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Abstract

This article proposes a mathematical structure called complex fuzzy multisets (CFMSs), which integrates the multiplicity feature of fuzzy multisets
with the complex-valued membership grades of complex fuzzy sets. In this framework, each membership grade is expressed as re’¢, with r € [0, 1]
and ¢ € [0, 27), enabling simultaneous representation of membership intensity, phase information, and multiple occurrences of elements. We pro-
vide a formal definition of CFMSs and establish fundamental operations, including inclusion, complement, intersection, union, Cartesian product,
rotation, and reflection. The algebraic analysis proves that CFMSs satisfy involution, idempotence, commutativity, associativity, distributivity, De
Morgan’s laws, and absorption, thereby forming a distributive lattice with an involution. Additionally, we define the image and inverse image of
CFMSs under mappings. This work lays a rigorous foundation for further theoretical development and potential applications in multi-source data
fusion, periodic signal processing, and reasoning under uncertainty with repeated observations.
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1. Introduction

Classical set theory, founded by George Cantor, describes a set as a well-defined collection of distinct objects. Although this
framework is the foundation of modern mathematics, it cannot directly represent the vagueness or ambiguity that occurs in many
real-world problems. The need to handle such imprecision became especially important in fields such as artificial intelligence, pattern
recognition, and decision-making.

Zadeh [1] addressed this limitation by introducing fuzzy sets, where each element belongs to a set with a degree of membership
in the interval [0, 1]. This allowed for gradual, rather than binary, membership. Later, the concept of a multiset [2, 3] permitted an
element to appear multiple times, with each occurrence possibly carrying a different membership value. Miyamoto [4] introduced
fuzzy multisets by allowing each element to have multiple membership degrees while preserving decreasing order, thereby combining
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the membership-graded nature of fuzzy sets with the multiplicity feature of multisets. Miyamoto [5] also showed that multisets are
a common tool and a fundamental framework in information processing, and reviewed their properties, advanced operations, and
applications to rough sets, fuzzy data retrieval, and automatic classification. Further background on fuzzy multisets, algebraic
structures on fuzzy sets, and triangular fuzzy multisets are available in Refs. [6—14].

Independently, Ramot ef al. [15] proposed complex fuzzy sets, extending the membership range from [0, 1] to the unit disk in
the complex plane. Each membership value is written as re’¥, where r € [0, 1] and ¢ € [0, 27). This two-dimensional representation
simultaneously encodes magnitude, which represents traditional membership strength, and phase, which can represent periodic or
directional information. Zhang et al. [16] investigated the operational properties and d-equalities of complex fuzzy sets, introducing
a distance measure to quantify differences in both the magnitude and the phase of two complex fuzzy sets. Al-Qudah and Hassan [17]
presented complex multi-fuzzy sets in a fixed-dimension paradigm.

The complex fuzzy multisets (CFMSs) proposed in this paper adopt the variable-length fuzzy-multiset paradigm of Miyamoto [4],
in which different elements may have different multiplicities. This requires joint-length standardization with default pairs. We also
define rotation, reflection, and a distributive lattice with involution; these features do not appear in Ref. [17]. The motivation for intro-
ducing this theory arises from real-world scenarios in which information is uncertain, periodic, and may occur in multiple instances.
In multi-source data fusion, sensors provide repeated observations with varying confidence; in periodic signal processing, both mag-
nitude and phase are essential; and in decision-making, elements may appear multiple times with different membership strengths. No
existing framework in the fuzzy-multiset tradition combines variable-length multiplicity with complex-valued membership grades.

The main contributions of this paper are as follows: (1) a formal definition of CFMSs; (2) fundamental operations, including
inclusion, complement, intersection, union, Cartesian product, rotation, and reflection; (3) an algebraic proof that CFMSs form a
distributive lattice with an involution; and (4) definitions of image and inverse image under mappings. The paper is organized as
follows. Section 2 recalls background on fuzzy sets, multisets, fuzzy multisets, and complex fuzzy sets. Section 3 defines CFMSs.
Section 4 introduces set-theoretic operations. Section 5 proves algebraic laws. Section 6 defines image and inverse image. Section 7
concludes with findings, limitations, and future directions.

