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Abstract

This study presents a computational method (CM) for solving second-kind Volterra integro-differential equations (VIDEs), which are widely used
in engineering, physics, biology, and control systems. The method combines interpolation and collocation techniques to produce a continuous one-
step computational scheme that accurately approximates the solution while maintaining stability and convergence properties. Consistency, zero-
stability, order of accuracy, convergence, and the region of absolute stability are examined to confirm the suitability of the method for both linear
and nonlinear problems. Numerical experiments with selected VIDEs compare the CM with the fifth—order Adams-Bashforth—-Moulton predictor—
corrector method, the two-point three-step block method, the trigonometrically fitted block method, the Haar wavelet method, and trapezoidal
schemes. Across the tested examples, the CM provides accurate, stable, and efficient approximations, making it a useful tool for solving complex
integro-differential systems in practical applications.
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1. Introduction

Volterra integro-differential equations (VIDESs) of the second kind are fundamental mathematical tools used to model various
physical, biological, and engineering systems. These equations assess the current state of a system by combining the present rate of
change with its prior development. The general form of a Volterra integro-differential equation is given by
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where T is a constant parameter, K(g, x) is the kernel of the integral equation, ®(g) is a function, and g and w are limits of integration
that may be constants, variables, or a combination of both. When Y(g) = 1, Eq. (1) becomes

8
¥(g) = O(g) + T fo K(g. 0)y(x) dx. P

The integral Eq. (2) is called the Volterra integro-differential equation of the second kind. The research developed a numerical method
to solve Volterra integro-differential equations, which are expressed in Eq. (2).

Second-kind VIDEs demonstrate applications in four distinct fields: viscoelasticity, population dynamics, control systems, and
heat conduction problems. The development of numerical methods for solving these equations has seen significant progress through
recent advances in computational mathematics. Researchers have developed block methods|[1, 2], hybrid schemes [3], and iterative
methods such as the Variational Iteration Method and Adomian Decomposition Method [4, 5] that effectively solve both linear and
nonlinear problems. Brunner [6] evaluated these methods using three main criteria: convergence analysis, error estimation, and
computational cost evaluation. The field of numerical analysis continues to actively investigate robust computational methods for
solving second-kind VIDE:s.

The second kind of Volterra integro-differential equations presents major difficulties for both analytical work and computational
methods because it involves both differential and integral components. The integral component functions as a memory term that
establishes nonlocal connections, making both theoretical research and numerical approximation more challenging [7, 8]. Real-
world problem solvers face difficulties because analytical solutions are often only available for linear equations with simple kernels.
Existing numerical methods may suffer from issues such as low accuracy, accumulation of truncation errors, high computational cost,
instability for stiff problems, and difficulty handling nonlinear kernels [9, 10]. These limitations make these methods less effective
and dependable when scientists and engineers use them to develop real-world scientific and engineering models [11].

Many traditional computational methods require stepwise integration, which demands more computation time and results in lower
performance across all problem types, especially when dealing with large-scale or rapidly changing systems. Some methods also
lack rigorous convergence analysis or produce results that are sensitive to step size selection [12]. Therefore, there is a clear need to
develop a more efficient, stable, and accurate computational method that can directly solve second-kind Volterra integro-differential
equations without creating excessive computational demands.

Previous studies have shown substantial advancements in solving VIDEs and related models through both analytical and compu-
tational methods. Maturi [13] used the Variational Iteration Method (VIM) on second-kind VIDEs through Maple 18, demonstrating
accuracy through numerical examples that showed exact solutions in both tabulated results and graphical comparisons. Uwaheren et
al. [14] used Akbari-Ganji’s Method (AGM) with Legendre polynomial bases to solve Volterra integro-differential difference equa-
tions. These studies demonstrate how semi-analytical iterative methods produce accurate results with less complex implementation.

The theoretical foundations of various contributions receive equal importance with their computational techniques. Alharbi
and Althubiti [15] transformed second-order integro-differential equations into equivalent Volterra—Fredholm integral equations,
establishing existence and uniqueness results within a Hilbert space framework using contraction mapping principles. Ghosh and
Mohapatra [16] developed a finite-difference method to solve time-fractional Volterra integro-differential systems, which use Caputo
derivatives by combining L1 discretization with the composite trapezoidal rule. The research offers precise demonstrations about
existence and uniqueness together with stability results and convergence proofs while providing error analysis which covers both
smooth solutions and weakly singular solutions, thus enhancing the dependability of the suggested method.

