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Abstract

In this work, nonlinear dynamical characterization of selected geospace variables was undertaken by analyzing temporal chaotic trends in daily
sunspot number (SSN), equivalent planetary amplitude (Ap), and solar radio flux (F10.7obs) data over six solar cycles (19–24). The nonlinear
analysis tools used were correlation dimension, Lyapunov exponents, approximate entropy, and the Gottwald–Melbourne 0–1 test. The results
show that the Lyapunov exponents, correlation dimension, and 0–1 test values indicate the presence of low-dimensional deterministic chaos in
SSN, Ap, and F10.7obs. The Lyapunov exponent values were positive, the correlation dimension values fell within the range 2.1 < D2 < 2.3, the
surrogate significance test returned positive values for all three parameters, and the 0–1 test results were very close to one (all > 0.99). The Hurst
values were between 0.8 and 1, indicating persistence and long-term autocorrelation. Based on the correlation dimension and Lyapunov exponent
values, the chaoticity was affirmed as Ap < SSN < F10.7obs. Chaotic trends across the solar cycles showed that the degree of chaos in all three
solar-cycle parameters increased from cycle 19 to cycle 24. This increase is attributed to small perturbations in interior plasma flow, shear in the
axis of rotation, and variation in the strength and orientation of the Sun’s geomagnetism, which are amplified over time, as evident in the decrease
in the mean SSN (129–49) and increase in the signal-to-noise ratio (0.84–0.96). These processes lead to increased fluctuations in the amplitude and
periodicity of solar activity from one solar cycle to another.
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1. Introduction

Solar activity indicators are key parameters that depict the Sun’s dynamics and provide valuable information on its periodic
and nonperiodic fluctuations [1]. These indicators include sunspot number (SSN), global planetary index (Kp), equivalent planetary
amplitude (Ap), solar radio flux (F10.7), and the disturbance storm time (Dst) index. Unveiling their dynamics and random fluctu-
ations is crucial for modelling and prediction, as well as for determining the effects of solar activities such as geomagnetic storms
on terrestrial life and technological systems [2, 3]. Observations over the years have shown that solar activity dynamics exhibit
quasi-periodicity on multiple timescales, with a complete cyclic duration of about 11 years, defined by increases and decreases in
SSN [4, 5]. SSN measures the number and distribution of sunspots on the Sun’s surface and acts as a primary indicator of solar
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magnetic activity because sunspots are generated by powerful magnetic fields originating from the Sun’s interior [6]. A larger SSN
indicates increased magnetic disturbances on the Sun, often leading to increases in solar activity such as solar flares, coronal mass
ejections (CMEs), solar radiation, and geomagnetic storms. These phenomena affect space weather in the Earth’s magnetosphere and
ionosphere and can disrupt satellite communications, navigation systems, and power grids.

The equivalent planetary amplitude Ap is a solar indicator that measures geomagnetic activity and represents the average distur-
bance level of solar particle radiation in the Earth’s magnetic field. It is computed by converting the 3-hour Kp values, which range
from 0 to 9, to a linear scale in nanoteslas ranging from 0 to 400 to obtain the ap values using a standard mapping table, and then
taking the arithmetic mean of the eight ap values obtained for each day [7]. Larger Ap values indicate geomagnetic disturbances
or storms [8]. Solar radio flux quantifies the intensity of radio emissions from the Sun, specifically in the microwave and radio
wavelength range [9]. It is measured from a 100-MHz-wide band centered at 2800 MHz (10.7 cm wavelength) and recorded in
solar flux units (sfu), where 1 sfu = 10−22 W m−2 Hz−1. The solar flux index represents electromagnetic emissions directly linked to
solar magnetic activity and supplies important real-time data about solar flares and geomagnetic storms. Monitoring fluctuations in
solar radio flux is therefore important for analyzing the effects of solar activities on satellite-based telecommunication and navigation
systems [10].

