretation of time delay

The delay parameter 7| in this proposed TB model can biologically include the time required for diagnosis, treatment initia-
tion, recovery, or the time from latent TB to active infectious TB. The value of 7; = 2 represents an approximate two-year delay
period which reflects the actual epidemiological scenario in KPK Province Pakistan, where individuals suffering from TB may be
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Figure 18: Variation of Ry with respect to ¢; at different values of 7.

in treatment for a lengthy period before being completely diagnosed, treated and recovered. Apart from this, there are also various
socioeconomic and healthcare associated factors in KPK which are responsible for this delay, such as lack of healthcare facilities
in rural areas, lack of timely laboratory diagnosis, lack of knowledge about the symptoms of TB, non-completion of treatment,
poverty, malnutrition, and difficulty accessing healthcare services. This means that the infected person can stay in either latent state
or treatment stage for a long period of time before recovering. It is observed from the graphical and analytical results that the spread
behavior of TB in the population are reduced by decreasing the value of the R, with increasing the value of the delay parameter.
Biologically, it means that if treatment is monitored closely, progressed at an appropriate rate and medically managed in a timely
fashion, the spread of TB can be greatly slowed and the disease contained in the community.

4. Numerical simulations

The dynamical behavior of the proposed TB model is investigated using the NSFD approach. The continuous model’s key
qualitative characteristics, such as positivity, boundedness, and solution stability, are preserved by the NSFD scheme. Application
of the NSFD technique results in a system of equations which are discretized in a dynamically consistent way, whilst retaining good
numerical stability and representing the spread behavior of TB. Hence, the NSFD approach is a good numerical tool for the analysis
of the proposed delayed TB model.

4.1. Nonstandard finite difference method
The stability of the SEIR model’s NSFD technique at the DFE point will be covered in this section.

S"+ hA

n+1
= —uT| In > (17)
L+ h (55 + p)
n Be S n
o _ B+ a4 (L= moT -
1 1+ hby ’
n ﬁS"IIl n
E”+l _ E2 + h(l - Q)W + hElEl (19)
2 1 + hby ’
ot _ I+ he By + ST 0
1+ hbs ’
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T" + hyl"

Tn+1 - 21
1+ hby ’ D
R* + haT"
R = l. (22)
1+ hu

4.2. Convergence analysis of the NSFD scheme

The convergence and stability of the proposed NSFD is studied at DFE point in this section. The Jacobian matrix associated with
the NSFD scheme is:

i e+ ]
m 0 0 - 1+hu 0 0
1 hgBe™ h(1-m)é
0 1+hb, 0 1+hb, 1+hb,; 0
0 hey 1 h(1-¢9)8 0 0
T+hb;  T+hb T+hb
J(Eo) = Tmen T
he: 1]
0 0 1 +h2b3 1+hbs 1+hbs 0
hy 1
0 0 0 T+hbs T+hbs 0
h 1
L 0 0 0 0 1+(Il1//1 m‘
The Jacobian matrix is of a block-type structure and some eigenvalues can be easily obtained from the diagonal blocks. Hence,
A = ! Ag = !
T T Ty

The other eigenvalues correspond to the infected subsystem matrix.

r1 0 hgPe 71 h(1-1)6 7
1+hb, 1+hb, 1+hb,
he 1 h(1-9)B 0
1+hb, 1+hb, 1+hby
O hey 1 hné
1+hbs 1+hbs 1+hbs
hy 1
L 0 0 1+hby 1+hby

It follows that
A4l < 1, i=1,2,...,6.

Setting all model parameters and the step size i > 0 positive. So, the DFE point of the NSFD scheme is LAS if

R0<1.

4.3. Positivity analysis

Theorem 4.1. Assume that the initial conditions
0 0 0 70 790 O
SY,E\,E;,I",T",R

are positive. Then, the NSFD scheme is positive for all n > 0, that is,

Sn+1 > 0’ E}]’L+1 > O, E;L+1 > 0’ ]n+l > O, Tn+l > 0, Rn+l > 0.

Proof. Discuss the NSFD scheme.

gl _ S"+ hA
1 +h(ﬂ€’;\‘,:l[ﬂ +ﬂ>7

ol E! + hgB G+ h(1 - p)sT”

b 1 + hb, ’
ol El +h(1 - 9B5E + he !

2 1 + hby ’
et _ I" + he:E} + hnoT"

1 +hb3 ’
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Tﬂ+1 —_ Tn + h’yln
1+ hby ’

et R hat”
1+ hu

All parameters and initial conditions are positive, so for all n > 0 the numerators and denominators of all equations are positive.
Hence,

s™'>o0, Ef'>0, EFf'>0, 1"'>0, 7"'>0, R™'>0.