Recent studies show that hybrid and spectral-based methods have become essential research tools. Otaide and Oluwayemi
[17] developed a computational framework for higher-order linear VIDEs by combining the variational iteration algorithm with a
collocation method using fourth-kind shifted Chebyshev polynomials. They used Banach’s fixed-point theorem to prove convergence
and demonstrated that higher polynomial degrees produced more accurate results. Ouaret and Malendas [18] developed an iterative
collocation method for nonlinear delay Volterra integral equations using Lagrange polynomials with complete theoretical foundations
covering Lipschitz conditions and discrete Gronwall inequalities. The studies show how researchers increasingly combine spectral
approximation methods with iterative correction techniques.

The present study extends the development of solution techniques for various Volterra-type equations exhibiting different forms
of delay and spatial interaction effects. Cimen and Yatar [10] proposed a fitted finite difference method for solving linear first-
order Volterra delay integro-differential equations, incorporating a priori bounds, truncation error analysis, and a proof of first-order
convergence. Their work was further expanded to nonlocal models by introducing a peridynamic differential operator into the
Volterra integro-differential framework, enabling the simulation of discontinuities in viscoelastic materials [19]. To obtain numerical
solutions, the authors employed Galerkin finite element methods for spatial discretization alongside the backward Euler scheme for
time integration, demonstrating both stability and first-order convergence of the method.

2. Formation of the computational method

Consider the power-series polynomial of the form
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r+s—1

o= > agl 3)

Jj=0

We consider the approximation of Eq. (3) as a basis function, where r and s are the number of distinct interpolation and collocation
points, respectively. By differentiating Eq. (3) three times, we have

r+s—1

V(@)= ) i =D - ae”, @)

J=0

A one-step grid is considered with a constant step size /& given by i = g,+1—8,, j = 0, 1, and four off-step points at 8n+ts8nits 8nsd
and 8+l

Interpolating (3) at point g4, ¥ = %(%)% and collocating (4) at points g+, s = 0, %, i, %, %, 1, gives a system of equations of the
form
AG = U. ©)

where

T
A =lag,a1,a2,a3,a4,0as,0a6,a7,a3]" ,

U=[yn+§ yn+% yn+% S fn+% fn+§ frw% fn+% fn+l]T and

r 2 3 4 5 6 7 8
1 8n+l g,zﬁé g’;*% gT% gﬁ gﬁ gT% gw
8+l gg+% ggﬁi gZJr% gng% gg+% g;+% g§+%
1 g”"’% gn-%—z gn+§ gn+§ gn+l ng—3 gn+§ gn+§
8 8 8 % 83 84 85
0 0 0 6 24¢, 60g; 120g;, 210g, 336g;
G =10 0 0 6 24gn+é 60gi+§ lZngH% 210gi+§ 336gi+%
0 0 0 6 24gn+% 60g2+ . 120g3+ . 210g4+ . 336g5+ .
nty nty nty nty
0 0 0 6 24g,.3 60g2+ s 120g3+ N 21Og4+ s 336g5+ N
n 3 n H n 3 n §
0 0 0 6 24g,.1 60g2+ . 120g3+ . 210g4+ . 336g5+ .
nts nty nts nts
0 0 0 6 248,41 60g§+1 IZOg;’Hl ZIOgi+l 33’6gfl+1

Solving Eq. (5) for a;, j = 1(0)8 which are constants to be obtained and substituting into Eq. (3) gives a one-step continuous
computational method of the form,

1
1(1\1
Y(8) = @ (@)t + @1(@)t + @3 ()Y +H ;ﬁj(g)fmj +,8.¥(g)f;l+s:| §=c (g) T (6)
where a,(g),8(g),and B(g) are presented as functions of x, with
8~ 8n
===, 7
W )
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where
ay = 327 =201+ 3
ay = —6472 + 32t -3
@y = 327 - 121+ 1
2, 64, 23, 11, 53, 1, 51529 , 1787 7
e A e eV Bt Ry L t r—
Po= =Gl v 35~ e Tt Y 6T T 2380480 T 1720320 655360
1024 ;17408 , 448 1856 5 32, 16027 , 3679 401
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Evaluating Eq. (6) at a non-interpolating point gives the continuous form