A considerable body of work has characterized monthly solar activity indicators using nonlinear dynamical methods, but fewer
studies have used daily values. Veronig et al. [11] analyzed time series of different solar radio events (type I, type IV, and spikes) to
unveil the nature of their underlying generating processes using nonlinear dynamics. The Grassberger–Procaccia method was applied
to estimate the correlation dimension of possible attractors in stationary subsets. Most samples did not show low dimensionality,
indicating stochasticity, while only two overlapping subsets of similar type IV events with spikes exhibited finite dimensions (D2 ∼

3.5 and 3.7). This variation calls for more detailed analysis of solar radio events to provide a more consistent interpretation. Mundt
et al. [12] analyzed chaos in sunspot cycles from January 1749 to May 1990 by reconstructing the attractor in sunspot data series and
computing the information dimension (DI), correlation dimension (Dc), and largest Lyapunov exponent of the underlying system.
Their results showed low-dimensional chaos in the sunspot cycles, with Dc ≈ DI ≈ 2.3 and λ1 ≈ 0.02 month−1.

Greenkorn [13] carried out nonlinear analysis of daily SSN from solar cycles 10 to 23 to determine whether convective turbulence
is stochastic or chaotic. The chaotic quantifiers used included phase-space reconstruction, correlation dimension, and Lyapunov
exponents for each solar cycle. The results revealed stochastic dynamics in cycles 10–19 and evolution toward chaotic dynamics in
cycles 20–23. The transitions in cycles 20–23 may be due to variations in the magnitude of turbulence in the convection zone, which
result in deviations in convective heat transfer and in the span of the convection region for the later cycles.

Qi-Xiu Li and Ke-Jun Li [14] characterized the monthly smoothed group sunspot number (Rg) and observed that the solar activity
underlying the Rg time series is governed by a low-dimensional chaotic attractor. The maximal Lyapunov exponent (MLE) of the Rg

series was positive and approximately 0.0187±0.0023 month−1. This implied that the predictability time of the chaotic group sunspot
number is about 4.46 ± 0.5 years, which differed slightly from the predictability time obtained from the Wolf sunspot number. Both
results indicate that solar activity can be forecast accurately only on a short- to medium-term basis because of its intrinsic complexity.
Selvi and Selvaraj [15] investigated the chaotic nature of SSN data using nonlinear analysis techniques, including average mutual
information and false nearest neighbors to obtain the time lag and embedding dimension for phase-space reconstruction, correlation
dimension, and maximal Lyapunov exponent. Their results showed that the dynamical behavior of SSN is a low-dimensional chaotic
attractor, with a correlation dimension of 1.98 and a maximal Lyapunov exponent of 0.337258 month−1, indicating deterministic
chaos rather than stochasticity. Xiao et al. [16] implemented the binary 0–1 test on monthly mean relative sunspot time series
from January 1749 to December 2014 and observed inherently chaotic characteristics because the output of the 0–1 test was close
to 1 (about 0.9885). The largest Lyapunov exponent further confirmed the presence of chaos, with positive values for embedding
dimensions 5 and 6.

Ogunjo et al. [17] investigated dynamical complexities in geospace by characterizing the chaotic properties of hourly Dst values
over four solar cycles (20–23), spanning 1964–2008, using nonlinear techniques such as sample entropy, Lyapunov exponents,
correlation dimension, recurrence quantification analysis, and multifractal detrended fluctuation analysis. Geospace was observed
to be chaotic in all solar cycles considered because all had positive Lyapunov exponents. The increasing order of complexity based
on correlation dimension and recurrence rate values was cycle 21 < 22 < 23 < 20. It was also observed that solar cycle 20, which
has the highest mean SSN of 651.62 and standard deviation of 1656.90, has the least chaoticity, with a Lyapunov exponent of
0.004 day−1. Gonçalves [18] applied an empirical method from chaos theory focused on stochastic chaos and deployed topological
machine-learning algorithms to analyze sunspot data for attractor reconstruction and data-dynamics decomposition. The analysis
revealed three low-dimensional chaotic attractors: a dominant attractor corresponding to a highly persistent process that exhibits
self-organized criticality and multifractal patterns, a second attractor corresponding to anti-persistent multifractal patterns due to
intermittent turbulence, and a third process with an ARIMA(1,0,1) signature and an independent and identically distributed noise
component.