Hence the suggested NSFD scheme maintains the positivity of all state variables. O

4.4. Boundedness of the NSFD scheme
Theorem 4.2. Assume that the starting conditions are non-negative and finite values. Then the solutions of the proposed NSFD
scheme are bounded for all n > 0.
Proof. Let

N'=S"+E{+E;+I"+T"+R".
If we add all equations of the NSFD scheme, we get

N™1 < N™ + hA — huN".

Thus,
N" + hA

Nn+1 < i
1+ hu

By repetition, it follows that

A
N'< —, VYn > 0.
u

Therefore, the NSFD scheme has uniformly bounded all its state variables in the feasible region.
A
Q= {(S,El,Ez,I,T,R) eRS:N"< —}.
u
Hence, the proposed NSFD scheme is bounded. O

4.5. Consistency analysis

Taylor series expansion is used to test the consistency of the proposed NSFD scheme. For the susceptible population consider
the following equation:
S+ hA

1+h ('B‘m' L ,u)'

Nn

Sn+l —

Using the Taylor’s series for expansion of §"*! yields

ds
S = §" 4 b= + O(K?).
+ dt+ (h°)

The substitution into the NSFD equation and simplification yields

ds Be ST
— =A—-———uS,
dt N H

which agrees with the original continuous model, in the same way, the following equations yield the following:

dE, _ Be*SI

—b1E1 + (1 —=n)dT,
7L Y 1Er+(-n)
dE, BS1
2o (1- == + €E, - byEs,
7 ( CI)N aE; — bk,
dl E> +nST — bil
— =€ — s
di 2L T 1] 3
dT
— =yl — b4T,
dr Y 4
and IR
— =aT — uR.
dt ¢ s

Thus, the proposed NSFD scheme is in line with the original SEITR TB model.
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2 %107 Susceptible Population x10° Exposed Population E, <108 Exposed Population E,
T T T 10 r T T 2 T
15+ 151
& =
w
05F 05
0 I I I 0 I I I 0 I I I
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time Time Time
10 %10° Infected Population i %108 Tr 1t Population 5 x10° Recovered Population
o 10 1 4
sl
6 3l
> 6 I3
4 ol
4t
2t ol 1r
0 | | | 0 I I I 0 ! I I
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time Time Time

Figure 20: Simulation results of NSFD scheme at the EE.

4.6. Numerical analysis

The numerical simulations of the proposed delayed TB model using the NSFD scheme show the time evolution of each compart-
ment of the epidemiology separately. The graphical results show that both exposed classes E; and E, as well as infected population
I tend to decrease slowly with time demonstrating elimination of infections from the population. Moreover, the numbers of the
susceptible, treatment, and recovered populations approach stable equilibrium values, thereby verifying the dynamical consistency
and stability of the NSFD numerical scheme. The results of this analysis show that the system is converging to the DFE state for
Ro < 1 which is consistent with the analytical conclusion. In this Figure 19 the step size is & = 0.5. The numerical simulations
on the proposed delayed TB model via the NSFD scheme show the temporal evolutions of the individual compartments of the epi-
demiological model, respectively. From the graphical results in Figure 20, it is seen that the susceptible population grows initially
and then stabilizes over time. Additionally, the exposed classes E| and E;, and the infected population / reduce slowly over time,
further demonstrating that disease is being diminished in the population. The treatment and recovered compartments also converge
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Figure 21: Simulation results of NSFD scheme at large step size & = 5.

towards stable levels, showing the effectiveness and stability of the numerical scheme NSFD. Furthermore, the simulations show that
if Ry > 1, the disease stays within the population and the system evolves towards the EE state. Over time the exposed compartments
reach positive values while the infected ones reach their equilibrium, which indicates persistence of TB in the community. Further
simulation tests were carried out with a greater time step size (h=5) compared with the smaller time step size used in previous tests
(h=0.5) to further investigate the numerical robustness of the proposed NSFD scheme. All state variables are positive, bounded and
tend to the equilibrium values without any numerical oscillations or divergence as shown in Figure21. The results show that the
behaviour of the discrete model obtained with the proposed NSFD scheme has the same qualitative characteristics as the continuous
model even for the relatively large time step used in the present study. This number behavior is in line with the dynamically consis-
tent construction of the NSFD method, and further validates the robustness and reliability of the NSFD method in solving delayed
epidemiology models.

