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Abstract

We introduce a new class of generalized logarithmic Godunova-Levin interval-valued mappings and establish weighted Hermite-Hadamard and
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1. Introduction

A fundamental result in convex function theory is the Hermite-Hadamard integral inequality, a well-established theorem in the
mathematical literature that serves as a key tool in convex analysis and the study of inequalities.

Theorem 1.1 ([1]). Suppose & : 7 € R — R is a convex function on an interval 7, and let v}, v, € J satisfy v; < v,. Then the
subsequent double inequality is valid:
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Inequality Eq. (1) has been extensively generalized and refined in various directions. One notable extension arises from the class
of log-convex functions. A function § : 7 — (0, o) is said to be log-convex if In §& is convex on 7. In this setting, the following
refinement of the Hermite-Hadamard inequality holds (see [2], p. 197, (5.3)):

1 "
8(—“‘+°2)Sexp[ - f ln‘&(f)df]s o). @

2
In 2007, S. VaroSanec [3] introduced the notion of h-convex functions, providing a unifying generalization of classical convexity.
Within this framework, numerous Hermite-Hadamard-type inequalities have been derived. In particular, Noor et al. [4] introduced
the class of log-i-convex functions and established the following refinement of inequality Eq. (2).

Dy

Theorem 1.2 ([4]). Let § : 7 — (0, co) be a log-h-convex function with & (%) # 0. Then

1 D2 1
= f lnmf)df]s[&(nl)%(nz)]fo s 3)

0Dy —
Motivated by the increasing significance of interval-valued analysis, recent studies have focused on extending these types of
inequalities to functions that take values in interval form. In particular, Afzal et al. [5] investigated such inequalities for numerous

classes of mappings, including Godunova-Levin-type functions, and established several extensions in both convex and harmonically
convex settings.

Theorem 1.3 ([5]). Suppose & : (0, 1) — R* is a function for which h(%) # 0. Let § : [y, 02] — R satisfies § € SGX(cr-h, [v1, 2], R}).
Then the following result holds:

1 02 U dr
B f SO dt <er [F01) + F02)] f dr @
02 — D1 Jy,

2 - o h@)

The theory of convex functions and their associated integral inequalities has remained a cornerstone of mathematical analysis,
with the Hermite-Hadamard (H-H) inequality serving as one of its most extensively studied pillars. In recent years, this classical
framework has been substantially generalized to interval-valued and fuzzy-interval-valued settings, enabling the treatment of uncer-
tainty within convex analysis. According to Ref. [6], the authors investigated new refinements of convex inequalities using values
over intervals. Building on this direction, Abdelfattah et al. [7] introduced new fractional developments of Hermite-Hadamard-type
inequalities, extending classical bounds through generalized fractional operators. Similarly, in Ref. [8], the authors derived fractional
convex inequalities in n-polynomial type convex generalized mappings. Further contributions to two-dimensional and coordinated
convexity have enriched this literature. Khan et al. [9] developed some related convex integral inequalities and product form in
coordinated convex type mappings, while Ali et al. [10] used the g-Jackson quantum integral operator and developed some relevant
types of inequalities. Zhao et al. [11] extended these ideas to coordinated h-convex interval-valued functions, and Ahmad et al. [12]
investigated a specific new class of convex Hermite-Hadamard-type integral inequalities with applications in certain directions.

Parallel to these developments, the theory of topological and soft-set operators has advanced considerably. Alghamdi ef al. [13]
introduced novel operators within primal topological spaces, and Tariq et al. [14] investigated some new convex integral inequalities
of Hermite-Hadamard-type involving Mittag-Leffler functions using a fractional approach. Ameen and Alqgahtani [15] examined
Baire category soft sets and their symmetric local properties, whereas Srivastava et al. [16] derived Hermite-Hadamard-type inequal-
ities for interval-valued preinvex functions through fractional integral operators. Lai et al. [17] worked on preinvex type mappings
that naturally generalize classical convex functions and developed various new product forms of related inequalities. Topological
separation and closure structures have also been actively investigated. Alqahtani and Latif [18] discussed some new properties of
operators defined over function spaces and topology, and Adrees et al. [19] worked on three related types of convex inequalities in
a stochastic setting, defined over random variables and a probabilistic approach. In a related applied context, in [20], the authors
proposed approximate solutions of some nonlinear evolution equations arising in physical mathematics, while Tan et al. [21] inves-
tigated Hermite-Hadamard inequalities for z-preinvex interval-valued functions via fractional integrals. Additional refinements to
fractional inequalities and their applications include Abdelfattah er al. [22], who derived fractional integral inequalities associated
with special means, and Liu et al. [23], who established new Hermite-Hadamard and Jensen inequalities in fuzzy setting. Al-Omari
and Algahtani [24] worked on some closure properties of operators in primal ordered structure, and Afzal et al. [25] investigated
such types of inequalities defined in stochastic probabilistic setting. Geometric function theory and soft topology have likewise
contributed to this broad inequality-analysis landscape. Bello et al. [26] examined some new subordination formulas associated with
a quantum derivative operator, while in [27] the authors worked on soft set theory operator type problems. Zhang et al. [28] first
introduced a class of Godunova-Levin function whose mapping range is defined over intervals and then utilized it to develop some
related types of inequalities, and Adrees et al. [29] developed some properties associated with probabilistic convex mappings defined
over probability space and developed new Hermite-Hadamard and relevant inequalities. Further soft-topological advances appear in
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El-Latif and Alqahtani [30], who classified novel categories of soft-type continuous order operators, while Akram et al. [31] derived
Hermite-Hadamard inequalities for Godunova-Levin mapping defined over Jackson quantum integral operator of fractional order.
In a similar vein, Khan et al. [32] used the idea of superquadratic maps defined over fuzzy domain and their associated integral
inequalities, and Afzal et al. [33] established boundedness and Sobolev-type estimates for the exponentially damped Riesz potential,
applying them to elliptic PDE regularity theory.

