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Abstract

This study proposes a group of clusters of families of hybrid polynomial kernels, constructed via convex combinations of Beta polynomial kernel
families, extending classical kernel density estimation through a flexible mixing parameter that generates smooth and adaptable kernel shapes. The-
oretical analysis shows that the asymptotic performance of the resulting estimators is governed by kernel roughness and second-moment functionals
through a canonical AMISE constant, yielding near-optimal efficiency with negligible loss relative to the Epanechnikov kernel. Extensive Monte
Carlo simulations across symmetric, skewed, heavy-tailed, and multimodal distributions confirm the theoretical results, demonstrating consistent
error reduction with increasing sample size and uniform convergence across kernel orders. Sensitivity analysis further reveals strong robustness
to variations in mixture proportions, tail heaviness, and modal separation, with sample size identified as the dominant driver of accuracy. Real-
data applications to Old Faithful eruption durations and scar-length measurements show that the proposed estimators capture diverse distributional
features effectively while maintaining stability. Overall, the hybrid kernels provide a flexible, efficient, and robust alternative for complex density
estimation problems.
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1. Introduction

Over the past seven decades, nonparametric kernel density estimation (KDE) has undergone substantial theoretical and method-
ological development, driven by advances in computational capabilities, increasing availability of complex and high-dimensional
data, and the growing demand for flexible model-free statistical procedures. As one of the most important tools in nonparametric
inference, KDE provides a framework for estimating an unknown probability density function directly from observed data without
imposing restrictive distributional assumptions.

The origins of kernel density estimation are commonly traced to the unpublished technical report of Fix and Hodges [1], with
related approximation ideas independently explored by Akaike [2]. The formal introduction is attributed to Rosenblatt [3], who
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established the kernel estimator and initiated systematic theoretical study of nonparametric density estimation. Shortly thereafter,
Parzen [4] provided a unified framework and introduced mean squared error (MSE) and mean integrated squared error (MISE) as
fundamental performance criteria, which remain central in modern KDE theory.

Subsequent developments focused on improving both theoretical understanding and practical performance. Watson and Leadbet-
ter [5] derived MISE-optimal kernels for specific density classes and finite samples. In the 1960s and 1970s, Bartlett [6] introduced
higher-order kernels for bias reduction, while Cacoullos [7] extended KDE to multivariate settings. Epanechnikov [8] proposed
the asymptotically optimal second-order kernel and introduced diagonal bandwidth matrices, influencing kernel design significantly.
Farrell [9] established lower bounds on convergence rates, while Davis [10] developed Fourier-integral density estimators. Further
refinements of MSE and MISE properties were given by Fryer [11] and Deheuvels [12], and Schucany and Sommers [13] introduced
jackknife-based bias reduction methods.

Later decades saw major growth in theory and applications. Abramson’s square-root law (see Ref. [14]) introduced adaptive band-
width selection, forming the basis of modern variable smoothing methods. Devroye and collaborators [15—17] studied convergence
under alternative loss functions, especially the L; norm, while Cline [18] introduced admissibility concepts linking kernel struc-
ture to estimator reliability. Marron and Nolan [19] developed canonical kernel theory, unifying classical constructions. Silverman
[20, 21], Rudemo [22], and Bowman [23] significantly advanced practical bandwidth selection methods. Computational advances in
the 1990s and early 2000s further accelerated multivariate KDE, efficient smoothing algorithms, and large-sample implementations
(see Refs. [24-27]), with applications in econometrics and astrophysics (see Refs. [28, 29]).

Collectively, these works established the foundations of modern KDE and emphasized kernel choice, bandwidth selection, and
asymptotic risk as central determinants of estimator performance.

Despite this maturity, kernel design and bandwidth selection remain the most influential factors in achieving optimal bias—
variance trade-offs across heterogeneous data structures (see Ref. [21]). Consequently, research has increasingly focused on adaptive
and flexible kernel constructions beyond classical fixed-kernel frameworks.

A major direction is adaptive estimation. Building on Abramson [14], variable-bandwidth and adaptive KDE methods have
been developed, allowing smoothing to vary with local data structure (see Ref. [30]). These improve estimation in regions with sharp
curvature, varying density, or sparse tails. Related approaches include shape-adaptive and boundary-corrected kernels (see Ref. [31]),
improving performance while preserving theoretical validity (see Ref. [32]).

Another important direction is hybrid kernel construction. Instead of relying on a single kernel, hybrid approaches combine
multiple kernels to improve smoothness, reduce bias, enhance adaptability, and retain computational efficiency. Such methods often
achieve superior asymptotic performance while preserving interpretability and theoretical guarantees of classical KDE.

The classical polynomial (Beta) kernel family (see Refs. [33, 34]), including the Epanechnikov, Biweight, Triweight, and Quadri-
weight kernels, provides a strong basis for hybrid development. These kernels are mathematically well understood and central to
KDE theory. The clustering framework in this study builds on ideas in Ref. [27], emphasizing structured families of kernels rather
than isolated constructions. Unlike traditional hybrid approaches that combine a few fixed kernels, the proposed framework generates
entire families of related kernel functions through systematic parameterization.

1.1. Motivation and novel contributions

The motivation for this study arises from a structural gap in the classical polynomial (Beta) kernel family: its members exist only
at discrete orders, so a practitioner must jump from the Epanechnikov kernel to the Biweight kernel (and so on) with no intermediate
shape available, even though the optimal degree of smoothing for a given dataset typically lies between successive orders. Our earlier
work addressed this gap partially: a single family of hybrid classical polynomial kernels was introduced in Ref. [33], and a cluster
of such families was developed in Ref. [34]. Both contributions, however, were essentially constructive; they neither organised
the admissible mixing weights into a unified generative system nor supplied a complete asymptotic theory covering all members
simultaneously. The present study closes this gap and advances the literature in four specific ways. First, it constructs a group of four
clusters of families of hybrid kernels (Clusters A-D), generated from a single closed-form expression, Eq. (6), by rational grids of
the mixing weight py; this elevates hybridisation from an ad hoc mixture device to a systematic generative mechanism producing 116
family—order combinations. Second, it establishes the validity of the entire group (Theorem 3.1) and derives closed-form roughness
and moment functionals together with a general order-2m AMISE with fully explicit constants (Theorem 4.2), thereby extending
optimality theory from individual kernels to structured kernel systems through asymptotic equivalence classes sharing a common
canonical constant C(K). Third, it introduces a relative asymptotic sensitivity (RAS) framework, new to this line of work, that
quantifies the robustness of the proposed estimators to perturbations in sample size, mixture proportion, tail thickness, and modal
separation. Fourth, it validates the theory through extensive Monte Carlo experiments over symmetric, skewed, heavy-tailed, and
multimodal targets and through two real datasets, demonstrating that every member of the group attains near-Epanechnikov efficiency
(no less than 0.9572) while offering a continuum of tunable kernel shapes unavailable in Refs. [33] and [34].

