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Abstract

This study proposes a new ratio-type exponential estimator for estimating the finite population mean under post-stratification. A simple random
sample is first selected and later divided into post-strata using an auxiliary variable to improve the precision of estimation. The proposed estimator
incorporates auxiliary information obtained through post-stratification to reduce the mean squared error (MSE) compared with the usual unbiased
estimator and some existing ratio-type estimators. Expressions for the bias and MSE of the estimator are derived to the first order of approximation,
and the conditions under which the estimator performs more efficiently are established. To examine its practical usefulness, a real population dataset
was employed and analysed. The performance of the proposed estimator was assessed using percentage relative efficiency (PRE) measures and
compared with those of existing estimators available in the literature. The empirical results indicate that the proposed estimator produces smaller
MSE values and higher efficiency values than the competing estimators. The findings therefore show that the estimator provides a more reliable
and efficient approach for estimating the population mean, particularly in surveys involving stratified population data and the availability of relevant
auxiliary information.
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1. Introduction

The use of post-stratification and auxiliary information in survey sampling has been thoroughly investigated to enhance the pre-
cision of population mean estimates. Various estimation procedures, such as ratio and product estimators, have been developed to
reduce estimation errors. Initial research focused on applying post-stratification, using auxiliary information, to improve the preci-
sion and accuracy of population mean estimates in surveys [1]. Ratio- and product-type exponential estimators were subsequently
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designed to improve estimation accuracy [2, 3]. More recent research has extended this area through the development of improved
ratio- and product-type exponential estimators for finite populations using post-stratification [4, 5]. Along similar lines, a novel
ratio-type estimator was introduced to estimate the population mean with the aid of post-stratification [4, 5]. Collectively, the cited
studies show efforts by researchers to contribute to improved estimation techniques, particularly methods for enhancing the efficiency
of post-stratification.

Although considerable research has been conducted on exponential ratio estimators using stratified and simple random sampling
techniques, less attention has been given to their performance in post-stratified sample designs. Post-stratification introduces addi-
tional structure and variability to survey samples, which may influence the performance of exponential ratio estimators differently
from conventional sampling approaches. Understanding these effects is significant for advancing both the theoretical foundation and
practical application of survey methodology.

The aim of this work is to examine the performance of exponential ratio estimators in post-stratified sample designs, particularly
their bias and mean squared error (MSE) properties. The research provides theoretical guidelines and empirical evidence for situa-
tions in which these estimators are more efficient than traditional estimators. This study is in line with ongoing efforts to improve
estimation techniques for post-stratification in order to increase efficiency and accuracy.

2. Methodology

This study considered a finite population of size N divided into L post-strata such that the Ath stratum contains Ny, units (b =
1,2,...,L) with

L
ZNh =N. (1
h=1

A sample size n is drawn using simple random sampling without replacement (SRSWOR), and the units are classified into L post-

strata such that
L
Z ny = n. 2)
h=1

The unbiased estimator for the population mean is presented as
L
Ves = ), Wil 3
h=1

where W), = N;,/N is the weight of the Ath stratum and y,, = (1/n;) Zf’i | Yii 1s the sample mean of n;, sample units in the Ath stratum.
The corresponding variance of ypg is obtained using the results from Ref. [5]:

L L
- 1

Var(ips) = A ) WiS 2, + — > (1 - Wps2, @

h=1 n h=1

where
I 2
2 _ YV

So =7 2l =) 5)

i=1

A product-type estimator for post-stratification was suggested by Ref. [1] as

=t _  (Xps
Y =Yy (T) s (6)
PS PS X

— — =t
where X = Z}Ll:, WiXn, yps = 216:1 Wiy, and Xps = Z;LL=1 W;,X;. The bias and MSE of Y pg to the first order of approximation are
defined as

L
=t 1
B(YPS)=/l:ZWh(R1S)2rh+Syxh)7 (7N
X i3
and
=t L
MSE (YPS) =2 Z Wi (S2, +RIS%, +2R1S n) ®)
h=1

where R| = )_//Y.