Thus, in this work, the dynamics of three solar activity variables (SSN, Ap, and F10.7obs) are investigated to reveal inherent
chaotic features. This work is novel because these three solar parameters have not been analyzed nonlinearly in a concurrent manner;
therefore, the outcome is important for improved modelling and prediction of solar activity and its impact on the Earth-space climate
and terrestrial telecommunication networks.
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2. Nonlinear analysis

The tools of nonlinear analysis used to characterize the solar-cycle parameters in this work include phase-space reconstruction,
correlation dimension, Lyapunov exponents, approximate entropy, the Hurst exponent, and the 0–1 test.

2.1. Reconstruction of phase space

This procedure involves unveiling a multidimensional embedded system, called state or phase space, from a single time series.
Consider a single time series {s1, s2, . . . , sN}. Its attractor can be reconstructed into an m-dimensional phase space from delayed
coordinates in the form [19, 20]

S n =
[
sn, sn+τ, sn+2τ, . . . , sn+(m−1)τ

]
. (1)

Here, τ is the time delay and m is the embedding dimension. The time delay τ is determined using the average mutual information
(AMI) method [21]. The delay time value of the time series is the lag length at the first local minimum of the AMI plot. The
embedding dimension, m, is evaluated using the false nearest neighbors (FNN) method developed by Kennel et al. [22]. This
method involves plotting the percentage of FNN against increasing values of the embedding dimension, resulting in a monotonically
decreasing curve; the minimum embedding dimension is obtained from the point at which the percentage of FNN drops to a minimum
value.

2.2. Correlation dimension

Correlation dimension estimates the degrees of freedom required to model the dynamics of a system and can also be used as a
quantitative tool to distinguish deterministic chaos from random noise [23]. The Grassberger–Procaccia algorithm is often applied
to evaluate the correlation dimension of a data set. For a given set of reconstructed points M in an m-dimensional state space, the
correlation integral Cm(r) is computed as [24]

Cm(r) = lim
N→∞

2
N(N − 1)

M∑
i=1

M∑
j=i+1

Θ
(
r −

∥∥∥x⃗i − x⃗ j

∥∥∥) , (2)

where Θ(x) is the Heaviside function, ∥ · · · ∥ is the Euclidean norm, and r is the scaling parameter. The correlation-integral power law
for small values of r has the form [24]

C(r) ≈ rD2 . (3)

Taking the natural logarithm of both sides of Eq. (3), the correlation dimension D2 is expressed as

D2 = lim
r→0

lim
M→∞

log C(r)
log r

. (4)

A log–log plot of the correlation integral against a range of values of the neighborhood radius r yields an estimate of D2 as the
gradient of the linear part. The value of D2 for a stochastic process is infinite, whereas for a chaotic system it is finite and fractional
[25]. The significance of the correlation-dimension values was also examined to distinguish nonlinearity (deterministic chaos) from
noise in the analyzed time series using surrogate data. The level of significance, S , of the difference is obtained from [26, 27]

S =
⟨Ds⟩ − Do

σs
, (5)

where Do is the correlation dimension of the original data and ⟨Ds⟩ and σs are the mean and standard deviation of the correlation
dimensions of five surrogate data sets generated using the amplitude-adjusted Fourier-transform technique. A positive value of S
indicates chaos and confirms nonlinearity.

2.3. Lyapunov exponent

The Lyapunov exponent, λ, characterizes the rate of separation of infinitesimally close trajectories. It is computed as [28]

λ1(i) =
1

i∆t
1

M − i

M−i∑
j=1

ln
d j(i)
d j(0)

. (6)

Here, ∆t is the sampling interval, d j(i) is the distance between the jth pair of nearest neighbors after i discrete-time steps, d j(0) is
the initial separation of nearest neighbors, and M is the number of reconstructed phase-space points. A positive Lyapunov exponent
indicates chaotic behavior, whereas a negative value indicates periodic behavior [27]. In this work, Rosenstein’s algorithm was
implemented to compute the largest Lyapunov exponent of the solar parameters [29].
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2.4. Approximate entropy

Approximate entropy quantifies random fluctuations and complexity in a time series [30]. It is used to estimate the degree of
complexity and information loss in a data set. The approximate entropy, Φ, is computed from

Φ = Φm − Φm+1, (7)

and

Φm = (M − m + 1)−1
N−m+1∑

i=1

log(Mi). (8)

Here, m is the embedding dimension and M is the number of reconstructed phase points in m-dimensional state space. Higher
values of approximate entropy reflect a greater likelihood that similar patterns of observations are not followed by additional similar
observations [28].