Stochastic-process-based inequalities have gained particular attention as well. Abbas et al. [34] derived Jensen, Ostrowski, and
Hermite-Hadamard-type inequalities for h-convex stochastic processes using center-radius order relations, and Shah et al. [35] ob-
tained fractional Hermite-Hadamard-Mercer inequalities for interval-valued convex stochastic processes with applications in entropy
and information theory. Zhou and Du [36] investigated reverse Minkowski and reverse Holder type fractional inclusions arising from
interval-valued mappings, while Afzal er al. [37] proposed novel estimates for harmonically convex mappings via center-radius order
relations. In 2025, Sahoo et al. [38] introduced new fractional Hermite-Hadamard inequalities for harmonically convex functions
by employing generalized proportional fractional integral operators. Preinvexity and Godunova-Levin convexity remain active re-
search threads. In [39], the authors presented some relevant types of inequalities using generalized preinvex functions, while Ali et
al. [40, 41] derived Hermite-Hadamard and their product form using fractional Riemann-Liouville type operators in preinvex func-
tions, and Farid et al. [42] established Ostrowski-type inequalities using fractional integrals. Finally, recent contributions continue to
push these frameworks toward superquadratic and stability-oriented directions. Ahmad et al. [43] presented a new form of convex
Hadamard type inequalities using superquadratic functions, and Afzal et al. [44] worked on two-dimensional convex functions and
discussed various new properties and various product type inequalities, along with some stability problems for future studies.

Beyond interval-valued convexity, closely related geometric and fractional-order inequality frameworks have also informed this
study. Liu et al. [45] established new inequalities for cr-log-h-convex functions, extending classical logarithmic convexity notions
to the interval setting. In [46], the authors derived a discrete analogue of the generalized type of Minkowski inequality, offering
combinatorial insight into classical convex-geometric bounds, while Akman et al. [47], using these results, worked on some practical
applications defined in form of elliptic PDEs. Almutairi and Kiligman [48] established integral inequalities for mappings defined
over invex set, and Saeed and Treantd [49] worked on some variational inequalities and some applications related to them. Cheng
et al. [50] developed fractional convex inequalities of that type using g-Jackson integral operator, and Kashuri et al. [51] formulated
new analogues of Hermite-Hadamard-type inequalities for subadditive functions via tempered fractional integrals.

The novelty and significance of this study lie in the introduction of a generalized logarithmic Godunova-Levin function that
unifies several existing works. Unlike prior contributions that employ classical integral operators on related convex classes [2, 4],
we adopt Riemann-Liouville fractional operators to derive more general and refined inequalities. The results obtained are further
validated through examples and remarks, demonstrating recovery of known results under appropriate parameter and fractional-order
choices.

The article is organized as follows. In Section 1, we review the relevant literature and provide the motivation behind the problems
studied. Section 2 recalls some necessary notions, including definitions, operators, and concepts of interval calculus. Section 3
contains our major outcomes, in which we establish several inequalities, such as weighted Hermite-Hadamard and Jensen-type
inequalities, for functions with certain convexity properties. Finally, in Section 4, we conclude the article with a discussion of the
results and propose directions for future research.

2. Preliminaries

In this section, we recall some concepts related to interval analysis, classical convex mappings involving logarithmic concepts,
and their interval-valued forms.

2.1. Operations on intervals

Let Ry denote the family of all nonempty closed intervals in R. An interval v; = [vy, p1] is said to be positive if b > 0. The
collection of all such positive intervals is denoted by R?, while R* represents the set of all positive real numbers.
For any scalar k € R, the Minkowski addition and scalar multiplication are defined by

0y + 0y = [0] + 0, D] + D3],

and
[kv1, k01], k>0,

ko1 = 4{0}, k=0,
[kvr, kv1], K <O.
For vy = [vy, 11] € Ry, its center and radius are defined, respectively, by

b+ 0] — Dy
Dy, = 5 Dy =

2 2
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Thus, v admits the center-radius representation
vy = {0y, Oyp).

Definition 2.1 ([5]). Let v; = (v}, vy;) and vy = (vy, vy;) be two intervals in Ry. The total interval order, commonly referred to as
the cr-order, is defined as follows:

Dy < Dy, ifnlc F Dy,
D] Z¢r D) &=
Dyp < Dy, if Djc = V2.

Moreover, for any vy, v, € Ry, either vy < vy or vy <, 1| holds.
The idea of Riemann integration defined in terms of intervals was introduced in [5], and can be expressed as follows:

Theorem 2.1 ([5]). For § = [§, @] : [v1, 03] = Ry, the function § is Riemann integrable on [v;, v,] iff § and § are both Riemann

integrable on [v}, v,]. In this case,
D) 02 02
f F(d)dd = [ g(b) db, f T(d) db} .
] D Ul

We denote by 7R([v1, v2]) the collection of all interval-valued functions that are Riemann integrable on [v;, v,].

Theorem 2.2 ([5]). Let &, G € TR([vy, v2]) take values in R}. If
%(b) 5Cr g(b)9 vb € [n] » n2]’

f " 50 dd <o f " Gy av.

That is, the cr-order is preserved under integration.

then

More details on interval analysis can be found in [5].

2.2. Fundamentals of convexity in real and interval settings
Definition 2.2 ([1]). A function & : [v;,v,] — R is said to be convex if

Fd + (1 = 0k) <F®) + (1 - )F (),
for all b,k € [v1,0,] and ¢ € [0, 1].
Definition 2.3 ([1]). A function § : [vy, 0] = R is said to be of Godunova-Levin-type if

Fd+(1-0)k) < @ + ?L_K)L,

for all b,k € [py,v] and ¢ € (0, 1].
Definition 2.4 ([44]). Let § = [&, @] : [v1,02] = Ry. Then § is interval-valued convex on [vy, v,] iff & and 5 are convex.

d + (1 = k) Zer 1F0) + (1 - )F(x),
for all b,k € [vy,v] and ¢ € [0, 1]. _

Equivalently, both endpoint functions g and § are convex on [p}, v,] and satisfy
FO) <FO),  Vde o0
The class of all such interval-valued convex functions mapping into R7 is denoted by
IVCX([v1,0,], R7).