Yousuf et al. / African Scientific Reports 5 (2026) 479 3

The classical ratio-type estimator in post-stratification was defined by Refs. [1, 4, 6] as
=R _ X
Yps = Yps (—_] ©
Xxps

—~R
The bias and MSE of Y p¢ up to the first order of approximation are defined as

=R 1 &
B(Yps) =Ad= Z Wi (R1S%, = Sy (10)
X h=1
and i
—~R
MSE(YPS) =) Wi (S, + RIS, = 2R S i), (11)
h=1

where R, = Y/X.
Ref. [4] defined the ratio exponential estimator as

—RE X-Xx
Yps =Yps exp( L ] (12)
X + Xps

—RE
The bias and MSE of Y ¢ up to the first order of approximation are respectively given by

‘~RE 1
( ) th( RS2, ESyxh), (13)

and
—~RE

MSE(YPS) /IZW;,(SZ + Rszh RlSyxh). (14)

2.1. Proposed estimator
Ref. [6] explored the ratio estimator in stratified sampling using information on two auxiliary variables. The study variable and
the two auxiliary variables have the same significance, and the estimator is presented as

— 5, =

— st _ X Z

Y e :ys‘t(—_) (—_) (15)
Xst st

The work of Ref. [7] prompted the development of a ratio and ratio exponential estimator for the population mean as

et WX — 2y Wﬁh]

et WX + Xy Wik,

Ys = Yps exp

L = L 7 (16)
X exp Yot Wihzn = 2o thh '
St Wiz + Yoy WaZ,
Y can also be expressed as
()3
YS = Ypg €Xp — |exp| - — . a7
X + Xps Zps + 2
We write
Yo=Yl +eon), X=Xyl +en), zn=2Zu(l+ex), (18)
such that
E(eon) = E(e1n) = E(e21) = 0, (19)
1 1
E(e},) = (m - ﬁ]) C
E(e)) = (L - i) Con (20)
h W, N, x

1 1
E(E%h) = (m - ﬁh)czzh’
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and

1

E(eonern) = (n_Wh

1
- Fh)pyxhcyhcxh’

1 1
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The suggested estimator Y can be presented in terms of the &;’s as

1\
YS —Y(1+8())( ) (1+82)

Keeping terms up to the second order gives

= — 5 &
Yg =Y|1+ g9 —d¢g —82+(§ + E)s%+g%+6s]gz—5gosl —&)&r|.
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The bias and MSE of the suggested estimator are obtained up to the first order of approximation as
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Table 1: Population constants used for the empirical analysis.

Population constant Stratum I  Stratum II
Population size, N, 5 5
Sample size, ny, 4 4
Mean output, ¥}, 1925.00 3115.60
Mean fixed capital, X, 214.40 333.80
Mean number of workers, Z, 51.80 60.60
Standard deviation of output, S, 615.92 340.38
Standard deviation of fixed capital, S ,;, 74.87 66.35
Standard deviation of number of workers, S 0.75 4.84
Covariance between output and fixed capital, S . 39,360.68 22,356.50
Covariance between output and number of workers, S, -411.20 -1,536.00
Covariance between fixed capital and number of workers, S 38.08 287.92

3. Results

3.1. Theoretical efficiency comparison

Comparison of equations (4), (8), (11), and (14) shows that the proposed estimator )_/5 would be more efficient if

(i) Var(ps) — MSE(Ys) > 0:

L
1
= 2(1 - WS, —a> 0. (29)
h=1
—=t -
(ii) MSE(Y g) — MSE(Yy) > 0:
RIS2, +2RS yy —a > 0. (30)
=R =
(iii) MSE(Y pg) — MSE(Ys) > 0:
RIS2, = 2RS iy —a > 0. (31)
—RE =
(iv) MSE(Y pg ) — MSE(Y5) > 0:
1
ZR%si,, — RSy —a >0, (32)
where ben .
RSy RS, 1
¥x=\—+ — —RlSyxh + RQSyzh + —Rleszh . (33)

4 4 2

3.2. Empirical study

To compare the proposed estimator with the existing estimators, a dataset was considered from Ref. [8]. In the dataset, y denotes
output, x denotes fixed capital, and z denotes number of workers.