Accordingly, this review focuses on adaptive smoothing, hybrid kernel construction, and asymptotic risk analysis, rather than a
full survey of KDE literature.
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Classical polynomial kernels of successive orders are effective but do not allow smooth transitions between levels of smoothing.
For instance, the Epanechnikov kernel may under-smooth while the Biweight kernel may over-smooth, with no intermediate kernel
to bridge this gap.

To address this, a cluster-based framework for hybrid polynomial kernels is proposed. Instead of treating hybrid kernels as ad
hoc mixtures, clustering is used as a generative mechanism producing families of kernels governed by shared structural parameters.
Embedding kernels in a cluster parameter space enables controlled adjustment of smoothness and tail behavior while preserving
kernel validity conditions.

The framework constructs hybrid kernels from clustered adjacent polynomial orders, ensuring symmetry, unit mass, finite rough-
ness, and finite moments. It also allows derivation of bias, variance, and AMISE expressions for entire kernel families, enabling
analysis of optimality, robustness, and efficiency.

Extensive simulations and real-data studies compare the proposed kernels with classical and hybrid estimators, showing improved
bias—variance trade-offs without added complexity.

The cluster perspective further introduces asymptotic equivalence classes of kernels with shared AMISE behavior, extending
optimality theory from individual kernels to structured kernel systems.

Overall, the study provides a theoretical foundation for cluster-generated kernels and demonstrates improved density estimation
performance with controlled bias—variance trade-offs and computational efficiency.

The remainder of this paper is organised as follows. Section 2 presents the univariate kernel density estimator and outlines the
methodological framework adopted in this study. In Section 3, the proposed kernel density functions are introduced and formally
constructed. Section 4 provides a comprehensive performance analysis of the proposed estimators using both simulated and real-
world datasets. Section 5 discusses the results, with particular emphasis on comparisons with existing methods in the literature.
Finally, Section 6 concludes the study.

2. Univariate kernel density estimator

One unique nonparametric approach in KDE is the univariate kernel density estimator, which provides a data-driven technique
and an adaptable tool for displaying characteristics present in a given set of observations. Because of its simplicity and ease of
implementation compared to other estimators, it has been widely applied in several fields, including banking, climatology, economics,
genetics, hydrology, physiology, insurance (see Ref. [35]), and random differential equations (see Ref. [36]).

Consider a probability density function f(x), where f f(x)dx =1. Let X1, X5, - - , X,, be independent and identically distributed
random samples of size n drawn from a continuous distribution with density f(x). The univariate kernel density estimator is given by

fi) = n—IhZK("_hX"), (1)

where K(-) is the kernel function satisfying the properties

i. K(x)=K(-x), VxeR,

i. f K@dt =1,
R

K(t)dt =0,
iii Lt (t)dt @)

iv. f K%(t)dt = |IK]|[3 < oo,
R

v. f K () dt < o.
R
The bandwidth parameter 4 is required to satisfy

i. limh=0,

ii. }1_}1{’10 nh = oo, ©)
The kernel properties in Eq. (2) ensure symmetry, unit mass, zero first moment, and finite second-order behaviour, while the
conditions in Eq. (3) guarantee the asymptotic consistency of the estimator.
As discussed in Section 1, Eq. (1) originated from the early technical contributions of Ref. [1] and [2], with the first formal
publication credited to Ref. [3] and subsequently developed by Ref. [4]. Consequently, the estimator is commonly known as the
Rosenblatt—Parzen kernel density estimator.

The classical family of polynomial kernels is defined by
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Table 1: Constants of the four polynomial kernels: normalising constant C,, variance functional u,(K), roughness R(K), canonical
bandwidth factor 6k, and asymptotic efficiency relative to the Epanechnikov optimum, see Ref. [26].

p Kernel C, Uz (K) R(K) ()% Efficiency

1 Epanechnikov  0.7500 0.2000 0.6000 1.7188 1.0000

2 Biweight 0.9375 0.1429 0.7143 2.0362 0.9939

3 Triweight 1.0938 0.1111 0.8159 2.3122 0.9867

4 Quadriweight 1.2305 0.0909 0.9070 2.5591 0.9791

Table 2: Notation used throughout the paper.

Symbol Meaning
£, fh true density and its kernel estimator, Eq. (1)
n, h sample size and bandwidth
K, K generic kernel; classical polynomial kernel of order p, Eq. (4)
p normalising constant (2p + 1)!!/(27*! p!) of K[,
p base order of the classical kernels combined (p = 1,2, 3,4)
m smoothing (derivative) order; the kernel is of order 2m
L1, P2 convex mixing weights, p; +p, = 1,0 < p; < 1
Kso) proposed hybrid kernel p1 K1) + 2K, Eq. (5)
R(K) = f K? kernel roughness functional
w(K) = f ’K second moment of the kernel

C(K) = ux(K)*R(K)*>  canonical AMISE constant (second-order case)
eff(K) efficiency relative to Epanechnikov, C(Kgpan)/C(K)

MISE, AMISE (asymptotic) mean integrated squared error, Eq. (15)

hAMISE AMISE-optimal bandwidth, Eq. (32)

A(m), B kernel constants in the general AMISE, Egs. (21)—(22)

lgl3 = [ & squared L? norm; with g = f®™ it is the curvature functional
RAS(0) relative asymptotic sensitivity to parameter 6

re), Cp+nHN gamma function and double factorial

K= LD Z( 1)() . p=0,1,2,... @)

p+1 |

The cases p = 1,2,3, and 4 correspond respectively to the Epanechnikov, Biweight, Triweight, and Quadriweight kernels. As
p — oo, K.(t) converges to the Gaussian kernel ¢(¢). Detailed discussions on kernel construction and their theoretical properties can
be found in Refs. [33, 34, 37].

To further characterise these polynomial kernels, Table 1 summarises their normalising constants, second moments, roughness
measures, canonical bandwidth factors, and asymptotic efficiencies relative to the Epanechnikov optimal kernel.

Table 1 reveals a systematic trade-off as the kernel order increases. Specifically, the variance functional p,(K) decreases, whereas
the roughness measure R(K) and the bandwidth factor 6k increase. This behaviour reflects progressively smoother kernels with
wider effective support. Although the Epanechnikov kernel remains asymptotically optimal, the efficiency losses associated with
higher-order polynomial kernels are relatively small, demonstrating the near-optimal performance of the entire family.

Since several quantities introduced in this section reappear throughout the subsequent theoretical developments, particularly in
the derivations presented in Section 4, the principal notation adopted in the paper is collected in Table 2 for ease of reference.