2. Preliminaries

Definition 2.1 (Fuzzy set). Let X be a nonempty set. A fuzzy set A on the universe X is characterized by the membership function
in Eq. (1) [1]:
ua : X — [0, 1]. (1)

The value p4(x) describes the degree to which x belongs to A.

Definition 2.2 (Multiset). Let X be a set. A multiset A over X is a pair (X, C4), where the count function in Eq. (2) assigns to each
element its non-negative integer multiplicity [3]:
CA X — No. (2)

An ordinary set corresponds to the case in which Cy4 takes only the values 0 and 1. The collection of all multisets over X is denoted
by MS (X).

Definition 2.3 (Fuzzy multiset). Let X be a nonempty set. A fuzzy multiset (FMS) A drawn from X is characterized by the count-
membership function in Eq. (3) [4]:
CM,: X — Q, 3)

where Q is the set of all crisp multisets drawn from the unit interval [0, 1]. For any x € X, CM4(x) is a crisp multiset drawn from
[0, 1]. For each x € X, the membership sequence is the decreasingly ordered sequence

W (0, 1y (0, (), () = 5 (x) 2 -+ = ().

Definition 2.4 (Complex fuzzy set). A complex fuzzy set (CFS) A, defined on a universe of discourse U, is characterized by a
membership function that assigns to each element x € U a complex-valued membership grade in the unit circle [15]. The membership
grade is given in Eq. (4):

pa(x) = ra (e, ra(x) € [0, 1]. “

The CFS A may be represented as
A ={x,pua(x)) : x € U}
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3. Introducing complex fuzzy multisets

Definition 3.1 (Complex fuzzy multiset). Let M be a nonempty crisp set. A complex fuzzy multiset (CFMS) H on M is characterized
by the count complex membership function in Eq. (5):

CCMy : M — Qc, (5)
where Q¢ is the collection of all crisp multisets drawn from the complex unit disk
{zeC: |7 <1}
For each g € M, the membership sequence is a decreasingly ordered sequence, by magnitude, of complex numbers from CCMy(g):
(17(8): 137D o 1y (@), p(@) 2 gy (@) = -+ 2 I (@)l
Each complex membership grade is expressed in polar form as in Eq. (6):
Hir(®) = n (@@, (@) € 0,11, ly(g) € [0,2m). )
Here n’;,(g) represents amplitude, or membership intensity, and tp’;,(g) represents phase angle, or periodic/directional information.
A CFMS H is completely described by

H = (2, (uiy(2), 131(9), ... 11y (90)) < g € M,
or equivalently,
H = {(g,;/,‘i(g)) 18EM, k=1,2,...,mg}.
The magnitudes n’fq (g) are taken from [0, 1] to maintain the standard fuzzy membership scale, ensuring that each complex membership

grade lies within the unit disk. The phase angles go’,;(g) are taken from [0, 27) because this is the conventional interval for representing
a full cycle of periodic information without ambiguity.

Example 1. Let G = {a, b, ¢}. Define a CFMS H on G by
H = {(a,(0.8¢™*,0.6¢™°,0.4¢™)),
(b,(0.9¢"2,0.7¢" 1)), (c, (0.5¢")).

For a, 0.8 > 0.6 > 0.4; for b, 0.9 > 0.7; and for ¢, the single membership grade has magnitude 0.5. Hence the membership sequences
satisfy the decreasing-magnitude condition.

Definition 3.2 (Length). Let H be a CFMS on M. The length of an element g € M in H is the size of the count complex membership
multiset CCMg(g). The length is given in Eq. (7):

L(g : H) = |CCMp(g)l = m], N

H
g
Definition 3.3 (Joint length). Let H; and H, be two CFMSs drawn from M. The joint length of an element g € M for H| and H, is

defined in Eq. (8):

where m.' is the multiplicity of g in H.

L(g: H,H,) =max{L(g : Hy),L(g : Hy)} = max{mf‘,mfz}. 8)
When the CFMSs H; and H; are clear from context, we write L(g).
Example 2. Let M = {g1, g2, g3, g4}. Consider
H = {(g1,0.3¢"%),(g1,0.2¢™"), (g2, 1.0¢"), (g2,0.5¢""*),
(83.0.5¢™%), (g3,0.5¢™%), (g3,0.4¢"™), (g3,0.3¢™), (g3,0.2¢"%)},

and
Hy = {(g1,0.4¢™*), (g2, 1.0¢"), (g2,0.3¢™®), (g2,0.2¢™3), (g4,0.2¢™*), (g4,0.1™°})}.