5. Modified TB model (case II)

Figure 22 shows the modified model structure with the delay in the fast exposed class.

dS __petmS(- Dl =)

= _ —uS (1),
— N uS (1)
dE,  Be M S(t—1I(t—1)
== _ —biE1(t) + (1 = n)8T (1),
zoy = 1EL(®) + (1= moT ()
dE e " S (-1t -7
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and
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pE; 4 (u+02)T

uR
Figure 22: Delay in fast exposed.
5.1. Updated DFFE points, EE points and Ry
5.2. DFE point
The DFE point of the proposed delayed SEITR TB model is
A
Eg = (—,0,0, 0,0,0). (23)
u
5.3 Roo
The Rgo of the model is given by
Bexby [gere™ + (1 — g)bie™ ™
Rop = 2b4 [ger 1 | . 24)
b1byb3by — néyb1by — (1 = n)dye &
5.4. EE point
The EE point of the proposed model is
E** — (S **, ET*’ E;*’ 1**, T**, R**) ,
where
AN** gBe S I + (1 = )TN (1 —@)pe™*2S8™ I + e ET'N™ eE3* +néT™ yI* oT*™ 25)
UN* + Be=HT1[** ’ b N** ’ by N** ’ b3 ’ by ’

5.5. Sensitivity analysis of the modified Roo
Positive effect on Ryo:

ORoo _ eby [qu e M 4+ (1 - q)b1€7ﬂT2]
08 bibybsbs — noyb1by — (1 —n)dyere

0Roo Bebyge™ >0
de; b1babsby — noybiby — (1 —n)dye &

IR0 _ Bby [LIE] e +(1 - q)b1€7w—2]
d&s  bibybsby —noybiby — (1 — n)dyere
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R _ Berbs [gere™ ™ + (1 — @)bie™ ]y (nb1by + (1 — €1 &) S

0.
a6 (b1babsby — néybiby — (1 — p)dye &)

Negative effect on Ry:

0Roo _ﬁ62b4 [C]E] e H 4+ (1 - q)blejnz] 6(77b1b2 +(1- T])E] &) <

= 0.
dy (b1bab3bs — néybiby — (1 — p)dyere)’
Moo _ Be&bygue™ <0
oty b1byb3by — éyb1by — (1 — n)dye &
0Roo Bebibs(1 — Que™™

52 bibababa — oybibs — (L ovaes
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A bibabsbs — noybibs — (1 — n)dye e
MR _ Pelgae™ + (1 - q)bie™™](b1bbs — néybiby) -
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0.

The sensitivity analysis of the Ry gives important clues about the role of the parameters of the model on the transmission of TB.
Parameters with positive sensitivity indices would tend to make the value of Ry greater and hence make the disease more infectious
in the population. On the other hand parameters with negative sensitivity indices decrease the value of Ry and thus help in the
control of disease transmission. From the results, it is observed that the transmission rate 3, progression rates €; and € and the
relapse parameter ¢ have positive impact on the disease dynamics. The recovery and treatment-related parameters, y and «, on the
other hand, have negative effects on the recovery-related Ry, along with the two delay parameters, 7; and 7,. This means that the
greater the delay and treatment rates, the more that it can be reduced in the community.

5.6. Biological interpretation of time delay

The values of the two time delays, 7| = 1.3 years and 7, = 0.72 years, are used in the delayed TB model with two time delays.
These delays are in months about equal to

71 ~ 15.6 months, T, ~ 8.64 months.
The numerical results show that the EE point exists whenever the Ry is.
Roo = 1.4521 > 1,
which means that TB has been maintained in the population. On the other hand, the DFE is obtained when
Roo = 0.9681 < 1,

means the disease slowly eradicates from the community. In addition, the results that were obtained demonstrate that the presence of
treatment monitoring and supervised medication delay 7, with only 0.72 years (= 8.64 months) is enough to meaningfully decrease
the spread behavior of TB and to achieve the desired epidemiological behavior, even though the latent progression delay 7, was
reduced from 2 years to 1.3 years. This means that the delay of the treatment causes a greater control over the disease spread than
the delay of the latent progression. The first delay parameter 7; can be interpreted as the latent incubation period, delayed diagnosis
or delayed activation of TB infection, in a biological sense. The second delay parameter 7;, on the other hand, can refer to a period
of supervised treatment, medication adherence, patient isolation, treatment monitoring, post-treatment care, or controlled treatment
response post-diagnosis. Within the framework of KPK Province in Pakistan, this delay associated with treatment could be linked to
better TB control programs, supervised medication schedules, regular patient follow up, timely initiation of treatment and ongoing
surveillance by health authorities. The impact of these preventative measures is to decrease effective contact between infectious
and susceptible individuals in a relatively short time, which is why even a moderate delay in the treatment of about 8.64 months
can significantly decrease the disease transmission rate. Therefore the treatment monitoring delay parameter is very influential in
controlling the dynamics of TB, the reduction of its effective Ry and the stabilization of the epidemiological behavior of the disease
within the population.
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6. Discussion and conclusion