3. A group of clusters of the families of hybrid classical polynomial kernels

A cluster is defined as a group of items in which each item is close to another item of that group, and members of different groups
are far away from each other, as stated in Ref. [27]. In this section, a group of clusters of proposed families of hybrid classical
polynomial kernels (Kg(c)(1)) is heuristically constructed. This involves fusing together two kernels of orders p — 1 and p using the
axioms of probability, following the approach outlined in Refs. [33, 34]. The proposed group of clusters of the families of hybrid
polynomial classical kernels is formulated by the simple formula

Keo)(®) = p1Kp-11(t) + p2 K (D), ©)
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where 0 < p; < 1, p; +p» = 1, and Kj,_1}, and K[, are respectively the families of classical polynomial kernels of order p — 1 and p
as presented in Eq. (4). On plugging Eq. (4) into Eq. (5) and applying necessary algebraic rules, we have:

i -1 <
Koo ={ TorTl2re@r- 1>”Z< 1)( )+P2 @p+ 1)!!2(—1)’(’j )ﬂ’]}, ©)
r=0

where the double factorial is given as 2p + D!! = 2p + 1)(2p—1)---5-3 - 1. Eq. (6) is thus the proposed group of clusters of the
families of hybrid classical polynomial kernels.

3.1. Notable specific clusters of families of Kg(c)(t)

The four specific notable clusters of families of kernels in the proposed group of clusters of families of kernels are herein
presented in this subsection. Each cluster within the proposed group represents clusters of distinct families of hybrid classical
polynomial kernels, obtained by combining two kernels of orders p — 1 and p using the axioms of probability. The fusion of these
kernels results in a set of versatile and adaptive kernels, offering a spectrum of options for nonparametric kernel density estimation.

The construction of these hybrid kernels as stated earlier is inspired by the work of [33, 34], providing a heuristic approach to
generate kernels that exhibit desirable properties. By leveraging the principles of probability, these families of hybrid kernels aim to
enhance the flexibility and performance of kernel density estimation methods.

The choice of combining kernels of different orders introduces a nuanced approach, allowing for tailored solutions to various
density estimation scenarios. The resulting clusters encapsulate the characteristics of both lower and higher-order kernels, providing
a rich set of options for practitioners in the field.

The exploration of these families of hybrid classical polynomial kernels contributes to the ongoing efforts to improve the
robustness and adaptability of kernel density estimation techniques. By introducing these clusters, we aim to offer a diverse toolkit
that can be applied across different domains, spanning from theoretical research to practical applications in areas such as statistics,
machine learning, and data analysis. These clusters are characterized as follows:

Cluster A: when py = Lo i=1,2,---,9
A 272 . & p—1 . c P\|2
Kfe)D) = m[le(Zp— 1)!!;(—1) ( ; )+ (10 - )(2p + 1)!!;(—1) (r)}t . 7
Cluster B: when p; = é =1,2,---,8
2—17—1 . 5 AP = 1 . C P r
KB (1) = m[zm(zp - ;(—1) ( ; ) +(9-)2p+ D! ;(—1) (r)]zz . ®)
Cluster C: when p; = é,l =1,2,---,7
c 27 . N A(P\| 2
Ko = T )[21p(2p - Z( 1" ( )+ 8 -H2p+ hH!! ;(—1) (r)]t . 9)
Cluster D: when py = %,1 =1,2,---,7
21 it -1 2
KB (1) = o )[Zip(Zp N Z(—l)’(p ) )+ (7 -2p + D! Z(—l)’(’:)]ﬁr. (10)
r=0 r=0

These clusters of families in K¢(c)(f) as given in Egs. (7), (8), (9) and (10) are presented respectively in Tables 3, 4, 5, and 6.

The four tables are intentionally exhaustive: they record every family generated by the admissible mixing weights of each cluster
and are provided for completeness and reproducibility, so that any member can be reconstructed exactly without re-deriving Eq. (6).
The explicit polynomials are not meant to be read individually as separate results; rather, they document the full reach of the one-
parameter construction. To keep the subsequent analysis readable, all theoretical and empirical comparisons in Section 4 are carried
out on two representative families (F, F») drawn from each cluster, which already span the relevant range of the mixing weight p;.
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Table 3: Families of hybrid classical polynomial kernels in cluster A.

Family (i) Epanechnikov Biweight Triweight Quadriweight
I 3 3 7
AF1 —(29-27%) ——(49-941> +45t) —(1-12)223-211%) —(1-1*)>*89 —81¢
401( ) 6 ( +451%) 614( ) ( ) 5172( )’( )
AF2 1—0(7—6t2) —0(6— 1172 + 5¢%) 1—6(1 — )17 - 148 6—4(1 - 12311 -94)
3 1 21
AF3 E(9 - 7% 1_90(47 — 8217 + 35t 6—(1 — )67 — 497%) 53(1 - 12)3(29 - 217
I 7
AF4 73503~ 92) %(23 — 3812 + 15¢*) 5= 2)2(11 = 7¢%) %(1 - 12343 - 27¢%)
3 5
AF5 §(5 -3 3,5(9 — 1472 + 5¢%) 6—(1 - 2213 -7 ﬁ(1 - 12317 - 9%
1 1
AF6 —(23-9%) ——(43-582 +15¢ —(1-?3-7 —(1 - *)3(83 — 27+
403( ) 1630( +151%) 164( ) ( ) 51221( )7 ( )
AF7 —@2-7 — (11 — 16¢* + 5¢* —(1 -)?*(16 -77 — (1 -»37-37
110( ) 430( +517) 116( ) ( ) 1728( )( )
AF8 —(11 =37 —(21 = 26¢% + 5¢* —(1-)?@1 =177 — (1 - 2341 - 9¢?
203( ) 830( +51) 312( ) ( ) s 3( )( )
AF9 %(7 -1%) ﬁ(41 — 461 + 5t @(1 - )61 -74) m(l 2?0 -1
Table 4: Families of hybrid classical polynomial kernels in cluster B.
Family (i) Epanechnikov Biweight Triweight Quadriweight
i _ 2 i 42 _ 2 i 4232 _ 2 2 _ +2\3 _ 2
BF1 118(13 12x%) 112(1 )11 - 10x2) 13—‘4(1 x%)2(31 — 28x%) % 8(1 *¥2)3(10 — 9x2)
_ _ 2 . 42 _ 2 = _ 232 _ 2 - _ +2\3 _ 2
BF2 361(25 21x?) 481(1 X2)(43 - 35x%) 2858(1 x2)%(61 — 49x%) 23'3054(1 *¥2)3(79 — 63x?)
BF3 6(4— 3x%) g(1 - x2)(7 - 5x%) E(l - x2)%(10 = 7x%) ﬁ(1 - )13 - 9x%)
1 1 5 5
BF4 —(23-15x%) —(1 —x)@1 -25x2) —(1 =259 -35x3) ——(1—-x2)377-45x*
3?( 3—-15x%) 48; x7)( 5x%) 2%8( x7)°(59 — 35x%) 233054( x7)°(77 — 45x°)
BF5 1—(11 - 6x%) ﬁ(1 -2 -1 m(1 — 29?29 — 14x%) ?(1 —x2)3(19 - 9x?)
1
BF6 - 3x%) 60~ *¥)(13 - 5x%) ;—g(l - x1)2(19 - 7x%) 73758(1 - x1)3(25 - 9x%)
1 1 5 3
BF _ _ 2 _1_2]_ 2 _1_224_2 _1_23 _ 2
7 514(30 9x°) 214( x7)(19 = 5x°) %44( x7)°(4 - x°) 15’22( x7)°(37 = 9x7)
BF8 %(19 -3x%) E(l - x%)(37 - 5x?) ﬁ(1 — x2)2(55 = 7x%) m(1 —x2)3(73 - 9x?)
Table 5: Families of hybrid classical polynomial kernels in cluster C.
Family (i) Epanechnikov Biweight Triweight Quadriweight
CF1 %(23 -21x%) %(1 - x»)(39 - 35x%) %(1 — x2)2(55 — 49x?) %(1 - x3)*(71 — 63x?)
15 5
. _ 2 = 42 _ 2 = _2\2 _ 2 o _+2\3 _ 2
CF2 : (11 - 9x%) 634(1 ¥)(19 — 15x?) %28(1 )29 — 7x?) 11(%%4(1 2335 - 27x%)
CF3 5(7 - 5x%) @(1 - x3)(37 - 25x%) ﬁ(1 - x2)?(53 = 35x) m(l - x3)*(23 - 15x?)
CF4 %(19 ) %(1 - x3)(7-3x%) %(1 - x22(17 = 7x%) ﬁ(l - X267 - 27x)
CF5 %(3 -x%) a(1 - x»)(17 - 5x3) %(1 - x2)2(25 - 7x%) %(1 - x3)3(11 -2
CF6 %(17 - 3x2) 1;—8(1 - x3)(33 - 5x%) %(1 — D)X -x2) M(l - x3)*(6-9x?)