The lengths are
L(gi:H)) =2, L(g2:H)=2, L(gzs:H)=35, L(gs:H)=0,
L(gi :Hy)) =1, L(g:Hy)=3, L(g3:Hy)=0, L(gs:H)=2.

For operations such as inclusion, intersection, and union, two CFMSs must have the same length for each element g € M. If the
lengths differ, the shorter multiset is standardized by appending the default pair

(g,0.0¢),

which represents zero membership. Since the magnitude is zero, the choice of phase is arbitrary and does not affect the results of
union, intersection, or inclusion operations. The collection of all CFMSs defined over M is denoted by

CEMS(M) = {H : H is a CFMS on M}.
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Table 1: Componentwise inclusion check for p.

J () < (p) ¢l (p) < ¢y (p)  Result
1 04<0.6 n/6 <m/3 True
2 0.3<0.5 /4 <m/2 True
3 0<04 0<nm True

Table 2: Componentwise inclusion check for g.

J @ <my (@ ¢(@ < ¢ (@) Result
1 0.5<0.7 n/3<n/2 True
2 0<0.6 0<2n/3 True

Table 3: Summary of CFMS inclusion and complement operations.

Operation Condition/definition Example
Inclusion Hy € Hy 1y, (8) <y, (¢) and ¢y, (8) < ¢y, (g) forall g, j  Hy C Hy is true in Tables 1 and 2
Complement H* iy (g) = (1 (g))e'®™#us) 0.8¢/4 1> 0.2¢77/4

4. Set-theoretic operations on complex fuzzy multisets

Definition 4.1 (Inclusion). Let H; and H, be two CFMSs on M. Then H| is contained in H,, denoted H, C H,, if and only if for
every g € M and for each multiplicity index j = 1,2,..., L(g), the componentwise inequalities in Eq. (9) hold:

Missing pairs are treated with default values = 0 and ¢ = 0. Two CFMSs H, and H, are equal if and only if H; C H, and H, C H,.

Example 3. Let G = {p, ¢}, ) ) ,
Hy = ({p,0.4¢™°), (p,0.3¢™*),(q,0.5¢™3)),

and
Hy = {(p,0.6¢™7),(p,0.5¢™%),(p,0.4¢™),(g,0.7¢"™'?), (g, 0.6¢"")}.

The joint lengths are L(p) = 3 and L(g) = 2. Tables 1 and 2 show that all componentwise inequalities hold; therefore, H; € H,.
Definition 4.2 (Complement). Let
H={(gup(®) g€ M, k=12,....m)

be a CFMS, where i, (g) = n’,‘i(g)e"“’ff(g), with 77%,(g) € [0, 1] and ¢¥,(g) € [0, 27). The complement of H, denoted H®, is defined for
each g € M and each multiplicity index k by Eq. (10):

Hir(®) = (1= () O, (10)
For indices k beyond the multiplicity mg , we take n’;I(g) =0 and go’;l(g) = 0, yielding :“];p (=17 =1.

The conjugate form ne™* is reserved for the reflection operation in Definition 4.7. For complement, we adopt the magnitude-
negation form in Eq. (10) because it satisfies De Morgan’s laws with the min/max definitions of union and intersection.

Example 4. Let ‘ ‘ . .
H = {(g1,0.8¢™*),(g1,0.6¢™3),(g2,0.7¢™?), (g,0.5¢™/%)}.

Using Eq. (10),
H = {(81,02¢"%), (81, 0.4¢7%), (g2,0.3¢°7), (g,0.5¢"1 /%)),

Table 3 summarizes the inclusion and complement operations.

Definition 4.3 (Intersection). Let H, and H, be two CFMSs on M. The intersection H; N H; is defined componentwise by Eq. (11):

. P ok k
1y, (8) = min{nly, (9), 17y, (9)he! ™™ 4 (11)

For indices beyond the multiplicity of an element, we take the corresponding missing amplitude and phase to be 0.
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Definition 4.4 (Union). Let H; and H; be two CEMSs on M. The union H; U H, is defined componentwise by Eq. (12):

: & &
/1]1(1] o (g) = maX{U’é, (2), 77];12 (g)}ez max{ey, (g)#PHZ(g)}. (12)

For indices beyond the multiplicity of an element, the same zero-membership convention used for intersection applies.