Definition 2.5 ([37]). Let & : [vy,v2] — R be written in center-radius form as

& = (& &)

where _ _
&(0) + F(b) &(d) — F(d)
t(b) = 2 ) ?f]-(b) = —2 .
Then & is known as cr-convex on [vy, v,] if, for all d, x € [vy,v,] and ¢ € [0, 1],

&+ (1 = k) < 1Fe(®) + (1 = )Fe(k),

and

&e(d + (1 = k) < 1§:(0) + (1 = )F(K).
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Remark 1. For any interval-valued function §, the following implications hold:
e If § is cr-convex, then it is interval-valued convex.

e If & is interval-valued convex, then both & and 5 are convex in the classical sense.

2.3. Log-convexity and associated function classes

Definition 2.6 ([4]). Let i : [0,1] — R* be a given function. A mapping § : [v1,v2] — R* is said to be log-h-convex if
Fd+ (1 -0k) < [3(b)]h(l)[g(K)]h(]—L)’

for all b,k € [py,v] and ¢ € [0, 1].
The function £ is called supermultiplicative if

") = h(Hh), VO, e[0,1].

Definition 2.7 ([5]). For & = [E, 5] oy, 03] — R} and & : [0, 1] - R*, define § as cr-log-h-convex if

Yo,k € [o, 0], Ve e [0,1]: F+ (1 -0k <o [FOI[F0w0]""™,

where exponentiation and multiplication are componentwise.

3. Main results

This section is devoted to developing some new refinements of Hermite-Hadamard and Jensen-type inequalities by defining a
new related class of logarithmic convex mappings via the Riemann-Liouville fractional operator.

Definition 3.1. Let § = [§, ﬁ] 2 (o, 0] & R} be a positive interval-valued mapping, and let 4 : (0,1) — R* be a nonnegative
auxiliary function. We say that & belongs to the class of cr-log-h-Godunova-Levin mappings on [v1, ;] provided that the inequality

Fd + (1 — k) =Zq [8(b)]l/h(L)[g(K)]l/h(]—L)

holds for all d, x € [v},v2] and all ¢ € [0, 1], with exponentiation and multiplication understood in the componentwise sense. We write
SGX([v1,0,],RE, k) for the collection of all mappings satisfying this generalized logarithmic Godunova-Levin property.

Remark 2. Several well-known subclasses arise naturally as special cases of the cr-log-i-Godunova-Levin class:
e Setting h(¢) = 1 recovers the class of p-convex functions.
e When § = F, the class collapses to the classical real-valued log-h-Godunova-Levin class.

e Taking h(:) = ¢ yields the classical Q-class of convex functions.

3.1. Fractional Hermite-Hadamard and Jensen inequalities via Riemann-Liouville integrals

Theorem 3.1. Let & : [v;,02] — R}, let 8 > 0, and assume that h(%) # 0. Suppose that § belongs to the class SGX([vy, v2], R7, h)
and assume further that § € 7R([v;, v2]). Then the following Hermite-Hadamard-type fractional inequality holds:

h(1/2)
Dy +Dy\ 2 F(ﬁ + 1) B
%( 2 ) Ser exP[(nz - nl)ﬂ(j(y)' In 3’)(”1)]

b st
Zer [8’(’31)3(1’2)] 0 B0 (5)
Equivalently, one may write the middle term in the form

et 2
2

Here,
B _ 1 ! sl
(I3, = 7o f (=0 g dt,

and

In §(x) = [In F(x), In Fx)].
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Proof. Let
se[0,1], s=1-s.

Since § € SGX([v1,v2], RE, h), by definition we have

50y + 501) Zer [F(02)]7 [F(01)] 7, (6)
F(E0y + 501) Zer [F(02)]7 [F(01)]7 . @)
Upon taking componentwise logarithms in Eq. (6) and Eq. (7), we deduce
In (502 + 501) <or —— h( S Infite) + (1 S Inito) ®
In (50> + 501) <o (1_) In F(02) + —— ( - In (o) ©)

Now observe that B _
S0y + S| + SDy + S0y D+ Dy

2 2
Hence, applying the log-h-Godunova-Levin property once again to the pair of points

1
X = $Dy + S0, y =50y + sby, t:E’
we obtain
3(H22) = 5(552) <o BT [FOIE. (10)
Taking logarithm componentwise in Eq. (10), we get
D] + Dy 1
In ( ) <o 1 1 1
& < /D) nFx) + = h(1/2) nF(y), (11)
that is,
In {(;(D1+nz)< ! In F(svp + 509) + ! In (50, + s01) (12)
~ h(1/2) 2 hy2) P
Multiplying both sides of Eq. (12) by the positive kernel
-1
r@)’

and integrating over s € [0, 1], we obtain

1 ! 1 D+ Dy

1 ! . _
<er mr—(ﬂ)L 1 1In §(sv, + 50y) ds

PN N
H(1/2) T(B)

Since the midpoint term is independent of s, the left-hand side becomes

1 D1+Uz 1 - D + Dy 1
e " fsﬁds e ) 5

_ 1 D] + Dy
_F(ﬁ+1)1ng( 2 ) (14)

Subsequently, we examine the initial integral appearing on the right-hand side of equation Eq. (13). To facilitate further manipu-
lation, we introduce the substitution:

¢ n FGo, + s0y) ds. (13)

X = 5Dy + 501 = 0; + 5(vy — ).
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Then

Therefore,

F(ﬂ)f 1 n (sv, + 50y) ds

vy dx
F(B)f(Z_Dl) 1n8(x) 2 — D)

f (x— 1)’ ' In F(x) dx.

(02 - 01)/3 )

Next, we address the second integral on the right-hand side of Eq. (13) by introducing the substitution:

X = 5Dy + 50 = Dy — s(0y — ).

Then 4
V) — X X

5= — ds = — .

Dy — Dy Dy — D

Hence,
f S n FGo, + svp) ds

-1
_ D — X B dx
_F(ﬁ) . (02—1’1) ln‘&(x)( 02—01)

3 1 1 2 N
_—(nz—n])ﬁl"_(ﬂ)jl; (03 — xP ' In F(x) dx.