7 401 257 1 13 1 ff"]
| [3 =3 1]Vt 655360 430080 243760 20480 983040 13762560 ||)*3
SOY DN O | N DEY B B 247 59 1 1 st ©
s 235 ol 1966080 143360 243760 61440 327680 13762560 || furz |’
Yutl Ynt 39437 4I57 22497 1361 16943 ST ||
393216 86016 16384 12288 196608 917504 1| ;"
Differentiating Eq. (6) once, gives
1
(9=, ' ' WD B @ s + B s | 5= () 5.1 (10)
V(&) = @y (@)Yt + @ (8)Vnit + @3 (8)Yny3 + 2, (& + Bi@fnss |5 = (5| 5 1
=
Evaluating Eq. (10) at g,,, Snsls  &uils  8mils  &usl and g1, we have
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hy, 0 B 1 773 1003 5339 §3 121 30 0p
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It B R Rl T T 13 247 13 ? 0 Jue
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+ 446413 S 9 _ 166841 By
L 5160960 1128960 71680 161280 2580480 12042240
(1)
Differentiating Eq. (6) twice, yields
1
(8) = (@ + @@t + L@y + LD B e + BL@ o5 = 2(2)m. 1 (12)
y g % n+§ % n+y % n+§ Jj n+j s n+slis 8 8 23 .

J=0
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Evaluating Eq. (12) at g,, 8,1, &uils  &Gued»  &uyd aNd gnyy, gives
[ gﬁly’;; | 51529 16027 449 757 893 89 11 £ |
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Combining and solving Eq. (9),Eq. (11) and Eq. (13) simultaneously, to give the explicit computational method as
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3. Basic properties of the computational method

The basic properties of the computational method are established in this section.




Ayinde et al. / African Scientific Reports 5 (2026) 476 6

3.1. Order and error constant

Consider the linear operator L defined by

k. 0}
Ly : b = AOY) = " "Z, W = W dif ) + BiF (V). a7
i=0 ’

Applying the Taylor series expansion of Y,, and F(Y,,) and comparing the coefficients of 4 gives
Ly(x) : h] = Coy(x) + C1y/(x) + + =+ + Coh?yP(x) + Cpit Py (x) + Cpiah?2yP 2 () + ... (18)

The linear operator L and the associated computational method are said to be of order pif Co = Cy = -+ =Cp, = Cpy1 = Cpn =0,
Cp+3 # 0. Cpy3 is called the error constant and implies that the truncation error is given by ., = C p+3h/’+3 y(”+3)(x) + O(hP*).
Expanding the computational method in Taylor series gives

1637 e 3167 ol
o ~7225344 8 T 20643840 ¢
Z(%l _ lh 1 h2 7 31849 3 ///_Z (j+3) %8% ) ?ﬁ % )
! = g~ 138" ~ 165150720 Z Y 175160960 '8 982575360
m( )
——( )+ —( )
o 1y 4 77
Zﬂ_ _lh/_ihZ v 2497 1289 3///_Zhj (]+3) 5? 0( ) 3 356( )
LyTjr T T AT R T 00240 2016 % T 6451202
1
~ 1200040
27297 3159
o 3y ~ 30140803 * 7293760 @
Z@_ _Eh ’ ihZ "o 44577 h3 ///_Zhj+3 (j+3) 99 ( ) 2511 ( ) (19)
S T T s T 0080 T4 T | 781920 1 9175040 2 ||
_128450560( )
——( )+ ( )
o 1 . 2205 %" 2520
DA VA VNS L RN o AT i N —? o)
=i T2 o8t 40320 = " 315 2016 2
282240( )
R . 2285( 8)~ gTs( ¥
2 by — R 3///_ J+3) e _
; G T T T 2520 Z 315( ) 630( )
17640( )

Comparing the coefficients of &, the order p of our method is p = 5 and the error constants are given by C,.3 = [-1.1274 X
1078 -73165x 107 —1.0644x 1078 -4.0367x 107 —3.2294x 107°].

3.2. Consistency

A computational method is said to be consistent if it has order greater than one. Our investigation demonstrates that our method
has order p = 5 > 1; therefore, the method is consistent [20].

3.3. Zero stability of the computational method

A computational method is said to be zero-stable as & — 0 if the roots of the first characteristic polynomial p(r) = 0 satisfy
| > A°R¥1| < 1 and those roots with R = 1 must be simple. Now,

1 0000 (00001 [r 000 -I
01000 (000071 [0 r 00 -I

o =1rl0 0 1 0 0[={0 0 0 0 1|={0 0 r O -1 |=rG-1).
00010 000071 000 r -1
0000 T1 00001 oo o0o0 r-1
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Figure 1: Region of absolute stability of our method.

Then, solving for z in
(r-1), (20)

gives r = 0,0,0,0, 1. Hence, the computational method is zero-stable [20].