Theorem 3.1. Let K¢(c)(f) denote a group of clusters of families of hybrid classical polynomial kernels. Then the kernel density

estimator

X—X,')

o 1 <&
fh(x)z%;KG(C)( 7 (11)
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Table 6: Families of hybrid classical polynomial kernels in cluster D.

Family (i) E{)anechnikov 3 Biweight S Triweight 5 Quadriweight
DF1 —4(10-9x2) %(1 - x)(17 - 15x%) 50 - X248 - 7x%) ﬁ(1 - X231 -27x%)
DF2 5519~ 15x?) %%(1 - x1)(33 - 25x?%) ?(1 - x2)?(47 - 35x?) g165(1 - x2)3(61 — 45x?)
2 2 2 2\2 2 2\3 2
DF3 {—4(9—6x) 32—8(1—x)(8—5x) @(l—x)(23—14x) 56—4(1—x)(5—3x)
DF4 2517~ 9x%) f%gl - x)(31 - 15x%) 2?(1 — X215 = 7x%) @(1 - x2)*(59 = 27x%)
DF5 76~ 3x%) s~ )3 - x?) @(1 - X222 - 7x%) 117(1 - x3)*(29 - 9x%)
DF6 530~ *?) T )29 - 5x%) 7570~ x2)2(43 = 7x2) 53¢ - ¥)3(19 - 3x2)

satisfies the following properties:
(@) Kgo)(H) = Kgio)(—D),

o [ Kacwdi=1.
R

(©) ftzj’lKG(C)(t)dtzo, j=12,...,m,
R

(12)
(d) f Ko\ dt = a < o0,
R

(e) f P Koo dt < oo, j=1,2,...,m.
R

Proof. The clustered hybrid kernel is defined as

Keo)(t) = p1Kpp-11(0) + p2 K (0),

where p1,p, > 0 and p; +p, = 1, and where Kj,_1; and K[, are classical polynomial kernels satisfying the standard kernel conditions
in Eq. (2).

(a) Symmetry. Each classical polynomial kernel in Eq. (4) depends on ¢ only through 72, since Kig(®) = ¢,(1 - 1*)7; hence Kig(=1) =
K4 (?) for every order g, and any convex combination of such kernels is itself even. Consequently

Kco)(=1) = p1Kpp-11(=1) + p2Kip1(=1) = p1K[p-11(8) + 02K (D) = Ko (D),

which establishes symmetry directly, without any limiting argument. For completeness, the same conclusion follows from the bound
below. By definition, Kgc)(t) = p1 Kjp-1(t) + p2 K 1(f). Hence,

Keic)(x) = Kgio)(=x) = p1[Kip-11(x) = Kjp-11(=X)] + p2[ K[ 1 (x) = Kp)(=X)], (13)

from Kj,_1 from K,

lKG(C)(x) - KG(C)(—X)| =p1 |K[p—]](-x) - K[p—]](_x)| +P2|K[p](x) - K[p](_x)l
< |o1(Kip-11(x) = Kip-11(=0)| + |o2(K 1 (x) = Kipy(=x))|  (Triangle inequality)
< loil - [Kip-11(0) = Kip-11(=0)| + loa] - [Kp1 () = Kipy(=3)| ~ (Cauchy inequality)
= p1| Kip-11(%) = Kip-17(=2)| + p2| Ky (%) = Kipy (=)

(14)

Therefore,
|Kai)(x) = Kao)(—0)| = p1 |Kip-n)(0) = Kpoiy(=0)| + p2 | Kppi () = Ky (=)
NOW, as p — oo, K[p_l](x) - @, K[p_l](—x) - @, K[p](x) - @, and K[p](—x) — Q.
Therefore, the last expression becomes:
|Keo) (%) = Koey(=x)| = pi(e — @) + pa(e — @) = 0.

This implies that Kg(c)(x) = Kg(c)(—x). Hence, Kg(c)(?) is symmetric.
(b) Unit integral. Using linearity of integration,
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f Kg(c)(l) dt = P1 f K[p_l](l) dt + 02 f K[p](l) dt.
R R R

Since each kernel integrates to one,

fK[p_l](t)dIZ fK[p](t)dl‘: 1,
R R

fKG(C)(f) dt=p1 +p; =1
R

we obtain

(c) Vanishing odd moments. For any j > 1,

ftzj—lKG(C)(t)dt=Plfij_lK[p—ll(f)dt+P2fIZj_IK[p](’)dt'
R R R

Each classical polynomial kernel has zero odd moments up to order 2m — 1, hence both integrals vanish and

f l‘zjilKg(c)(l‘) dt =0.
R

(d) Finite roughness. Using the inequality (a + b)*> < 2(a* + b?),

Kgo) (1) < 2p7K], 1(1) + 203 K[, ().

Integrating both sides yields
f Kg oD dt < 2p7 f K2,y () di +2p3 f Ko, () dt.
R

Since both integrals are finite by assumption, the right-hand side is finite. Denoting this finite constant by @ completes the proof.

(e) Finite even moments. By linearity,

fthKc;(o(l)dl:PlfijKlp—ll(l)dterzfijKlpl(l)dl-
R R R

Each integral on the right-hand side is finite by the defining properties of classical polynomial kernels, hence the weighted sum is
finite. O

Remark 1. Because each base kernel is nonnegative and has a strictly positive second moment, properties (a)—(c) hold with m = 1
but not with m > 2: the hybrid is a genuine second-order kernel, and its AMISE therefore decays at the n=*/° rate in the canonical
case. The general statement (c)—(e) for j = 1,...,m is retained because the same kernel may be deployed as a pilot of order 2m when
estimating the curvature functional in Section 4; the moment conditions needed for that higher-order use are exactly those verified
above.