Definition 4.5 (Cartesian product). Let H; and H, be two CFMSs on a domain U. The complex fuzzy Cartesian product H; X H, is
defined on U x U by Eq. (13):

iok
Hirxrn, (81.82) = My (81, g2)e 1 152 “
. o .

= rmn{r]’I‘_Il (g1), ,71;_12 (g2)}elm1n{<,0Hl (81, (82))

Here k=1,2,..., min(mg1 s mgz). The use of the minimum multiplicity reflects that the k-th membership of (g, g2) is defined only

when both H; has a k-th membership for g; and H; has a k-th membership for g».

Example 5. Let M = {g;, g2}, . ) ) )
H = {(g1,0.8¢™),(g1,0.6¢™), (g2,0.7¢™?), (g2, 0.5¢™/°)},

and
H = {(g1,0.9¢™°),(g1,0.4¢™*), (g1,0.3¢™3), (g2,0.6¢™*)}.

By Egs. (11)—(13), the operations are
Hy N Hy = {(21,0.8¢™),(g1,0.4¢™"*),(g1,0),(g2,0.6¢™"*), (g2, 0},
Hi U Hy = {(81,0.9¢™),(g1,0.6¢™"), (g1,0.3¢""), (g2,0.7¢"%), (g2,0.5¢"/)}.
Definition 4.6 (Rotation). Let
H={(guy®):g€M k=12....m)
be a CEMS, where 1%,(g) = 11%,(g)e*¥#®. The rotation of H by an angle 6 € [0, 27) is defined by Eq. (14):

Ro(H) = {(g,7',(@)e“h @Dy - g € M, k=1,2,...,mg). (14)

The rotation operation in Eq. (14) satisfies identity, additivity, and periodicity. It is also related to complement, union, and
intersection through the properties stated in Section 5.

Definition 4.7 (Reflection). Let H = {(g,1,(¢)) : g € M, k = 1,2,...,m,} be a CFMS, where u¥,(g) = n’[;(g)ei‘/’ff(g). The reflection
of H, given by Eq. (15), is
Ref(H) = {(g,ny(9)e ) 1 g € M, k=1,2,...,m,). (15)

This operation corresponds to taking the complex conjugate of each membership grade.

Example 6. For A .
H = {(g1,0.8¢"*),(g,0.6¢" )},

Eqgs. (14) and (15) give | |
Rap(H) = ((g1,0.8¢%7), (g2,0.6¢7/°)),

and | |
Ref(H) = {{g1, 0.8e""/4), (g2, 0.66_1”/3».
5. Laws of algebra for complex fuzzy multisets

This section establishes the fundamental algebraic laws of CFMSs. All algebraic properties are established under the convention
that phases are ordered linearly on [0, 27r), and rotation results are understood modulo 2.
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5.1. Core algebraic laws
Proposition 5.1 (Involution). For H € CFMS(M), (H°) = H.

Proof. For each g € M and each index k, Eq. (10) gives

Q-
(@) = (1 = 1y ()) 2744,

Applying the same complement again yields

P -
#]((Hr)r(g) — (1 _ (1 _ n];](g))) 61(271 Q2 LPH(g))) — 771;-1(8)3“0”(5’) — /l];-[(g)

Hence (H°)" = H. ]

Proposition 5.2 (Idempotence). For H € CFMS(M), HUH =Hand HNH = H.

Proof. Foreach g € M and each k = 1,2,...,m{, Eqs. (12) and (11) give

. k k
Hior(8) = max{r(g), ni(g)te ™ Wn@u®) = |k (o),

and
i i min{ek (¢).¢%
i (g) = min{n¥,(g), 7k, (g))e! M@ ®) = K (o).
Therefore HUH = Hand HN H = H. .

Proposition 5.3 (Commutativity). For H;, H, € CFMS(M), H U H, = H, UH; and H; N H, = H, N H.