Substituting Eq. (14), Eq. (15), and Eq. (16) into Eq. (13), we get

7o)

1 D+ Dy
r(ﬁ+1)ln8’( 2 )
1 1
_“hﬂﬂﬂw—mWFwa (=00 In 00 dx
1

+hunxm—mwﬁ5

Now we split the interval [v, v,] at the midpoint
D] + Dy

2

Then

f Dz(nz — P ' InF(x)dx = f m(02 — P InF(x)dx

by by

+ fuz(nz -2 ' InF(x) dx,

and similarly

fnz(x —0)’ " InF(x)dx = fm(x — 01 In F(x) dx

+ f z(x — )P ' In F(x) dx.

To identify the fractional-integral term at the midpoint, observe that

(Iﬁ In §)(m) = f (m - 1" In F() dt.

)

(Dz - ' n F(x) dx.

15)

(16)

7)

(18)

19)

(20)
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Since f by + Dy f
m—-—f=—= -1
2

this is exactly the left-sided Riemann-Liouville fractional integral from v; to the midpoint.
Also, by the change of variable x = v; + v, — f, one obtains

fu(n2 - " InF(x)dx = fm(f — 0’ ' InF(o; + vy — T) dt.

Thus, the two integrals in Eq. (17) combine naturally into a midpoint-centered fractional expression. Therefore,

1 2 1 " 1
TG+D In F(m) < W12 o o P T f (m -1 In F(®) dt.

Using Eq. (20), this yields

1 1

T ) S iy 2 )
Multiplying both sides of Eq. (23) by
h(1/2TB + 1)
2 9

we get

h(1/2 r

T2 ) <o (2 )
Exponentiating componentwise, we obtain

) rg+1)
g(m) <er CXP[—(DZ _ Dl)ﬁ (IfT In {‘})(m)] .

This proves the left-hand side inequality.
We now prove the right-hand side inequality. Starting from Eq. (8), multiply both sides by

1,
re) -’

and integrate over s € [0, 1]. This gives

F(B)f ¢ n &(svy + 501) ds

_ur(ﬂ)f [h(s) n o z)+mln‘8( on)|d

From Eq. (15), the left-hand side of Eq. (26) is

1 I »
mr—(ﬂ)fnl (X—U])ﬁ ln%(x)dx.

For the right-hand side of Eq. (26), since In (v;) and In §(v,) are independent of s, we have

T f [h(s) 8(nz)+mln8(vl)]ds

1! 1t
=In &) - r_(ﬂ) mdS‘l’lng(Dl) F_(ﬁ) h(l—s)ds

Now, by the substitution ¢ = 1 — s in the second integral, one gets

f‘ f(l t)B_
0 h(l—s) h(f)

21

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)



Ahmad et al. / African Scientific Reports 5 (2026) 553 9

Thus Eq. (28) becomes

1 L1 (1—sp! 5)/3-
In g(nz) F_(ﬂ) m ds +1In 3(1)1) F—(ﬁ) f h(s) S. (30)

Therefore, from Eq. (26)-Eq. (30), we obtain

1 02 .
—(Dz—nl)ﬁl"_(ﬂ)f (x—nl)ﬁ In F(x)dx

(I—9s S)B‘
<o InF(07) - F(ﬂ) f m ds+1InF(oy) - l"_(,B) f h(s) s. 3D
Using the same argument for the second transformed integral in Eq. (16), and then combining the two estimates, we obtain
rg+1) 4
e
o [InF(01) + In F(02)] f ) t) (32)
Exponentiating both sides of Eq. (32), we get
xp[—(ﬁ ) (7%, In 8)(m)] er exp([ln F(o1) +In F(0y)] f L dt) : (33)
(02 —01)f o h(®)
Since exponentiation is componentwise, the right-hand side of Eq. (33) simplifies to
| U
exp([ln F(o1) + In F(v2)] fo o) df) = [T h B, (34)
Hence,
r
el iﬂ_ y,( 0 F)m)| e [F)FE)]b 7 (35)

Combining Eq. (25) and Eq. (35), we arrive at
h(1/2)
D] + Dy 2 (,8 ) B (D] + D2)
<er I, Ing)|——=
C&( 2 ) =e eXp[(nz—nl)ﬁ< ) 2

<o [oD B} b 77

This proves Eq. (5). This completes the proof. O

Remark 3. When E(x) = ﬁ(x) = &(x) for all x € [v], v,], the interval-valued mapping reduces to a real-valued function and <,
coincides with <. Theorem 3.1 then yields

h(1/2) |
53‘(01 ;—nz) t< exp[(n2 (Iﬁ In %)(01 + Dz) < [3(01)3}(02)]f(’ i 41 36)
Setting 8 = 1 and integrating over the full interval [v, ] gives
h(1/2)
D+ 1 vy
3( 1 . 2) 2 < exp a— f In F(x)dx| < [g(nl)g(nz)]fo i ¢ 37)
Dy

Finally, choosing A(f) = 1/t recovers the classical Hermite-Hadamard inequality for log-convex functions:

1 "2
g(nwvz)sexp - f InF(x) dx| < VFEDF).

2
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Table 1: Numerical verification of the fractional Hermite-Hadamard inequality.

g LHS MID RHS
02 329 401 o.11
04 329 388 9.1
06 329 376 O9.11
0.8 329 365 09.11

Example 1. Let the mapping § : [0, ;] — R* be defined by
Fx)=e"¥ 43, ) =t+1,

withv; = 1,0, =3,and 8 € (0, 1).

First, observe that &(x) > O for all x € [1, 3], hence In &(x) is well-defined on this interval. Moreover, since h(f) = t + 1 > 0 for

all t € [0, 1], we have
——dt=1In2 < 0.
fo h(t) f

We now compute the left-hand side of inequality Eq. (5). The midpoint of the interval [v;, v,] is

D+ Dy
m=———=2.
2

Thus,
Fm) = F(2) = "0 +3 ~ 4.822.
Since h(%) = %, it follows that
h(1/2) 3/2 3

2
Hence, the left-hand side becomes -
LHS = §2)"% = (4.822)3* ~ 3.29.

Next, we evaluate the fractional integral term appearing in the middle expression. By definition of the Riemann-Liouville frac-
tional integral,

1 2
A — -1 0.3t
(Ivr In)(2) = @ fl 2 =1 In(e + 3) dt.