3.4. Convergence of the computational method

Theorem: The necessary and sufficient conditions for a linear multistep method to be convergent are consistency and zero-
stability. The method developed in this study shows consistency according to the findings of [21].

3.5. Region of absolute stability of the computational method
Applying the boundary locus method, we obtain the stability polynomial as

_ 523 1
hW) = WP (- w4 - w?
W) = b (=3557962206 20800 ~ 6061057848 1152000
h 10705061 . 8429 -
2272896693 0432000 3409345039 5648000 o
. 463317839 ., 2311 oo 441243, 11 X
+H(= - W) + 18(— - W)
2841120866 30400 52613334937 600 5284823040 880303840
184343 27 5
ho(- W —— W+ wS——w*
(= 560160 86727 )" 2

Applying the stability polynomial, we obtain the region of absolute stability shown in Figure 1.

4. Numerical implementation of the computational method

The Computational Method (CM) was numerically implemented to estimate its efficiency and validate its accuracy on selected
second-kind Volterra integro-differential equations.

4.1. Example 1
Consider the Volterra integro-differential equation of the form

y'(g) = —sin(g) — cos(g) + fo 2cos(w — g)y(g)dg, y(0)=1,0<g<5, (22)

with the exact solution
y(g) = exp(-8). (23)

The newly developed Computational Method (CM) was applied to solve the equation (22). The error associated with the Com-
putational Method, denoted by the Error in Computational Method (ECM), was computed by comparing the numerical solution
obtained using CM with the exact solution. The ECM values were then compared with the errors reported for the Fifth-Order
Adams-Bashforth—-Moulton Predictor—Corrector Method (ABMS5) and the Two-Point Three-Step Block Method (P3BM) presented
by Majid and Mohamed [22], as well as the Fifth-Order Third Derivative Trigonometrically Fitted Block Method (BTFM) developed
by Olowe et al. [12]. The comparative results are presented in Table 1.
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Table 1: Numerical results for Example 1.

g Exact Solution Computed Solution ECM BTFM ABMS P3BM
0.25 0.77880078307140486825  0.77880078307139900694  5.8613(-15)  1.6847(-06)  8.1337(-03)  6.1138(-03)
0.125 0.88249690258459540286  0.88249690258459539701  5.8500(-18)  5.0991(-08)  4.7616(-04)  3.9009(-04)
0.0625 0.93941306281347578612  0.93941306281347578612 0.00000 1.5744(-09)  2.1034(-05)  1.6881(-05)
0.03125 0.96923323447634408185  0.96923323447634408185 0.00000 4.8948(-11)  7.8509(-07)  7.8509(-07)
0.015625 0.98449643700540840599  0.98449643700540840599 0.00000 1.5261(-12)  2.6828(-08)  2.0516(-08)
0.0078125  0.99221793826024351211  0.99221793826024351211 0.00000 477637(-14)  8.7684(-10)  6.6334(-10)
Table 2: Numerical results for Example 2.
g Exact Solution Computed Solution ECM ™ ET™M NETM
0.025  0.02499739591471233066  0.02499739591471233066 0.0000 5.1916(-06)  5.1818(-06)  6.3815(-09)
0.050  0.04997916927067832880  0.04997916927067832879  1.0000(-20)  1.0247(-05)  1.0208(-05)  5.8198(-08)
0.075  0.07492970727274234209  0.07492970727274234176  3.3000(-19)  1.5012(-05)  1.4926(-05)  2.0634(-07)
0.100  0.09983341664682815231  0.09983341664682814802  4.2900(-18)  1.9339(-05)  1.9187(-05)  4.9983(-07)
0.125  0.12467473338522768996  0.12467473338522765811  3.1850(-17)  2.3086(-05)  2.2852(-05)  9.8478(-07)
0.150  0.14943813247359922150  0.14943813247359905770  1.6380(-16)  2.6120(-05)  2.5790(-05)  1.7034(-06)
0.175  0.17410813759359595189  0.17410813759359529851  6.5338(-16)  2.8323(-05)  2.7883(-05)  2.6932(-06)
0.200  0.19866933079506121546  0.19866933079505905187  2.1636(-15)  2.9588(-05)  2.9027(-05)  3.9860(-06)
0225  0.22310636213174544782  0.22310636213173923390  6.2139(-15)  2.9825(-05)  2.9136(-05)  5.6073(-06)
0.250  0.24740395925452292960  0.24740395925450698043  1.5949(-14)  2.8961(-05)  2.8139(-05)  7.5758(-06)
Table 3: Numerical results for Example 3.
g Exact Solution Computed Solution ECM ™ ET™M NETM
0.100  0.09983341664682815231  0.09983341664682814802  4.2900(-18)  8.4317(-05)  8.2792(-05)  1.2502(-07)
0.200  0.19866933079506121546  0.19866933079505905187  2.1636(-15)  1.6558(-04)  1.6310(-04)  7.3015(-07)
0.300  0.29552020666133957511  0.29552020666125835328  8.1222(-14)  2.4402(-04)  2.3848(-04)  2.5669(-06)
0.400  0.38941834230865049167  0.38941834230760478302  1.0457(-12)  3.1661(-04)  3.0657(-04)  6.4301(-06)
0.500  0.47942553860420300027  0.47942553859675189429  7.4511(-11)  3.8012(-04)  3.6514(-04)  1.3074(-05)
0.600  0.56464247339503535720  0.56464247335869400161  3.6341(-11)  4.3328(-04)  4.1210(-04)  2.3195(-05)
0.700  0.64421768723769105367  0.64421768710190933378  1.3578(-10)  4.7376(-04)  4.4558(-04)  3.7422(-05)
0.800  0.71735609089952276163  0.71735609048430228912  4.1522(-10)  4.9978(-04)  4.6392(-04)  5.6296(-05)
0.900  0.78332690962748338846  0.78332690854442458017  1.0831(-09)  5.0976(-04)  4.6571(-04)  8.0264(-05)
1.000  0.84147098480789650665  0.84147098233409403428  2.4738(-09)  5.0243(-04)  4.4985(-04)  1.0966(-04)
4.2. Example 2
Consider the Volterra integro-differential equation of the form
[ cosw- 000" @ = 25inte) 4)
0
The initial conditions are y(0) = y'(0) = 0 with g € [0, 1] and exact solution given by
g =g (25)
The results are displayed in Table 2.
4.3. Example 3
Consider the Volterra integro-differential equation of the form
8
yig=1- f ¥(g)dg, y(0)=0, 0<g<s5, (26)
0
with the exact solution
y(g) = sin(g). 27