Proof. The result follows componentwise from the commutativity of max and min on the amplitude and phase components in
Egs. (12) and (11). O

Proposition 5.4 (Associativity). For Hy, H,, H; € CFMS(M),
(H, U Hy) UH; = Hy U(H, U H3), (H, N Hy) N Hs = H; N (Hy N H5).
Proof. For each g € M and each admissible &, the amplitude part of the union is
max{max{n}; (g). 7}, (&)} My, ()} = max{n}; (g), maxiny, (). ny, ()}

and the same identity holds for the phase part. Thus union is associative. The proof for intersection is obtained by replacing max
with min. O

Proposition 5.5 (Distributivity). For Hy, H,, H; € CFMS(M),
Hy U (HyN H3) = (H U Hy) N (H U H3),

and
H, N (H,UH3) =(H,NH))U(H NH3).

Proof. The proof is componentwise. For amplitudes, the identities
max{a, min{b, c}} = min{max{a, b}, max{a, c}}

and
min{a, max{b, c}} = max{min{a, b}, min{a, c}}

hold for a, b, c € [0, 1]. The same identities hold for the linearly ordered phase components in [0, 27). Applying these identities to
Egs. (11) and (12) gives the stated distributive laws. L]

Proposition 5.6 (De Morgan’s laws). For H, H, € CFMS(M),

(HyUHy* = HNHS,  (H,NH,)° = HS U HS.
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Table 4: Summary of core algebraic laws for complex fuzzy multisets.

Proposition Law

5.1 (H)¢ = H (involution)

5.2 HUH =H and HN H = H (idempotence)

53 H,UH, =H,UH, and Hy N Hy = Hy N H; (commutativity)

5.4 (HiUH,)UH; = H U(H,UH;3)and (H N Hy) N H3 = H N (H, N Hz) (associativity)

5.5 H,U(H,NH3) = (HHUH,)N(H{UH3) and HiN(H,UH3) = (HINH>)U(H NH3) (diStI‘ibutiVity)
5.6 (H1 U Hy)° = H{ N HS and (H; N Hy)° = H{ U HS (De Morgan’s laws)

5.7 H Nn(H UHy,)=H,and H, U (H; N H,) = H (absorption)

Proof. For the first identity, Egs. (12) and (10) give

(27— k(o).
Koy (@) = (1= maxinfy, (9), nfy, (g)}) €@ O, @D,

On the other hand, using Eq. (11) on H{ and Hf gives

. i min{27— k ’2 ok
Hireos(8) = min{1 =y (8), 1 = 17fy, (g))e ™" 92141 0,

Since min{l — a, 1 — b} = 1 — max{a, b} and min{27 — ¢, 27 — ¢»} = 27 — max{¢, ¢}, the two expressions are equal. The second
identity follows by swapping min and max. O

Proposition 5.7 (Absorption). For H;, H, € CFMS(M),
HiN(HUHy) =H, H,U(H, NHy) =H,.
Proof. The amplitude and phase components are governed by the absorption laws
min{a, max{a, b}} = a, max{a, min{a, b}} = a.
Applying these identities componentwise to Egs. (11) and (12) proves both absorption identities. O

Table 4 summarizes the core algebraic laws for CFMSs.

5.2. Properties of set rotation and set reflection
Proposition 5.8. For any H € CFMS(M) and any 6,6, € [0, 2r),

Ro, (Rg,(H)) = Rg, 1, (mod 21)(H).
Proof. For each g € M and each index k, Eq. (14) gives
Ry, (Rg, (H)) = (g, 7y (8)e & 00\) = Ry o, (H).
Since ¢#*20 = ¢ the result holds modulo 27. O

Proposition 5.9. For any H € CFMS(M), Ref(Ref(H)) = H.

Proof. For each g € M and each index k, Eq. (15) gives

Ref(Ref(H)) = {(g, 7' (2)e “h @)} = (g, 1k, (9)eh®)} = H.

Proposition 5.10. Let H;, H, € CFMS(M) and 6 € [0, 27). Then
Ro(H U Hy) C Ry(H1) U Ro(H>),

Ry(Hi N Hy) 2 Ry(H1) N Ry(H),

and
Ry(H®) = (R_o(H))".
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Proof. The amplitude components are preserved by rotation. The phase components may be affected by modulo 27 wrap-around, so
equality with union or intersection need not hold in general. The complement identity follows directly from

Ro(HS) = {(g, (1 — 7,())e @ u®* )} = (R_y(H))".