For the empirical analysis, a real-world dataset sourced from Murthy (Ref. [8]) was employed. The dataset comprises information
on output, fixed capital, and number of workers, categorized into two post-strata. Using these data, the estimators were applied to
evaluate their performance in terms of MSE, PRE, and relative bias. The objective was to assess the efficiency and accuracy of the
proposed estimator compared with existing estimators. Table 1 shows the population constants used for the empirical analysis.

To evaluate the performance of the proposed estimator, a comparative analysis was conducted using both theoretical and empirical
metrics. The estimators were evaluated using their MSE, PRE, and relative bias. The results indicate how the proposed estimator
improves performance and reduces errors compared with the traditional and other existing estimators.

The results presented in Tables 2—5 indicate that the proposed ratio-type exponential estimator performs better than the other
estimators under post-stratification. Table 2 shows that the proposed estimator has the lowest MSE, indicating that it provides more
precise results than the classical estimator and the other existing estimators. This is supported by Table 3, which shows that the
proposed estimator has the highest PRE of 316.12%, meaning that it performs better than the unbiased estimator and the classical
ratio estimator. The relative-bias results presented in Table 4 show that all the estimators have relatively small biases. The unbiased
post-stratified estimator has, by definition, a relative bias of zero. Among the biased estimators, the existing exponential estimator
records the smallest relative bias of 0.0066%, followed by the classical ratio estimator with 0.0548%. The proposed estimator has
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Table 2: Mean squared errors (MSEs) of different estimators.

Estimator MSE

Unbiased estimator 10059.07
Classical ratio estimator 9867.27
Existing exponential estimator ~ 3558.77
Proposed estimator 3182.05

Lower MSE values indicate higher precision of the estimator.

Table 3: Percentage relative efficiency (PRE) compared with the unbiased estimator.

Estimator PRE (%)
Unbiased estimator 100.00
Classical ratio estimator 101.94
Existing exponential estimator ~ 282.66
Proposed estimator 316.12

PRE indicates the gain in efficiency over the unbiased estimator.

Table 4: Derived relative bias of the estimators.

Estimator Estimated bias  Relative bias (%)
Unbiased estimator, ypg 0.0000 0.0000
Classical ratio estimator, )A’,’SS 1.3819 0.0548
Existing exponential estimator, ¥ e 0.1664 0.0066
Proposed estimator, Y S 2.7210 0.1080

Table 5: Percentage improvement in efficiency over the classical ratio estimator.

Estimator Improvement (%)
Existing exponential estimator 177.27
Proposed estimator 210.09

a relative bias of 0.1080%. Although the proposed estimator does not produce the smallest relative bias, its bias remains negligible
and is accompanied by the lowest mean squared error and highest percentage relative efficiency. Its superior overall performance
therefore arises mainly from a substantial reduction in variance rather than from having the smallest bias. Table 5 also indicates that
the proposed estimator is more efficient than the classical ratio estimator, as the efficiency gain is over 210%. The findings illustrated
in the tables show that the proposed estimator is effective and has better practical characteristics for improving the estimation of
population means by using post-stratification.

4. Conclusion

The current study developed and assessed the performance of a new ratio-type exponential estimator for estimating the population
mean using the post-stratification approach. Theoretical derivations and empirical analysis show that the new estimator performs
significantly better than the existing estimators in terms of precision and accuracy. This is shown by the lowest MSE and highest
PRE, thereby corroborating its statistical superiority. This increase in efficiency is particularly important when dealing with stratified
population data because auxiliary information should be used optimally. Overall, this approach is a viable tool for researchers seeking
to improve the reliability of population mean estimates in post-stratified surveys.

Data availability

Data will be made available upon reasonable request from the corresponding author.
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