2.5. Hurst exponent

The Hurst exponent estimates the long-term memory of the data set. In this work, rescaled-range analysis was used to compute
the Hurst exponent [31]. The Hurst exponent, H, is defined by the asymptotic behavior of the rescaled range as a function of the time
span of the series [32]:

E
(

R(n)
S (n)

)
= lim

n→∞
KnH , (9)

where R(n) is the range of the first n values, S (n) is the standard deviation, E[·] is the expected value, n is the number of data points
in the time series, and K is a constant. According to Kriz [33], 0 < H < 0.5 indicates an anti-persistent time series, 0.5 < H < 1
indicates a persistent time series with long-term positive autocorrelation and predictability, and H = 0.5 implies Brownian motion or
random walk.

2.6. Gottwald–Melbourne 0–1 test

The 0–1 test is a binary test for chaos that is applied directly to the time series. Given a one-dimensional set of data points ϕ(i)
for i = 1, . . . ,N and a real parameter c ∈ (0, π), the translation variables pc(n) and qc(n) are computed as [34]

pc(n) =
n∑

i=1

ϕ(i) cos ic, (10)

and

qc(n) =
n∑

i=1

ϕ(i) sin ic, (11)

where n = 1, 2, 3, . . . ,N.
Next, the growth of pc(n) and qc(n), the smoothed mean square displacement (MSD) is then computed:

Mc(n) = lim
N→∞

1
N

N∑
i=1

[
(pc(i + n) − pc(i))2 + (qc(i + n) − qc(i))2

]
. (12)

The chaos test is based on the asymptotic growth rate, Kc, of Mc(n) with respect to n. This is achieved by computing the MSD values
∆ = Mc(ξ) for different values of ξ = 1, 2, 3, . . . , n. The asymptotic growth rate, Kc, is then determined by computing the correlation
coefficient of ξ and ∆ for different values of c, such that

Kc = corr(ξ,∆) =
cov(ξ,∆)√
var(ξ)var(∆)

. (13)

The median value is regarded as the output of the 0–1 test, Kmedian. The output of this test lies between 0 and 1, with values closer to
1 indicating chaoticity and values closer to 0 indicating nonchaotic or regular behavior [27]. Intermediate values, for example in the
neighborhood of 0.5, can indicate partial or weak chaos (quasi-chaoticity), as observed in systems such as the logistic map [35].
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Table 1: Duration and descriptive statistics of solar sunspot numbers (SSN) across different solar cycles.

Solar cycle Period (time span) Duration (year–months) Mean SSN Standard deviation SNR Maximum SSN Zero-sunspot days

19 April 1954–September 1964 10–6 129 109 0.845 503 337
20 September 1964–February 1976 11–5 86 63 0.733 304 303
21 February 1976–September 1986 10–6 110 92 0.836 428 319
22 September 1986–August 1996 9–11 106 87 0.821 410 257
23 August 1996–December 2008 12–4 82 73 0.890 353 647
24 December 2008–December 2019 11–0 49 47 0.959 220 942

Figure 1: Descriptive statistics of solar sunspot numbers from solar cycles 19–24.

Table 2: Descriptive statistics of equivalent planetary amplitude and solar radio flux across different solar cycles.

Solar cycle Mean Ap SD Ap SNR Ap Mean F10.7obs SD F10.7obs SNR F10.7obs

19 16.046 19.352 0.829 136.987 67.854 2.019
20 12.741 13.461 0.947 113.963 35.297 3.229
21 15.319 16.436 0.932 110.097 35.776 3.077
22 15.462 16.363 0.945 133.332 59.487 2.241
23 12.061 14.350 0.841 119.383 51.087 2.337
24 7.887 8.176 0.965 97.817 33.052 2.959
Overall 13.212 15.102 0.875 123.141 53.846 2.287

3. Data source and pre-processing

The solar and geomagnetic index data used in this work were sourced from the GFZ Helmholtz Centre for Geosciences, Potsdam,
Germany [36]. The data were characterized using standard indices and include daily values of SSN, F10.7obs, which is the 10.7-cm
solar radio flux observed at 10.7 cm, and Ap or the geomagnetic Kp index. The data span 1 January 1964 to 31 December 2019,
covering six solar cycles (19–24) [37]. The duration and descriptive statistics of SSN across the different cycles are presented in
Tables 1 and 2, and the SSN statistics are displayed in Figure 1 [36, 38, 39].