Proposition 5.11. Let H,, H, € CFMS(M). Then
Ref(H; U H,) C Ref(H,) U Ref(H5),

Ref(H; N Hy) 2 Ref(H;) N Ref(Ha),

and
Ref(H¢) = (Ref(H))".

Proof. Reflection preserves amplitudes and reverses phase direction. Thus equality with union and intersection may fail when the
phase order is reversed. For the complement identity, Eq. (10) gives

Ref(H®) = {(g, (1 — 7,()e @ #u @y} = ((g, (1 — 1k,())e*n®))} = (Ref(H))°.

Proposition 5.12. For a CFMS H € CFMS(M) and a fixed 6 € [0, 27), the following are equivalent:

1. Ry(H) = H,
2. for each g € M, the multiset of pairs
(0111(8). () : k= 1,2, mg)
is invariant under the map
1, ¢) — (7,¢ + 6 (mod 27)).

Proof. If Ry(H) = H, then for each grade ne', its image ne"“*? must also appear in H with the same magnitude. Conversely, if the
multiset of grades is closed under addition of 8 with equal magnitudes, then rotation by € merely permutes the grades within each
orbit, leaving H unchanged. ]

The only CFMS invariant under all rotations is the zero multiset. However, for a fixed 6, nonzero invariant CFMSs exist when the
phases are closed under addition of 8 with matching magnitudes. In both Eq. (14) and Eq. (15), the magnitude remains unchanged:

Tron (@ = M(Q)s Meriny (@) = M ()

6. Image and inverse image of complex fuzzy multisets

Definition 6.1 (Image). Let M; and M, be two nonempty sets, and let f : M; — M, be a mapping. The image of a CFMS
R € CFMS(M)) under f, denoted f(R) € CFMS(M,), is defined for each g, € M, and each multiplicity index k by Eq. (16):

k sup  pk(g1), f'(g2) % 9,
Hiwr)(82) = {816/ 2) o
0-e", otherwise.

The supremum is computed componentwise. For the magnitude it is the usual supremum in [0, 1], and for the phase it is the least
upper bound in the linear order on [0, 27r). The multiplicity for each g, € M, is

m/® Sup{mg, caref @) e+,
82 1, otherwise.

Definition 6.2 (Inverse image). Let M, and M, be two nonempty sets, and let f : M; — M, be a mapping. The inverse image of a
CFMS S € CFMS(M>), denoted f~!(S) € CFMS(M,), is defined for each g, € M; and each multiplicity index k by Eq. (17):

: k
Hy15)(81) = 15 (F(gn) = 115 (f(g1)e s, (17)
The multiplicity is preserved by
£y _ m
81 - " flg)
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Example 7. Let M| = {g1, 82}, M> = {h1, ha}, f(g1) = hi, and f(g2) = hy. If

R = {(g1,0.7¢"%7y, (g1,0.5¢°37), (g1, 0.8},

then Eq. (16) gives

If

F(R) = {(hy,0.7€°%Y, (hy, 0.5, (hy, 0.8€7)}.

S = {(h1,0.9¢"%), (p, 0.6¢77), (I, 0.4 7)),

then Eq. (17) gives

FHS) = ((81,0.9¢"%7), (82,0.6¢77), (g2, 0.4¢ 7).

7. Conclusion

We defined CFMSs with variable-length complex membership sequences ordered by decreasing magnitude. We proved that

CFMSs satisfy involution, idempotence, commutativity, associativity, distributivity, De Morgan’s laws, and absorption, thereby
forming a distributive lattice with an involution. We also defined the image and inverse image of CFMSs under mappings.

The present study employs the standard min/max operations to establish the lattice structure, while other 7-norms and ¢-conorms

remain to be investigated for broader applicability. Although the mathematical foundation is complete, empirical validation in real-
world settings is a natural direction for future work. These considerations do not compromise the theoretical correctness of the
proposed framework but rather highlight meaningful avenues for further development.

This work opens several future research directions, including developing distance measures and similarity metrics for CFMSs,

investigating alternative complement operations and their algebraic consequences, applying CFMSs to multi-source data fusion and
periodic signal processing, extending the framework to interval-valued and type-2 CFMSs, developing computational algorithms for
efficient CFMS manipulation, and exploring connections to picture fuzzy multisets and neutrosophic multisets.
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