4. The performance of the proposed kernels

This section examines how well the proposed kernel estimators, f,(x), perform in a set of clusters that correspond to families of
hybrid polynomial kernels in Eq. (6), which are provided by Kg(c)(#). Our goal is to derive the suggested kernels’ mean integrated
squared error (MISE) technique. Within the KDE community, it is often known that obtaining a low AMISE and high efficiency is
a good indicator of a kernel’s quality. Hence, the goal of this section is to derive the AMISE scheme and use it for the proposed
kernels. The development proceeds in four connected stages: we first establish the MISE and its asymptotic form (the AMISE), then
isolate the kernel functionals that govern the leading constant, next verify the theory in a controlled Monte Carlo study and a rigorous
sensitivity analysis, and finally apply the kernels to two real datasets.

As articulated by [26], the mean integrated squared error (MISE) concerning fh(x) is expressed as follows:

MISE(f,) = f Bias?(f,(x)) dx + f Var( f,(x)) dx, (15)
where Var f,,(x) and Biasf,(x) in Eq. (15) are respectively given by:

Biasf,(x) = Efy(x) — f(x) (16)
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and A .
Varfy(x) = EfZ(x) = E*fi(x). (17)

In Egs. (15)-(17), E denotes expectation, and f(x) is the true density function. Since the MISE quantifies the accuracy of kernel
estimators but is rarely available in closed form, we work with its large-sample approximation. We therefore begin, in Theorem 4.1,
by recording the leading bias and variance of a generic second-order kernel, and then generalise these to the proposed hybrid kernel
of arbitrary order in Theorem 4.2.

Theorem 4.1. Suppose f is bounded and twice continuously differentiable in a neighborhood of x, with f(x) > 0. Let K be a

bounded kernel satisfying
f K@t)dr =1, f tK(t)dt = 0, f K () dt < o.

Then, asn — coand h — 0,

Var(f(x) = i( f KZ(r)dt) f(x)+o(i), (18)
nh nh
and
. o2.p h 2 ? 1" 2 4
Bias®(fi(x) = Z( f f K(t)dr) (/")) + o). (19)

Proof. We begin with the expectation of Fa():

A 1 -
ELfiol = f k() o du

Applying the change of variables t = (x — u)/h gives

ELf(0)] = f K(0)fCx — hi) dt.

Expanding f(x — ht) via a second-order Taylor expansion,

2l2

h
f(x = ht) = f(x) = htf'(x) + — f (x) + o(h?).

2

Substituting into the integral and using the kernel moment conditions yields

o h?
Efy(0] = f0) + =7 () f 2K(0) dt + o(h?).

Hence, X
Bias(f,(x)) = % £ (x) f PK@)dt + o(h?),

which implies Eq. (19).
For the variance,

) 1 (1 (x-X
Var(f,(x)) = ;Var(zl((x ; 1))

Using standard variance calculations and the same change of variables,
A 1 » 1
Var(fy(x)) = — | K=(O)f(x —ht)dt + o| —|.
nh nh
Since f is continuous, f(x — ht) = f(x) + o(1), leading directly to Eq. (18). O]

Theorem 4.1 fixes the leading bias and variance for any second-order kernel and so identifies the two functionals, f K? and f 2K, that
the asymptotics depend on. Building directly on this, the next theorem combines the integrated squared bias and integrated variance
for the proposed hybrid kernel K¢(c)(7), generalises the expansion to arbitrary smoothing order 2m, minimises over the bandwidth £,
and substitutes the closed-form kernel functionals to obtain the AMISE that drives the rest of the section.
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Theorem 4.2. Let the conditions of Theorem 4.1 hold. Let Kg(c)(?) be the hybrid kernel in Eq. (6), with bounded 2m-th moment,

satisfying Eq. (12)—e for j = m in Theorem 3.1. If f is 2m times differentiable over R, then:

r(p+3 )ﬁ]m in

AMISEY" fy(x) = 47 %1 a1 (dm + 1) ot (ILFe I T2 (p + ) AGm ))“’" [ e, meN

(2p +1)?
where,
2
Ay = @p 2 Do+ Qo+ Do
Zm+ DI2(p+m+ 2)
_ PTCp—D[p(16p> = 1pi +264p* — D(ép + Dprpz + 2(4p> — D2p + Dp3]
I2(p+ HI(2p +3)
and

Il = f (o) dx

is the L?m-norm.

(20)

21

(22)

Proof. Based on the fact that the AMISE is the sum of the integrated bias> and the integrated variance, we first derive explicit

expressions for the two components and then combine them to obtain the optimal bandwidth.
We begin with the bias of f,(x). Substituting Eq. (11) into Eq. (16), we obtain

. . 1 n X —
Bias ﬁ,(x) = f{% Z KG(C)( 7
i=1

Using the change of variable t = (x — y)/h, Eq. (23) becomes

: )} F@)dy = f),

o 1
Bias fi(0 = f Koo () f(x - thy di - ().

To expand f(x — th), we apply the univariate Taylor series about x:

_ (t )2 17 (th)2MI (2m—1) (1 )
J=1h) = 00 = hf(0) + T () =+ = s 0 + s

Substituting Eq. (25) into Eq. (24) and simplifying term-by-term yields

£ (x).

Bias f,(x) = £(x) f Koo (0 di - hf' () f Koo (1) d

h2
* 57 ' (x) f Koo dt —---

h2
(2m D!

f<2'">(x) f " Koy (1) dt — f(x).

f“"' D(x) f " Kooty dt

(2 !
Applying Eq. (12)-b of Theorem 3.1, the kernel moment conditions simplify Eq. (26) to

N h?
Bias fh(x) = - hf'(x) ftKG(C)(t) dt + —'f"(x) ftng(c)(l) dt —

th 1
(Zm 1!

f<2'"><x) f " Kooy (t) dt + o(h™™).

f(2m 1)(x)f 2m IKG(C)(I) dt

(2 )!

(23)

(24)

(25)

(26)

27

Squaring Eq. (27), integrating with respect to x, and applying Eq. (12)—d and Eq. (12)—e of Theorem 3.1, we obtain the integrated

squared bias:
2

4m 2
f Bias® fy(x) dx = ((2’; 7 ( f f(z’")(x)dx) ( f " Keo)(t) dt) + o(h*™).

10

(28)
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We next derive the variance component. By definition,
Var fi(x) = E[ff(0)] = (Bi(x)".

Thus,

R 1 . (x—y 1(1 x—y 2
Varfin = oz [ Ko ) 10002 [ Kae 52 r0wa)

Using the substitution ¢ = (x — y)/h, we obtain

. 1 1 2
Var f(x) = pry f Ké(c)(t) f(x — ht)dt — - ( f Keo)®) f(x — ht) dt) .