The results for 7 = 0.025 and & = 0.1 are displayed in Table 3.
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5. Discussion of results

In Example 1, the CM was used to solve a test problem with a known exact solution. The results were compared with those
from ABMS, P3BM [22], and BTFM [12]. The CM demonstrates excellent agreement with the exact solution throughout all tested
step sizes, achieving results that match or exceed the performance of other methods. Notably, the CM errors are on the order of
1071 to 1078, while the comparison methods show errors ranging from 1076 to 10~'%. The CM consistently produces more accurate
results. In Example 2, the CM was evaluated against the Haar Wavelet Method by Singh and Kumar [23] and BTFM [12]. The CM
successfully reproduces the exact solution for all grid points considered, matching the performance of HWM and exceeding BTFM
in some cases. The results indicate that the CM can handle problems with rapidly increasing solution values effectively. Example 3
compared CM against TM, ETM as described by Ishak and Ahmad [24], and NETM developed by Fuziyah and Muhammad [25].
The numerical results show that the CM provides highly accurate approximations at various step sizes, performing significantly better
than TM and ETM while remaining competitive with NETM. The results show that the CM maintains its accuracy through different
step sizes, demonstrating both convergence and stability properties. The Computational Method (CM) demonstrates its effectiveness,
reliability, and high accuracy through numerical tests in three examples of second-kind Volterra integro-differential equations. The
method performs consistently across various problem types, and its performance exceeds that of many existing numerical methods,
establishing it as an effective tool for real-world computational tasks.

6. Conclusion

This study presents a newly developed Computational Method (CM) for solving second-kind Volterra integro-differential equa-
tions. The CM was developed through interpolation and collocation techniques and was tested to evaluate its performance through
several properties, including order, consistency, zero-stability, convergence, and absolute stability. The Computational Method (CM)
functions as a dependable numerical solution tool that delivers accurate results for second-kind Volterra integro-differential equations.
The solution method shows improved performance compared with many existing numerical methods while maintaining both stability
and convergence when solving problems with rapid solution changes or large solution values. The study establishes CM as a viable
option for practical applications in engineering, physics, and applied mathematics where precise solutions of integro-differential
equations are required. Future research will apply this method to develop solutions for nonlinear fractional and multi-dimensional
Volterra-type problems by testing adaptive step-size methods and large-scale computational optimization.
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