Before evaluating the chaotic quantifiers, trends and cyclic components (seasonal variations) were removed from the data by
seasonal differencing, rendering the data stationary, with zero mean and constant variance of unity. This procedure reveals the
deterministic components and noise in the data, which were then analyzed [40].
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Figure 2: Time series of daily values of solar activity parameters from solar cycles 19–24.

Table 3: Computed nonlinear parameters (chaotic quantifiers) for the solar-cycle parameters.

Parameter τ m λ (day−1) D2 S ϕ H 0–1 test

SSN 10 4 0.00624 2.212 0.938 0.984 0.996 0.9979
Ap 7 2 0.00151 2.172 1.868 1.481 0.847 0.9977
F10.7obs 10 4 0.00932 2.184 2.668 0.761 0.989 0.9988

4. Results and discussion

4.1. Solar-cycle parameter plots

The time series of the daily values of the solar-cycle parameters analyzed in this work from solar cycles 19–24 are presented in
Figure 2.

The magnetic field of the Sun is generated by the solar dynamo, which manifests in the convection zone and solar tachocline.
Differential rotation, which is more rapid at the solar equator than at the poles, twists and stretches the magnetic flux into a toroidal
east–west configuration, leading to the eruption of sunspots. Variations in sunspots and other solar parameters result from the
sensitive dependence of the strength and organization of the toroidal field on the quantity of magnetic flux that carries over from the
preceding solar cycle, as well as its latitudinal and depth-wise distribution [41]. The time-series plots of the solar-cycle parameters
in Figure 2 exhibit irregular, aperiodic, or unpredictable behavior that may be described as either random or chaotic. On the other
hand, the oscillations evolve through cycles of approximately 11 years in a quasiperiodic manner; that is, they are roughly periodic
but not perfectly regular. This behavior may result from small perturbations in interior plasma flow, shear in the axis of rotation,
and magnetic-flux transfer, which are amplified over time (the butterfly effect), leading to variations in the amplitudes, duration, and
spatial patterns of activity in successive solar cycles [42].

4.2. Nonlinear characterization of solar-cycle parameters

The results of the overall characterization of the three solar-cycle parameters using chaotic quantifiers such as Lyapunov ex-
ponents (λ), correlation dimension (D2), approximate entropy (ϕ), Hurst exponent (H), and the 0–1 test (Kmedian) are presented in
Table 3.
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Figure 3: Analysis of correlation dimension for (a) sunspot number, (b) equivalent planetary amplitude, and (c) solar radio flux from
solar cycles 19–24.

From the results in Table 3, the Lyapunov exponents, correlation dimensions, and 0–1 test results indicate the presence of
low-dimensional deterministic chaos in SSN, Ap, and F10.7obs. The Lyapunov exponent values are all positive, and the correlation-
dimension values fall within the range 2.1 < D2 < 2.3, agreeing with Refs. [14–16]. While SSN and F10.7obs have similar time-delay
(τ) and embedding-dimension (m) values of 10 and 4, respectively, Ap has lower values of τ and m, namely 7 and 2. Ap also recorded
the lowest Lyapunov exponent and correlation dimension values (0.001509 and 2.172) compared with SSN and F10.7obs. The
correlation-dimension surrogate test returned positive values for all three parameters, while the 0–1 test returned values close to one
(all > 0.99), confirming the presence of chaos in the data sets of the solar-cycle parameters. F10.7obs appears to be more chaotic
because it has the highest Lyapunov exponent and 0–1 test statistic. In terms of the degrees of freedom and chaos in the data sets,
the order was Ap < SSN < F10.7obs. This implies that systems with higher correlation-dimension values exhibit greater complexity
because they require more variables for modelling. Similarly, the Hurst values, which lie between 0.8 and 1, indicate persistence in
all three solar-cycle parameters, implying long-term autocorrelation and predictability of the time series. However, the approximate
entropy values are all below 1, indicating a low rate of information loss in the solar-cycle parameters.