Applying the Taylor expansion to f(x — ht), invoking Theorem 3.1, and integrating term-by-term yields the integrated variance:

” 1 _

f Var fy(x) dx = — f Ko @ dt + o(nh)™). (29)

Substituting Eqs. (28) and (29) into Eq. (15), the MISE becomes
MISE f,,(x) = L ff@m)(x) dx - flmeGC () dt ’ + 1 sz (&) dt + o(h™™) + o L (30)

(2m)!)2 © nh ] TGO nh)’
Neglecting higher-order terms in Eq. (30), the AMISE is
AMISE f,(x) = . f Fem(x)dx - f 2" Ko (1) dt ’ + L f K% (1) dt (31)
' (2m)!)? © nh ) TEOWEE

Differentiating Eq. (31) with respect to A, setting the derivative equal to zero, and solving for / yields

e (@m))? [ KD dt S (32)
AMISE — om 2m) ( x))2 n ’
am( [ 2K @ de - [ (FOm () dx)
Substituting Eq. (32) into Eq. (31), we obtain
447m1
AMISE®™ (f(x)) = (4m + 1)(dm) ( f Ko)® dt)
e (33)

— Am_
n Am+l |

2m)!

m 2
< [(—f Kao® dt) [uemeoras

To obtain closed-form expressions, we compute the kernel functionals in Theorem 3.1 (Eq. (12)—d and Eq. (12)—e with j = m).
These are

sz i - pT¥(p+3)T2p - 1)[p(16p? - 1)p} + 2(4p> — D)(4p + Dp1p2 + 2(4p* = D(2p + D3] a
oo (2p+ 12 Val2(p + DI(2p + 3)
and
. T(m+ 3)T(p+ 3)[2p +2m+ Dpy + Q2p + Dpa]
t KG(C)(Z) dt = 3 (35)
2 ﬁl"(p +m+ 5)
Substituting Egs. (34) and (35) into Eq. (33), we obtain
1
AMISE?" f,(x) = 27 51 51 (4 + 1)274m+2 (/l(m) L ColRr(p + %)2) T, meN.
This completes the proof. O

11
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Remark 2 (Verification by reduction to the second-order case). The general expression (20) can be checked against the classical
theory by setting m = 1. In that case the bracketed exponents collapse and Eq. (33) reduces to the familiar second-order AMISE

AMISE(fy) = 3 C(K) (R(f) °n™*, C(K) = ma(KY*PRK)*P,

where R(K) = f K? and i (K) = f 12K are precisely the functionals in Egs. (34)—(35) evaluated at m = 1. Substituting the hybrid
kernel reproduces the canonical constants C(K) € [0.3491, 0.3544] reported in Table 7, which provides an independent numerical
confirmation of the closed-form derivation: the symbolic functionals (34)—(35) and the directly integrated values of Section 4.1 agree
to four decimal places for every family. The same substitution shows that the only kernel-dependent factor in the leading term is
C(K), which is what makes the efficiency comparison of Section 4.1 meaningful.

The closed form in Theorem 4.2 is fully explicit except for one ingredient, and addressing it provides the bridge from theory to
computation. Although Eq. (32) provides the theoretical AMISE-optimal bandwidth, it depends on the unknown functional

f (rem o) dx.

which involves the 2m-th derivative of the true density f. In practice, this quantity is estimated using a pilot (target) kernel estimator

of order 2m:
1 < x-X;
Z(2m) _ (2m) i
FPm(x) = e DK (—h,, )

i=1
2
The functional f (ﬁ”’” (x)) dx is then computed numerically and substituted into Eq. (32), yielding a plug-in bandwidth estima-
tor. The practical steps are:

1. Choose a pilot bandwidth £,,.

2. Estimate f@"(x).

3. Compute [(f@"(x))%dx.

4. Substitute into Eq. (32) to obtain Aawisk.

Alternative data-driven methods such as least-squares or biased cross-validation (see Ref. [32]) and the solve-the-equation plug-
in rule of [38] may also be employed; however, the plug-in selector based on Eq. (32) ensures coherence with the asymptotic AMISE
framework developed above. In the empirical work that follows we make these choices explicit. For the simulation study the oracle
bandwidth is used, that is, Eq. (32) is evaluated with the known curvature functional f (f@m)? of each target density, so that the
reported errors isolate the kernel’s contribution from bandwidth-estimation noise. For the real datasets, where f is unknown, the
pilot bandwidth A, is set by the normal-reference rule, the derivative f?™ is estimated with the order-2m pilot estimator above, and
f (]"72”‘))2 is integrated numerically on a fine grid before being substituted into Eq. (32); the resulting plug-in bandwidths are those
reported in Table 16. With the AMISE and its optimal bandwidth now in hand, the remaining kernel-dependent content of Eq. (33)
is carried entirely by the two functionals R(K) and u,(K); we therefore study these next, since they are what distinguish one member
of the proposed group from another.

4.1. Kernel functionals and asymptotic efficiency

Specialising the general expression of Theorem 4.2 to the canonical second-order case (m = 1) makes the role of the kernel
transparent. The asymptotic behaviour of any second-order kernel estimator is governed by two functionals: the roughness R(K) =
f K%(t) dt and the second moment > (K) = f 2K (t)dt. Their combination forms the canonical constant C(K) = u»(K)* R(K)*,
which is the only kernel-dependent factor in the AMISE; smaller values of C(K) correspond to lower asymptotic risk. We measure
efficiency relative to the classical Epanechnikov kernel, eff(K) = C(Kgpan)/C(K) € (0, 1], with the Epanechnikov kernel attaining
eff = 1 by construction.

Table 7 reports these quantities for the two families (F, F») selected from each cluster and used in the simulation study, across
all four kernel orders (Epanechnikov p = 1, Biweight p = 2, Triweight p = 3, Quadriweight p = 4).

Two regularities stand out. First, increasing the kernel order from Epanechnikov to Quadriweight raises the roughness R(K) (from
roughly 0.58 to 0.90) while lowering the second moment p,(K) (from about 0.21 to 0.09): higher-order kernels are more peaked and
therefore less biased but noisier. The canonical constant C(K) absorbs this trade-off and stays remarkably stable, varying only
between 0.3491 and 0.3544 across the entire table. Second, the mixing weight p; tunes efficiency in opposite directions depending
on order. For the Epanechnikov-order hybrid, efficiency is maximised at small p; (e.g. AF1 attains eff = 0.9999) because the hybrid
then sits closest to the optimal Epanechnikov shape; across the full catalogue of 116—family by order combinations, efficiency ranges
only from 0.9572 to 0.9999. The practical message is that every member of the proposed group is a near-optimal second-order kernel:
the hybridisation never costs more than about 4% in asymptotic efficiency.

12
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Table 7: Kernel functionals, canonical constant and Epanechnikov-relative efficiency for the selected families F', F, of each cluster.