A nonlinear delayed mathematical model of TB spread behavior has been proposed and analyzed in this study with special focus
on epidemiological situation in KPK, Pakistan. Delayed diagnosis, poverty, treatment drop-off, poor access to healthcare and poor
monitoring are factors that make TB one of the most deadly infectious diseases in the region. To explore the practical implications
of these, the proposed model also includes biologically meaningful time lags for latent disease activity and supervised monitoring
of treatment. The basic mathematical features of the model, such as positivity, boundedness, equilibrium points, and the stability
behavior were carefully studied. To directly understand the threshold behavior of the disease, the Ry was derived. The analytic
results showed that the DFE is stable when Ry < 1 and it is unstable when Ry > 1, and that the EE exists and is stable when
Ro > 1 and unstable when Ry < 1. Results of the numerical simulations with the use of NSFD scheme strongly corroborated the
theoretical results and revealed stable and dynamically consistent solutions. Sensitivity analysis identified the parameters affecting
TB transmission to be positively associated when they are transmission- related parameters while the recovery-related and delay-
associated parameters significantly lowered TB transmission. The results that are obtained show that there can be significant decreases
in the effective reproduction number even with moderate improvements in treatment efficiency and disease monitoring.

This work makes a significant contribution in the inclusion and comparison of two biologically meaningful delay parameters.
The first delay time 7, corresponds to the latent period of TB infection or the time delay for activation. The model originally used
a larger latent delay, about 2 years. However, on introducing the second delay parameter, the value of the first delay parameter
was taken as approximately 1.3 years (= 15.6 months) while the second delay parameter 7, was taken as approximately 0.72 year
(= 8.64 months). Biologically, the second delay is equivalent to the follow-up of diagnosis, recovery observation, controlled medical
supervision, supervised treatment monitoring based on medication adherence, isolation and treatment. The numerical results clearly
illustrated that even a small delay of around 8.64 months due to treatment caused a substantial decrease in the dynamics of the
disease transmission and consequently the spread of the TB was effectively controlled. This indicates that treatment supervision and
ongoing observation of the patient have a greater impact on controlling TB transmission than the extended latent progression delays
themselves. The significance of these findings in the context of KPK is noteworthy as many TB patients suffer from irregular treat-
ment schedules, delayed follow-up, poor treatment adherence, and limited healthcare supervision. Improved treatment monitoring
systems, availability of TB drugs at all times, better patient follow-up, and intervention strategies based on can significantly decrease
the transmission potential of TB in the population. In addition, the NSFD numerical method was very successful in maintaining the
positivity, boundedness and dynamicity of the solutions for all the time steps considered. The NSFD scheme presented numerical
stability and reliability without causing numerical oscillations, unlike traditional numerical methods, thus showing the ability of the
NSFD to solve a nonlinear epidemiological system with delay. The NSFD method, however, maintains all the qualitative charac-
teristics of the continuous system such as positivity, boundedness, and stability, which leads to numerically obtained solution being
dynamically consistent and reliable. This feature makes the NSFD scheme an appropriate numerical tool to analyze delayed epi-
demiological models and facilitates its application to the study of the long-term transmission dynamics of TB. Overall the suggested
delayed model of TB is useful both theoretically as well as practically in understanding the spread behavior of TB in KPK, Pakistan.
The analytical investigations, sensitivity analysis, biological interpretation and stable numerical simulations can help healthcare au-
thorities and policymakers in developing better intervention and disease control strategies. Taken together, the proposed model for
TB transmission and its delayed treatment outcomes is a sound mathematical model to investigate the nature of TB transmission and
shows that biological delayed treatment monitoring is an effective mechanism to reduce the spread of the TB epidemic. The results
of these findings will provide important inputs for designing evidence-based strategies for TB control in KPK, Pakistan. Extensions
of this research could include other biological delays, optimal control schemes, stochastic effects, fractional order dynamics, and
spatial diffusion to better capture the complex nature of TB transmission and include such effects in the future.
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