4.3. Trend of dynamical complexity in the solar-cycle parameters across solar cycles

The chaotic quantifiers were computed for all three solar-cycle parameters from solar cycles 19–24, and the results of the analysis
are presented in Figures 3 and 4. The temporal variations in the chaotic quantifiers for the different parameters across the six solar
cycles are presented in Tables 4–6, while the trend plots are presented in Figures 5–7.

The results in Table 4 and Figure 5 show the computed chaotic quantifiers for SSN and their trends from solar cycles 19–24. The
Lyapunov exponents for SSN were all positive, indicating deterministic chaos in all solar cycles, with cycle 20 having the maximum
value of 0.01398 day−1 and cycle 24 having the minimum value of 0.004665 day−1. This implies that SSN for cycle 20 is predictable
for the next 71.5 days, while that for cycle 24 is predictable for the next 214.4 days. The degree of chaos was ranked in ascending
order as cycle 24 < cycle 22 < cycle 19 < cycle 21 < cycle 23 < cycle 20, and a weak decreasing trend in Lyapunov exponents was
observed from cycle 19 to cycle 24, with R = −0.4101 and a negative trendline slope. The correlation dimensions for SSN were low
(< 4), indicating a low degree of complexity, with cycle 20 having the maximum value of 3.6507 and cycle 24 having the minimum
value of 1.6086. The degree of complexity in SSN was ranked in ascending order as cycle 24 < cycle 23 < cycle 19 < cycle 21 <
cycle 22 < cycle 20, and a strong decreasing trend in D2 was observed from cycle 19 to cycle 24, with R = −0.6263. The significance
values, S , for D2 using five surrogate data sets were positive for all solar cycles, affirming chaos and nonlinearity.
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Figure 4: Analysis of Lyapunov exponent for (a) sunspot number, (b) equivalent planetary amplitude, and (c) solar radio flux from
solar cycles 19–24.

Table 4: Chaotic quantifiers for sunspot number (SSN) across the solar cycles.

Cycle τ m λ (day−1) D2 S ϕ H 0–1 test

19 10 4 0.00525 2.556 0.0767 0.6400 0.882 0.9476
20 6 4 0.01398 3.651 0.9852 0.6235 0.808 0.9888
21 10 4 0.00574 3.225 0.1710 0.6138 0.802 0.9702
22 10 4 0.00502 3.313 1.5746 0.6159 0.796 0.9661
23 10 4 0.00609 2.146 2.8729 0.6182 0.825 0.9837
24 9 4 0.00467 1.609 0.7912 0.6035 0.934 0.9920

Furthermore, the approximate entropy values for SSN were low (< 1), indicating a minimal degree of repetitive patterns and
information loss, with cycle 19 having the maximum value of 0.64 and cycle 24 having the minimum value of 0.6035. The degree of
repetitive patterns in SSN cycles was ranked in ascending order as cycle 24 < cycle 21 < cycle 22 < cycle 23 < cycle 20 < cycle 19,
while a strong decreasing trend was observed from cycle 19 to cycle 24, with R = −0.8632. The Hurst exponent values for SSN were
all greater than 0.5, indicating persistence in the SSN time series. Cycle 24 had the maximum persistence of 0.9343, while cycle 22
had the minimum persistence of 0.7961. The degree of persistence in SSN cycles was ranked in ascending order as cycle 22 < cycle
21 < cycle 20 < cycle 23 < cycle 19 < cycle 24, while a very weak increasing trend in H was observed from cycle 19 to cycle 24,
with R = 0.2963. The 0–1 test results all showed values close to 1, indicating chaos, with cycle 24 having the maximum value of
0.992 and cycle 19 having the minimum value of 0.9476. The degree of chaos based on the 0–1 test was ranked as cycle 19 < cycle
22 < cycle 21 < cycle 23 < cycle 20 < cycle 24.