Therefore, the middle quantity is given by

MID = ex [( ( ot In cCﬂ;)(2)] .
Since v, — v; = 2, this simplifies to

r 1
MID = exp[M(Iﬁ+ In ng)(z)] .
28 °i
Finally, we compute the right-hand side of Eq. (5). We have
FoNF02) = (%3 +3)(e™ +3) ~ 23.4.

Thus, |
RHS = [F)F )]0 % = 2342 ~ 9.11.

To verify the inequality numerically, we compute the middle term for several values of 8 € (0, 1), as shown in Table 1:

From Table 1, we observe that, for all 8 € (0, 1),
LHS < MID < RHS.

This confirms the validity of inequality Eq. (5) for the chosen example.

10
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Theorem 3.2. Let & : [vy,02] — R} be an interval-valued function. Suppose that w : [v;,v,] — R is a nonnegative and integrable

weight function, symmetric about the midpoint
D) + Dy

2 9’
in the sense that
w(x) = w(v; + 0y — X), Vx € [v1,02].

Let B > 0, and assume additionally that § € TR([vy,v,]) and § € SGX([vy, 2], R%, k). Under these conditions, the following
weighted fractional-type inequality holds:

r@+1)
(0 =01 )8

[ln?x(vl)ﬂn‘&(vz)]f B =5 [

(T F)w))(02)

1
h(l )} w(soy + (1 — s)uy)ds. (38)

Equivalently, in integral form,

F(,B +1) 1
(0 D])ﬁ F(B) f (03 — X7 n F(x) w(x) dx
1
o [InF(0y) + In ‘&(ng)]f B — s [h( 5 o 5)} w(spy + (1 = s)vy) ds. (39)
Proof. Let
s e [0,1], s=1-s.
Since § € SGX([vy, 2], R}, h), we have
F(s0y +301) Zer [F02)] [F(01)]7, (40)
F(s0 + 501) Zor [F(02)] 0 [F(0))]7. 41)
Taking componentwise logarithms in Eq. (40) and Eq. (41), we obtain
In (o0 + 501) <o " )1n F(on) + (1)1n S0, (“2)
In §(50; + 501) <er h( S Infite) + (1 S Inio) (43)

Now multiply Eq. (42) by w(sv, + sv;) and Eq. (43) by w(sv, + sp;). Since w is nonnegative, the direction of the cr-order is
preserved. Hence,

In F(s0, + 501) w(sny + 501)

<o [ i e + (1 S i‘s(nl)] (s0z + 50p), (44)

and
In (50, + sv1) w(sny + s01)

<o [ g e + (15) In ‘&(01)] W(30z + s01). 4s)

Next, multiply both sides of Eq. (44) and Eq. (45) by the positive fractional kernel

(1-sy!
re) -

11
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and integrate with respect to s over [0, 1]. Adding the resulting inequalities and using the monotonicity of integration with respect to
<, We arrive at

1
r%ﬁ) f (1= In F(sv + 501) w(svs + 501) ds

f (1 - )% ' In F(Go, + 50;) w(G0, + s0;) ds

l"(ﬁ)
s r(ﬁ)f( - [mln‘&(nz)+ (l)lnff‘f(nl)]w(svz+snl)ds
1
+r—(ﬂ)jo‘(1—s - [ml &(o 2)+mln?‘;(n,)]w(svz+sn,)ds 46)

Simplification of the left-hand side of Eq. (46). Consider the first integral on the left. Setting
X = 5Dy + 50] = 0; + 5(vy — V),

we get

Hence,

1
1“L(ﬁ) fo (1= In F(sv + 501) w(svs +501) ds

B 1

T (0 -0
1

(0 - Ul)ﬁ(

For the second integral on the left, we set

. 1;(/3) j:z(vz - x)'g’1 In F(x) w(x) dx
7. ((n F)w))(v2). 47)

X =380y + 50 =Dy — $(0y — V),

which gives
V) — X dx X -1

0, -0y’ 0, — 0y 0, —0p
Therefore,

f (1 - 5" In F(Ev, + s0;) w(Ev, + o0;) ds

%)
1 1
(02 _ D])B F(ﬂ) f (x— Dl)ﬁ In F(x) w(x) dx. (48)
Substituting Eq. (47) and Eq. (48) into the left-hand side of Eq. (46), we obtain
1 1
L= . DI)B(IfT((In g)w))(nz) +— oy TG f (x — 0" n §(x) w(x) dx. (49)

The expression L in Eq. (49) consists of two nonnegative terms (since ¥ takes values in R} and w > 0). In particular, since the

second term satisfies |

1™
(-0 r_(ﬁ)fm (x =01 In F(x) wx) dx =, 0,

we have

(nz_—nl)ﬁ(f fr (I F)w))(02) <or L. 50)

The final inequality of the theorem then follows by bounding L from above by R, as derived below.
Since w is symmetric, we have
w(5y + sv1) = w(sny + 509).

12
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Using this, the right-hand side of Eq. (46) becomes

1 1
=1_—(B)f(1—s - [ml R 2)+mln8’(nl)]w(sn2+§ol)ds
)f( - )/3_ [mln8(02)+%lng(nl)]w(sn2+sn1)ds (29
Combining like terms in Eq. (51), we obtain
F(,B)f( S [m+m]ln3(n2)w(snz+snl)ds
F(ﬁ)f( -5t [m+m}mg(nl)w(sn2+snl)ds (52)

Factoring out the endpoint logarithm terms, we obtain

= [In (o) + In F(vy)] - F(ﬁ) f (1-sy! [ ® h(ll )]w(snz + (1 — s)vy) ds. 53)
Combining Eq. (50) and Eq. (53) with Eq. (46), we have
1
(pz_—nl)ﬁ(ﬂfr(“n Fw))(02)
Zer [In F(o1) + In F(0y)] - 1_—(B)f a- [m h(l e w(spy + (1 — s)vy) ds. (54)
Finally, multiplying both sides of Eq. (54) by I'(8 + 1) = BI'(B), we arrive at
re+1)
m(ff; ((In F)w))(02)
1
<o [InF(0)) +In g(nz)]fo Bl —s)f! [% + ﬁ] w(sy + (1 — 9)vy) ds, (55)
which is precisely Eq. (38). This completes the proof. O

Remark 4. In the scalar-valued setting, where § = §, Theorem 3.2 simplifies to

r 1 1
(Diﬂ_;l))ﬁ([g;(ln mw)(nl er 02) < [In§(o1) + In F(v2)] f e w(spy + 301) dx.