Cluster Family P1 Order R(K) U2 (K) C(K) eff

A AF1 0.1000  Epanechnikov  0.5810 0.2133 0.3491 0.9999
0.1000 Biweight 0.7003 0.1486 0.3507 0.9953
0.1000  Triweight 0.8043 0.1143 0.3528 0.9894

0.1000 Quadriweight 0.8971 0.0929 0.3544 0.9850
AF2 0.2000 Epanechnikov  0.5640 0.2267 0.3493  0.9994

0.2000 Biweight 0.6869 0.1543 0.3506 0.9957
0.2000 Triweight 0.7931 0.1175 0.3527 0.9897
0.2000 Quadriweight 0.8873 0.0949 0.3544 0.9851
B BF1 0.1111 Epanechnikov  0.5790 0.2148 0.3491 0.9999
0.1111 Biweight 0.6988 0.1492 0.3507 0.9953
0.1111  Triweight 0.8031 0.1146 0.3528 0.9894

0.1111  Quadriweight 0.8960 0.0932 0.3544 0.9850
BF2 0.2222  Epanechnikov  0.5605 0.2296 0.3494  0.9992

0.2222 Biweight 0.6840 0.1556 0.3506  0.9958
0.2222  Triweight 0.7907 0.1182 0.3527 0.9898
0.2222  Quadriweight 0.8851 0.0954 0.3543 0.9852
C CF1 0.1250 Epanechnikov  0.5766 0.2167 0.3491 0.9999
0.1250 Biweight 0.6969 0.1500 0.3507 0.9953
0.1250  Triweight 0.8015 0.1151 0.3528 0.9895

0.1250  Quadriweight 0.8946 0.0934 0.3544 0.9850
CF2 0.2500 Epanechnikov  0.5563 0.2333  0.3495 0.9989

0.2500 Biweight 0.6804 0.1571 0.3505 0.9959
0.2500 Triweight 0.7876  0.1190 0.3527 0.9899
0.2500 Quadriweight  0.8824 0.0960 0.3543  0.9853
D DF1 0.1429  Epanechnikov  0.5735 0.2190 0.3492  0.9998
0.1429 Biweight 0.6945 0.1510 0.3507 0.9954
0.1429  Triweight 0.7995 0.1156 0.3528 0.9895

0.1429 Quadriweight 0.8928 0.0938 0.3544 0.9850
DF2 0.2857 Epanechnikov  0.5510 0.2381 0.3497 0.9984
0.2857 Biweight 0.6758 0.1592 0.3504 0.9961
0.2857 Triweight 0.7838 0.1202 0.3526  0.9900
0.2857 Quadriweight 0.8790 0.0967 0.3543 0.9854

4.2. Monte Carlo simulation design

A Monte Carlo simulation study was carried out to examine both the finite-sample and asymptotic performance of the proposed
kernel class K¢(c)(f). The investigation considered small- and large-sample scenarios, with sample sizes n € {10, 25, 500, 1000}. For
empirical implementation, two families of kernels (F'1 and F2) were selected from each cluster in order to facilitate a structured and
balanced comparative analysis. To probe behaviour across qualitatively different shapes, the study evaluated each kernel against four
target densities, described next: a baseline mixture-normal law and three departures from normality capturing skewness, heavy tails,
and multimodality.

Each kernel-density—sample-size configuration was replicated independently and the integrated squared error averaged across
replications; the Monte Carlo standard error, computed as the across-replication standard deviation divided by the square root of the
number of replications, was monitored for every entry of Tables 8—10. These standard errors were uniformly small, on the order of a
few percent of the corresponding mean MISE and, in every case, smaller than the differences attributable to sample size, so that the
rankings reported below are not artefacts of simulation noise.

4.2.1. Baseline data-generating process

As a reference model, the simulations were based on a mixture-normal target density defined by ¥ = %T + %Z, where T ~ N(0O, 1)
and Z ~ N(0,2) are independent. This specification induces moderate heterogeneity and is commonly adopted in kernel-based
estimation studies. Independent univariate samples {X;}? , were generated from this distribution, and the associated scale parameters
were estimated.

13
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4.2.2. Alternative distributional settings
To assess robustness under departures from normality, additional data-generating processes were considered, capturing skewness,
heavy tails, and multimodality.

Skewed distribution. Skewness was introduced via a log-normal distribution,
X ~ Lognormal(u, o),

with density

1 In x — u)?
SinGop,0) = eXP(—M

xo N2r 20
The parameter o controls the degree of positive skewness.

), x> 0.

Heavy-tailed distribution.. Heavy-tailed behavior was examined using the Student’s ¢ distribution,
X ~ ty,

with density

Small values of v (e.g., v = 3,5) were used to induce substantial tail heaviness.

Multimodal distribution. Multimodality was introduced through finite mixtures of normal distributions,
m
2
X~ 7Ny, o),
=1

with density

fMM(X)=Z7Tj ! exp[—(x Hi) ] xeR,

2
= 27r0'§ 2075

where 7; > 0for j=1,...,mand Z;f’zl nj = 1. Component means were selected such that |y; — u;| was large relative to o, ensuring
well-separated modes. Taken together, these four laws define the testbed used throughout the remainder of the section; Figure 1
displays their graphical representation before we examine estimator performance against them.

The four panels span the difficulty spectrum a kernel estimator typically faces. The mixture-normal construction ¥ = %T + %Z
with T ~ N(0,1) and Z ~ N(0,2) produces a smooth, symmetric, light-tailed reference target (Figure 1a). The lognormal target
(Figure 1b) introduces strong right skew and a sharp left boundary at the origin, which stresses the estimator’s ability to follow
rapidly changing curvature. The Student- panel (Figure 1c) contrasts v = 3 and v = 5: the lower degrees of freedom give visibly
heavier tails, where estimation variance is hardest to control. The Gaussian mixture (Figure 1d) places two well-separated modes
so that the estimator must resolve both peaks without over-smoothing the valley between them. Together these four laws provide a
balanced testbed for bias, variance and shape-adaptivity, and they are the targets against which all subsequent error and sensitivity
results are reported.

4.3. Finite-sample accuracy: Monte Carlo AMISE

Having fixed the kernels and the targets, we now quantify estimation error. The Monte Carlo study draws independent samples of
size n € {10, 25, 500, 1000}, estimates the density using each selected kernel family and order, and computes the integrated squared
error under the oracle AMISE bandwidth. Averaging these errors across replications provides a comprehensive assessment of finite-
sample performance. Two complementary regimes are reported below, and it is worth distinguishing them at the outset to avoid
confusion over the convergence rate. The Monte Carlo error tables specialise the framework to the canonical second-order kernel
(m = 1), for which the rate is n=%°; the AMISE trajectories in Figure 2, by contrast, illustrate the general higher-order theory
of Theorem 4.2 evaluated at m = 25, whose rate n~*"/#"+D s steeper. Presenting both confirms that the qualitative conclusions,
monotone decay, common slope across kernel orders, and density-driven differences in difficulty, persist across the order spectrum.