The results in Table 5 and Figure 6 show the computed chaotic quantifiers for Ap and its trends from solar cycles 19–24. The
Lyapunov exponents for Ap were positive, indicating deterministic chaos. Based on the values in Table 5, cycle 24 has the maximum
value of 0.004138 day−1, while cycle 20 has the minimum value of 0.001828 day−1. This implies that Ap for cycle 20 is predictable
for about 547 days, while that for cycle 24 is predictable for about 242 days. The degree of chaos in Ap is ranked in ascending order
as cycle 20 < cycle 21 < cycle 23 < cycle 19 < cycle 22 < cycle 24, and an increasing trend in Lyapunov exponents was observed
from cycle 19 to cycle 24, with R = 0.6872. The correlation dimensions for Ap were greater than 5, indicating a higher degree
of complexity, with cycle 20 having the maximum value of 5.86 and cycle 22 having the minimum value of 5.13. The degree of
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Figure 5: Trends of (a) Lyapunov exponent, (b) correlation dimension, (c) approximate entropy, (d) Hurst exponent, and (e) 0–1 test
statistic Kmedian for sunspot number from solar cycles 19–24.

Table 5: Chaotic quantifiers for equivalent planetary amplitude (Ap) across the solar cycles.

Cycle τ m λ (day−1) D2 ϕ H S 0–1 test

19 5 5 0.00209 5.236 0.5579 0.739 1.404 0.9973
20 8 5 0.00183 5.863 0.5261 0.666 -2.881 0.9982
21 5 5 0.00183 5.713 0.3881 0.704 0.743 0.9985
22 5 5 0.00219 5.132 0.5677 0.754 1.467 0.9979
23 5 5 0.00208 5.593 0.5664 0.723 -1.088 0.9973
24 5 5 0.00414 5.322 0.3659 0.611 -0.295 0.9978

complexity in Ap was ranked in ascending order as cycle 22 < cycle 19 < cycle 24 < cycle 23 < cycle 21 < cycle 20. The significance
values, S , for D2 using five surrogate data sets in cycles 19, 21, and 22 were positive, affirming chaos and nonlinearity, while those
of cycles 20, 23, and 24 were negative, indicating noise and random oscillations (stochasticity).

The Ap correlation-dimension discrepancy between Tables 3 and 5 occurs because a shorter time series (individual solar cycles)
can estimate a higher correlation dimension than the full series (entire solar cycles 19–24) if the segment is more complex, less
periodic, or contains more noise than the overall data [43]. Correlation dimension is a scale-based estimate of the density of points
in phase space and is sensitive to sample length, embedding choices, and the selected scaling range [44]. Thus, if the full time series
mixes multiple regimes, a cleaner or more constrained global attractor can yield a lower estimate, while a local segment may appear
more spread out and produce a higher slope in the scaling region [45]. Table 2 shows that the SNR for the overall Ap time series
(0.875) is lower than that of the individual cycles, which are greater than 0.9 except for cycles 19 and 23.

Similarly, the approximate entropy values for Ap were low (< 1), indicating a low degree of repetitive patterns and information
loss, with cycle 22 having the maximum value of 0.5677 and cycle 24 having the minimum value of 0.3659. The degree of repetitive
patterns in Ap cycles was observed as cycle 24 < cycle 21 < cycle 20 < cycle 19 < cycle 23 < cycle 22. The Hurst exponent values
for Ap were all greater than 0.5, indicating persistence in the Ap data set. Cycle 22 returned the maximum persistence of 0.754, while
cycle 24 had the minimum persistence of 0.6107. The degree of persistence in Ap cycles was ranked in ascending order as cycle 24 <
cycle 20 < cycle 21 < cycle 23 < cycle 19 < cycle 22. The 0–1 test results all showed values above 0.99, indicating chaos, with cycle
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Figure 6: Trends of (a) Lyapunov exponent, (b) correlation dimension, (c) approximate entropy, (d) Hurst exponent, and (e) 0–1 test
statistic Kmedian for equivalent planetary amplitude from solar cycles 19–24.

Table 6: Chaotic quantifiers for solar radio flux (F10.7obs) across the solar cycles.

Cycle τ m λ (day−1) D2 ϕ H S 0–1 test

19 10 4 0.00819 2.060 0.493 0.911 1.8998 0.6942
20 10 4 0.00725 2.863 0.598 0.841 1.4937 0.8676
21 10 4 0.00765 2.199 0.472 0.850 1.2913 0.6416
22 10 3 0.00733 1.688 0.758 0.871 1.4970 0.7779
23 10 4 0.00847 1.816 0.542 0.795 2.4797 0.9980
24 5 4 0.00781 1.720 0.488 0.875 2.5713 0.9993

21 having the maximum value of 0.9985 and cycles 19 and 23 having the minimum value of 0.9973. The degree of chaos based on
the 0–1 test was ranked as cycles 19 and 23 < cycle 24 < cycle 22 < cycle 20 < cycle 21, with no defined trend recorded.