As 8 — 1, this yields the classical weighted inequality:
v 1 1
f In F(x) w(x) dd < [In F(v1) + In F(vy)] f ) —— w(sp, + 50q) dx.
v 0

By choosing A(¢) = 1 and w(x) = 1, the classical Hermite-Hadamard inequality is obtained as a special case:

Dy — D

1
Dy — Dy

fvz InF(x)dd < [ln F(0)) +1In F(vy)].

Example 2. Let the mapping § : [v, ;] — R* be defined by
F=e"*+3, hn=t+1,  wx=x-DG-x),
with vy = 1, v, = 3, and 8 € (0, 1). The weight function w is symmetric with respect to the midpoint m = 2, since
wd-x)=CB-x(x-1) =wlk), Vx € [1,3].

Moreover, F(x) = ¢*3 +3 > 0 on [1, 3], so In F(x) is well defined, and w(x) > 0 with h(¢) = ¢ + 1 > 0 for all ¢ € [0, 1], ensuring that
all quantities appearing in Theorem 3.2 are well defined.

13



Ahmad et al. / African Scientific Reports 5 (2026) 553 14

Table 2: Numerical verification of the weighted fractional inequality.

B LHS(B) RHS(P)
02 093 1.66
04  1.06 1.72
06 118 1.77
0.8  1.29 1.82

We now evaluate both sides of the weighted fractional inequality. According to Theorem 3.2, the left-hand side is

F(ﬁ+l)(

LHS(8) = 4. ((ln Hw))(02).

Since v, — v; = 2, using the definition of the left-sided Riemann-Liouville fractional integral, this becomes

rB+1)
2P

LHS(8) = B f (B -0 e 4 3) (1 - D3 - .

We next compute the right-hand side. Since v; = 1 and v, = 3,
s0y + (1 —s)p; =1+ 25,
so that
w(l + 2s) = (25)(2 — 25) = 4s(1 — ).

Also, with h(s) = s+ 1 and h(1 — s) =
1 1 1 1

— + = + .
hs)  h(l-s) 1+s 2-s

Computing the endpoint values,
InF(1) = In(e”? + 3) ~ 1.470143, In§3) = In(e®? + 3) ~ 1.697376,
so In F(1) + In F(3) =~ 3.167519. Accordingly, the right-hand side is

1
1 1
RHS =~ 12.670076 f Bs(l —sf (— + )ds.
0 I+s 2-5
Evaluating both sides numerically for several values of 8 € (0, 1):
From Table 2, we observe that LHS(8) < RHS(B) for every 8 € (0, 1), thereby verifying the weighted fractional inequality of
Theorem 3.2 for this example.

Theorem 3.3. Let & : [v,0,] — R} be an interval-valued mapping, and let w : [p;, v;] — R denote a nonnegative, integrable weight

function that is symmetric about the midpoint
D+ Dy

==
in the sense that

w(x) =w(o; + 0 —x), Vx €[, 0],
with the additional requirement that fn ?2 w(x)dx > 0. Let 8 > 0.

Assume that § belongs to the class SGX([vy, v2], R, h), and further suppose that & € TR([vy, v2]). Then the following weighted
fractional midpoint-type inequality holds:

h 1 0y
@ In F(m) f W(x) dx < D(ﬂ (I’B ((In ) w))(m). (56)
Proof. Letse[0,1]ands =1 —s.
Since & € SGX([v1, v2], R}, h), we have
In (503 + 50) <or —— h( In (o) + (1 - In (o) (57)
In 50y + 50;) <op —— h( ) In §(v,) + — ( ) In §(vy). (58)

14
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Now observe that B _
S0y + S| + SDy + S0y D+ Dy

2 )

Applying the defining inequality at 7 = %, we obtain

In g( [In §(s05 + 50, + In F(E0s + s01)]. (59)

D + Dy 1
)5“ 20(172)

Multiply both sides of Eq. (59) by

L(1 - 5)5 w(spy + 501),

L)

and integrate over s € [0, 1]:

01+02

2 F(ﬁ)

In 8( f (1 = sy’ "w(svy + 30y) ds

1
<er mr_(ﬂ)fo‘ (1- s)ﬂ’lw(snz + 507) In F(sv, + 501) ds

1
R 1 — s 'w(Gn, + In FGo, + ds. 60
DT B fo (1 = sY"'w(z0; + 501) In F(50; + s0;) ds (60)
Setting x = svp + 50; = 0] + 5(vy — 1), We get
s:x_nl, ds = dx s l—s:Uz_x.
0y — Dy Dy — Vg Dy — Dy

Thus,

1 ™ .
ml"_(ﬂ)f,; (Dz—x)ﬁ w(x)dx. (61)

Since w is symmetric about m, that is w(x) = w(v; + vy — x), applying the substitution x — v; + v, — x to the right-hand side of
Eq. (61) yields

1
FL(B)]J (1 = sy’ "w(svy + 30y) ds =

f Dz(nz — P w(x)dx = f " (x = 0 'w(x) dx. (62)

Using the same substitution as above, we get
1 1
l"_(ﬂ)f 1- s)ﬂ‘lw(snz + 501) In F(s0y + 501) ds
0

_ 1 1 02 =
O NAN0) f (v2 = 0~ w(x) In () dx, )

and, using the substitution x = sv, + sv; = v, — s(v, — ;) for the second integral,
1- s)ﬂ w(sn, + s01) In F(50, + sv1) ds
() f

NCE Dl)ﬁ T f (= of ") In F() d (64)

Applying symmetry Eq. (62) to Eq. (63), we see that both integrals on the right-hand side of Eq. (60) are equal, so their sum gives

1
h(1/2) (v; - Ul)ﬂ )

We now justify the connection between the integral in Eq. (65) and the left-sided Riemann-Liouville fractional integral evaluated
at the midpoint m = *3*2. By definition,

f (x = 01 'w(x) In F(x) dx. (65)

(22 @ Fw))om) = = f (m =1 w() In F(D d. (66)

r'p)

15
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We claim that
fnz(x 01 'w(x) In F(x)dx = 28 fm(x 0 'w(x) In F(x)dx + 28 fnz(x =0, 'w(x) In F(x) dx.