The nonlinear parameters for F10.7obs and their trends from solar cycles 19–24 are presented in Table 6 and Figure 7. The
Lyapunov exponents for F10.7obs for all cycles are positive, indicating deterministic chaos, with cycle 23 having the maximum value
of 0.008472 day−1 and cycle 20 having the minimum value of 0.007246 day−1. This implies that F10.7obs for cycle 23 is predictable
for about 118 days, while that for cycle 20 is predictable for about 138 days. The degree of chaos in F10.7obs, based on the Lyapunov
exponent values in Table 6, is ranked in ascending order as cycle 20 < cycle 22 < cycle 21 < cycle 24 < cycle 19 < cycle 23, and a
weak increasing chaotic trend was observed from cycle 19 to cycle 24, with R = 0.1575. The correlation dimensions for F10.7obs
were low (< 3), indicating a low degree of complexity, with cycle 20 having the maximum value of 2.8631 and cycle 22 having the
minimum value of 1.6877. The degree of complexity in F10.7obs was ranked as cycle 22 < cycle 24 < cycle 23 < cycle 19 < cycle 21
< cycle 20, and a strong decreasing trend in D2 was observed from cycle 19 to cycle 24, with R = −0.6470. The significance values,
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Figure 7: Trends of (a) Lyapunov exponent, (b) correlation dimension, (c) approximate entropy, (d) Hurst exponent, and (e) 0–1 test
statistic Kmedian for solar radio flux from solar cycles 19–24.

S , for D2 using five surrogate data sets were positive in all cycles, affirming chaos and nonlinearity.
Furthermore, the approximate entropy values for F10.7obs were low (< 1), indicating a low degree of repetitive patterns and

information loss, with cycle 22 having the maximum value of 0.7577 and cycle 21 having the minimum value of 0.4716. The
approximate-entropy ranking was observed as cycle 21 < cycle 24 < cycle 19 < cycle 23 < cycle 20 < cycle 22, and no significant
trend in ϕ was reported from cycle 19 to cycle 24, with R = 0.048. Similarly, all Hurst exponent values for F10.7obs were greater
than 0.5, affirming persistence in the F10.7obs time series. Cycle 19 returned the maximum persistence value of 0.9111, while cycle
23 had the minimum persistence value of 0.7946. The degree of persistence in F10.7obs was ranked across the cycles as cycle 23
< cycle 20 < cycle 21 < cycle 24 < cycle 22 < cycle 19, with a weak decreasing trend from cycles 19 to 24, with R = −0.4051.
Finally, the 0–1 test results for cycles 19, 21, and 22 returned intermediate values in the neighborhood of 0.5, indicating weak chaos
(quasi-chaoticity), while cycles 20, 23, and 24 returned values closer to 1, indicating chaos. The degree of chaos based on the 0–1
test was ranked as cycle 21 < cycle 19 < cycle 22 < cycle 20 < cycle 23 < cycle 24, with a strong increasing trend from cycle 19 to
cycle 24 (R = 0.7237).

5. Conclusion

The findings of this work show that, based on the Lyapunov exponents and 0–1 test statistic, the degree of chaos follows F10.7obs>
SSN > Ap, while the level of complexity follows SSN > Ap> F10.7obs based on the correlation-dimension and approximate-entropy
results. Similarly, the degree of chaos in SSN increased from cycle 19 to cycle 24 based on the 0–1 test, while its level of complexity
decreased; the degree of chaos in Ap increased across the cycles, while its complexity recorded no significant trend; and the degree
of chaos in F10.7obs also increased from cycle 19 to cycle 24, while its level of complexity decreased. The increase in chaoticity
and decrease in degrees of freedom may be driven by small perturbations in interior plasma flow, shear in the axis of rotation, and
variation in the strength and orientation of the Sun’s geomagnetism. These perturbations are amplified over time, as evident in
the decrease in mean SSN (129–49) and the increase in signal-to-noise ratio (0.84–0.96), leading to increased fluctuations in the
amplitude and periodicity of solar activity from one solar cycle to another.
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