To evaluate the integral over the full interval [v;, v,], we split it at m and apply the substitution f = x — v; to each piece. More

directly, apply the substitution x = vy + (m — v1)t = vy + =571 on [0}, m], giving dx = 252 dt and x — vy = 2571, s0

fm(x — 01 w(x) In F(x) dx = (UZ ; o )ﬁ f 7 w(o1 + 25201) In (0 + 2521 dr.
0y 0

For the second piece over [m, v;], apply the substitution x = v, — ”2;‘" t, giving x — vy = (v — v1)(1 — %), and using w(x) =

w(p; + vy — x) together with In F(x) = In F(v; + v, — x) (by the symmetry argument applied to both w and In & under the reflection
X — 1] + vy — X), the two pieces are shown to be equal. Hence,

f Uz(x — )P wx) InF(x)dx =2 f m(x — )P 'w(x) In F(x) dx. (67)

Next, on [vy,m], apply the substitution x = v; + (m — s) with s € [0,m — v{], i.e. set T = m — (x — v;) + v;. More precisely, note
that for x € [vy, m],

x—n1=m—01—(m—x)=(m—nl)(1— m—x),

m — 0

so we can write x — vy = m — f where f = m — x + v; € [0,m — v;] and dx = —df. Under this change of variable,
f (x =01 'w(x) In F(x) dx = f (m =" wim—=t+0)InFm -t +v)dL
| D
Since w and In § are evaluated at f € [, m] through the identification f < x, this is exactly
11
f (m =0 w(®) In F(0)dt = T(B) (Z7. (A F)w))m).
Dy
Combining with Eq. (67), we therefore obtain the identity
. I 8
f (= 07w () In Fx) dx = 2TB) (77 (In Fw) )m). (68)
Dy

Substituting Eq. (61), Eq. (62), Eq. (63), Eq. (64), Eq. (65), and Eq. (68) into Eq. (60), the right-hand side of Eq. (60) becomes
1 1 1 1
- — 2T ((InFw))(m
Moy T 2T Em)m = (i
Meanwhile, the left-hand side of Eq. (60), using Eq. (61) and Eq. (62), equals

1 1 02 1
(Uz——nl)ﬁr_(ﬂ)ful (0 — x)'w(x)dx = ngm) f(x—nl)ﬁ w(x) dx.

8. ((In §)w))(m).

In F(m) -

(v - 0P T(B)
Multiplying both sides by W(nz —0)’T(B + 1) and simplifying, we arrive at
h( 3 v r@+1)
% o [ wwdr <o T (7 (@) ) on. (©9)
This concludes the proof. O

Remark 5. In the real-valued case, that is, when
F@®) =T =F(x),  Vxe o,

the interval-valued inclusion < reduces to the usual order relation < on R. Consequently, Theorem 3.3 reduces to the real-valued
inequality

h(12/2) lng(m ;Dz)j:)z w(x)dx < (('B—(fﬁ ((In F)w ))(nl +D2). (70)

16
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We now consider the special case 8 = 1. In this case, we use the identity

r@=1, (Lo = f g

Hence, .
(2! (@ g)w))(n1 ; 02) - f " In F0) wb) d,
Therefore, Eq. (70) reduces to
h/2) 1ng(n‘ +D2)f2w(x)dxs f " In §H wib) dt. 1)
2 2 0 Dy — Dy by

If one considers the symmetric contribution over the interval [v;,v;], then by using the symmetry of w with respect to the
midpoint, the above inequality naturally leads to the full-interval weighted estimate

/’l(l/Z) D+ Dy 2 1
> ln%( 5 )ful w(x)dxsnz_

" f " In F(x) w(x) dx. (72)
1 Jo,

In particular, if w(x) = 1 for all x € [v;, v;], then Eq. (72) reduces to

h(1/2) D] + Dy 1 "2
5 lng( 3 )Snz—mful In §(x) dx. (73)

Finally, if we choose
h(t) =1, te(0,1),

then log-#-Godunova-Levin functions reduce to the class of log-convex functions, and i(1/2) = 1. Consequently, Eq. (73) becomes

I e
T 3(”1 * Uz) < f In §(x) dx,
2 2 Dy — Dy v,

which corresponds to the classical logarithmic form of this inequality.

Example 3. Consider the mapping § : [v;, 0] — R defined by
Fx)=e" 43,  h@)=r1+1, w(x) = (x = D3 - x),
where vy = 1,0, =3,and S € (0, 1).

First, we verify the symmetry of the weight function. The midpoint of the interval is

D+ Dy
m=———=2.
2

It is readily seen that
w@d-x)=CB-x)(x—-1) =wlk), Vx € [1,3],
which confirms that w is symmetric about m. In addition, we note that
Fx)=e"*+3>0,  wx) >0, Vxe[l,3]
ensuring the admissibility of the chosen functions.
Next, we evaluate
h(4) =3, @ = % =0.75.

We now compute the integral of the weight function:

3 3
f w(x)dx = f (x-1DQB-x)dx
1 1

3
= f (=x* +4x—3)dx
1
3

3
= [—% +2x% - 3)6]1 .

17
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Table 3: Numerical verification of the fractional midpoint weighted inequality.

B LHS RHS(B)
02 1573 241
04 1573 228
06 1573 215
0.8 1573 2.03
09 1573 197

Evaluating at the endpoints gives

4
=3:0, =1: —=,
X X 3
and therefore
3 4
f w(x)dx = 3 ~ 1.3333.
1

At the midpoint, we obtain
F(2) = *° + 3 ~ 4.822119, In F(2) ~ 1.573.

Consequently, the left-hand side becomes

LHS = M In ‘&(2)[ w(x) dx,

which yields
LHS =0.75x 1.573 x 1.3333 =~ 1.573.

On the other hand, the right-hand side is given by

I'g+1)
RHS(B) = ﬁ( 7.((nFw))@).
Since v, — vy = 2, this reduces to - |
RHS(8) = 2 (17 ((n 5w) 2,
where
(7. (nFwW))@) = ) f 2 =0 In(e® + 3)(t - 1)(3 - D dt.

A numerical approximation yields the following values:

As shown in Table 3, the inequality is verified for the listed values. For the limiting case 8 = 1, we obtain
1 3
RHS = 3 f In(e®* +3)(x — (3 — x)dx ~ 1.92.
1

Therefore, for every 8 € (0, 1), it follows that
LHS < RHS(p),

which confirms the validity of the inequality.

3.2. New discrete Jensen-type inequality for logarithmic Godunova-Levin functions

In this subsection, we developed the Jensen inequality of discrete type, where the term “discrete” indicates that the inequality
is formulated for a finite collection of points xj, x2, ..., x, together with associated weights, rather than for a continuous integral
measure.

18
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Theorem 3.4. Letc, € R* and d; € [vy, 0] forall 3 € {1,2,..., p}, where p is a natural number satisfying p > 2. Assume that
§ € SGX([v1, 121, R}, h) N TR([vy, v2]).
Then

TB+1), 4 2
GoupL mB)w = Z

ln &), (74)

R‘
G|w

where

P P
xzéchbs, QP:ZCS'

P 3=l 3=1

Proof. For the case p = 2, since & € SGX([vy, v2], RE, h), by taking ¢ = ((;—1, we deduce
2
f&(c—'bl - é—%z) <er [FON] [F(0,)] 7D
2
Taking logarithms yields

Ci Cy
1n3(6—2b1+@ )_cr e l/czﬂ‘“‘“ D+ ey /@)ln?x(t»z). (75)

Assume that the result holds for p = u:

1 ) )
In 3[a anbs] = Z e /@ S In(o,). (76)

) 3=1

We prove the result for p = y + 1. Writing

1 ad (0 1 a Ch+1
r= ey = = = e [+ .,
¢ e (Sm—l GI) = e cgr)+l "

and applying the log-h-Godunova-Levin property, we obtain

1 > 1
In F(x) <er ml 3[ G, ; b;] + e /emn In F(Dy1).

Using the induction hypothesis Eq. (76) together with the supermultiplicativity [5] of &, we obtain

n+1

1
In F(x) <CrZh( G In F(d,). (77)
5

n+1)
Thus, by induction, Eq. (77) holds for all p > 2, that is,

p
1
1 Zer ——— In F(d). 78
nF0) ; T (78)

Multiplying both sides of Eq. (78) by the positive kernel F#(ﬂ)(x — %! and integrating over € [v, x], linearity of the integral
gives

P 1 1 X
7,1 <o Y —— InFO —f — 1l at. 79
(73, n ) ; ey e g | e-f (79)

Evaluating the integral on the right-hand side of Eq. (79),

DI)B
F(ﬂ)f( -dr= (B

19
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and substituting back into Eq. (79), we obtain

(-0
75 In§)) <o In F(dy).
( o ) TB+1) ; h(c;/€,) }
Multiplying both sides by (I; (ﬁ:ly)g yields the desired inequality Eq. (74), and the proof is complete. O

Example 4. To illustrate Theorem 3.4, consider the interval [v;, v,] = [0, 1], the function A(f) = t, the order 8 = 1, and p = 2. Define
the interval-valued mapping

Fx) = [e5, ], xe[0,1].
Since h(f) = t, the log-h-Godunova-Levin condition requires
1 1
InF@dr + (1= 00) < ~InFO) + T— I F®2),  1€(0,1).

For both the lower bound In f.(x) = x and the upper bound In f*(x) = 2x, which are linear in x, this reduces to the standard AM-HM
inequality, which holds for all 7 € (0, 1). Hence § € SGX([0, 1], R}, h).
Now take the weights and points

1 3
01:1, 02:3, DIZZ, b2:Z9
so that €, = 4 and
1( 5y + cr0o) 11+9 5
X =—\C C = —| - — = —.
G Y T g\ T 4) T 8

1 — 3 givi 1) _ 1 3} _ 3
The relative weights are ¢ = y and é—zz = %, giving h(z) =y and h(z) =1
Since 8 = 1, the Riemann-Liouville fractional integral reduces to the ordinary Riemann integral, and with I'(2) = 1 and (x—;)' =
%, the left-hand side of Eq. (74) becomes

8 [ 8[ (8 518 8[25 25 55
S| mymar=2 tar, [ 2tat|= |2 22|22,
sfo n B0 SUO fo } 5[128 64] [16 8]

For the right-hand side, recalling that In ?;(bj) = [b;,2D,], we compute

1 1] 4 [33
Ing(3) =4 [Z,E]+§~[Z,§]=[1,2]+[1,2]:[2, 4].

1 1
Dk 3(3)+ h<3/4)

Since 2 % < 2 and < 4, the <, order is satisfied:

55
16 8

_} <er [2, 4] 5

which confirms inequality Eq. (74) for the chosen parameters.

Remark 6. In the real-valued case, the inequality reduces to

TB+1), 4 -
I, In 8' In F(d,).
(x— Dl)ﬁ( ; (S—‘ ®)
For 8 = 1, this becomes
1 1
f In (1) dt < Z In F(d;).
X =D 0 G,)
For p=2,c; = ¢, = 1, we obtain
< —
— f In5(0)dr < s (o) + I (o).
If h(¥) = % (log-convex case), then
1 1
h(1/2) 2’
and we recover . .
[ mdrdr< 3 e + o).
X = D1 Uy, 2
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4. Conclusion

This paper introduced a new class of generalized logarithmic Godunova-Levin interval-valued mappings and used it to derive
several new weighted Hermite-Hadamard and Jensen-type inequalities via the Riemann-Liouville fractional integral operator, with
symmetric weight functions adding further flexibility. Illustrative examples and computational tables confirm the validity of the
derived results across different fractional parameter settings, while several known inequalities from the literature emerge as special
cases, showing that the proposed framework unifies and extends earlier work. Future work may extend these findings to optimization,
fractional calculus, and interval-valued analysis applications.
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