To investigate the influence of sample size on estimator accuracy, Figure 2 displays the AMISE trajectories for the four target
distributions and the four kernel orders on a log;,—log,, scale, thereby highlighting the asymptotic convergence behaviour predicted
by the theoretical AMISE expression. The figure illustrates both the rate at which estimation error decreases as the sample size in-
creases and the relative efficiency of the Epanechnikov, Biweight, Triweight, and Quadriweight kernels across different distributional

14
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Figure 1: Target density functions used in the evaluation study.

settings. The corresponding numerical results are summarised in Tables 8, 9 and 10. Specifically, Table 8 reports the mean Monte
Carlo AMISE averaged over all kernel families and orders for each target density and sample size, Table 10 gives the companion
asymptotic AMISE, and Table 9 identifies the single best-performing family, kernel order, and tuning parameter at n = 500 for each
target distribution.
Figure 2 renders the n-dependence graphically. In every panel the four log-AMISE curves are straight, parallel, and downward
sloping, the visual signature of the exact power law
AMISE o ™ 7,

a consequence of the asymptotic expression in (20). The common slope indicates that all kernel orders achieve the same convergence
rate, while differences among the curves are attributable solely to kernel-specific constants. The Epanechnikov kernel consistently
produces the lowest AMISE values, followed by the Biweight and Triweight kernels, whereas the Quadriweight kernel yields the
largest AMISE values. Moreover, the remarkable similarity of the panels across the four target densities demonstrates that the asymp-
totic behaviour of the estimator is largely invariant to the underlying distributional form. This finding corroborates the theoretical
results reported in Table 8 and suggests that the estimator’s large-sample accuracy is governed primarily by the design parameters
(n,m, p) rather than the specific characteristics of the target density. We now turn from this graphical overview to the underlying
numbers, beginning with the finite-sample AMISE.

Tables 8 and 9 make this concrete. The AMISE falls monotonically with n for every density, and the rate is consistent with the
theoretical n~*> law of the second-order case: increasing n from 25 to 1000 (a factor of 40) reduces the mean AMISE by roughly
a factor of 1415 in each row, close to the predicted 40*°> ~ 19 once the finite-sample constant is accounted for. The ordering of
difficulty is exactly as anticipated from Figure 1: the skewed lognormal is hardest (its AMISE is about 3—4x larger than the others at
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Figure 2: AMISE versus sample size (both axes on a log scale) at m = 25, averaged over the p; grid, for the four target distributions
and the four kernels.

Table 8: Mean Monte Carlo AMISE (averaged over families and orders) by target density and sample size.

Target density n=10 n=25 n=500 n=1000
Mixture-normal 0.02452 0.01363 0.00163  0.00099
Skewed lognormal  0.09574 0.05026 0.00562  0.003 32
Heavy-tailed #3 0.02689 0.01470 0.00174 0.00102
Multimodal 0.03989 0.02044 0.00220 0.00128

Table 9: Best-performing family (lowest AMISE) for each target density at n = 500.

Target density Family Order P1 AMISE
Mixture-normal BF2 Triweight 0.222  0.00147
Skewed lognormal BF1 Epanechnikov  0.111  0.005 19
Heavy-tailed #; CF1 Epanechnikov  0.125 0.00157
Multimodal CF2 Triweight 0.250 0.00204

16
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Table 10: Mean AMISE by target density and sample size.

Target density n=10 n=25 n=500 n=1000

Mixture-normal 0.05108 0.02454 0.002234 0.001283
Skewed lognormal  0.16070 0.07721 0.007028 0.004 037
Heavy-tailed #3 0.05084 0.02443 0.002224 0.001277
Multimodal 0.05931 0.02850 0.002594 0.001490

every n), the multimodal law is next, and the two symmetric light/heavy-tailed laws are the easiest and almost tied. Table 9 shows that
no single family dominates universally: lower-order (Epanechnikov) hybrids win on the shape-sensitive lognormal and heavy-tailed
targets, whereas higher-order (Triweight) hybrids win on the smoother mixture-normal and on the multimodal target where extra
peakedness helps separate modes. This confirms the central design rationale, offering a spectrum of kernels so that the practitioner
can match the kernel to the target. The companion asymptotic figures of merit, which strip away sampling noise, tell the same story,
as Table 10 now shows.

Table 10 shows that the AMISE decreases substantially as the sample size increases for all target densities, confirming the
theoretical convergence of the proposed estimator and mirroring the finite-sample pattern reported in Table 8. The skewed lognormal
distribution consistently exhibits the highest AMISE values, indicating greater estimation difficulty due to its pronounced asymmetry.
In contrast, the mixture-normal and heavy-tailed #; densities yield the lowest AMISE values. The multimodal density produces
intermediate errors, reflecting the additional challenge of accurately capturing multiple modes. The close agreement between Tables 8
and 10 demonstrates that the asymptotic theory provides an accurate description of the estimator’s finite-sample behaviour. Having
established that accuracy improves with sample size and depends on the target shape, we next investigate how stable this performance
remains when the governing parameters are perturbed.

4.4. Sensitivity analysis

A sensitivity analysis was performed to examine the stability of the proposed kernels with respect to key data-generating param-
eters, including sample size, mixture proportions, tail thickness, and modal separation.

AMISE-based assessment. Performance was evaluated using the asymptotic mean integrated squared error (AMISE). For a kernel
estimator f(x) of order 2m, the AMISE is given by

4m_
rlp+3)8)"" .
W 4m+1 m € N,

AMISE™(f;) = 4755 T (4 + D) (ILremIBr2(p + 1) /1(m))ﬁ {

Sensitivity was quantified by evaluating changes in the AMISE under parameter perturbations:

1. Sample size sensitivity:

A, = |AMISE2"1(fh,n) ~ AMISE™(fiw ). n#n.

2. Mixture proportion sensitivity: For
Jr() = AN, o) + (1= NGz, 03),

A, = |AMISE2'"(f,,,,,) - AMISE”(fie )|, m#n.
3. Tail thickness sensitivity: For X ~ t,,

A, = |AMISE2"1(};,V) ~ AMISE(fi ). v#V.
4. Modal separation sensitivity: Let § = |u; — o|. Then

Ay = |AMISE™(f,,5) - AMISE(Fi )|, 66

Overall robustness was summarized by the relative AMISE sensitivity measure

|AMISE?"(fi.5) - AMISE"(f, )

RAS(9) =

)

AMISE™(fi.¢)

where 6 denotes a perturbed parameter and 8 represents its baseline (reference) value. The statistic RAS(6) therefore measures the
relative change in asymptotic risk induced by perturbations in 6. Its interpretation is as follows:
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Figure 3: RAS of the AMISE with respect to sample size, by target density (baseline n = 10).
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RAS(6) = 0 indicates perfect insensitivity, meaning that the estimator’s asymptotic risk remains unchanged under perturbations

in 6.

0 < RAS(0) < 1 implies mild sensitivity, where the perturbation in 6 induces only a relatively small proportional change in the

AMISE. Estimators in this range are regarded as robust with respect to 6.

RAS(0) ~ 1 suggests substantial sensitivity, indicating that the induced change in AMISE is comparable in magnitude to the

baseline asymptotic risk.

RAS(0) > 1 indicates high sensitivity, meaning that the estimator’s performance deteriorates markedly when the parameter 6

is perturbed.

In addition to the Monte Carlo study evaluating the performance of the proposed hybrid polynomial kernels across diverse target

distributions, we examine their behaviour using AMISE and Relative Asymptotic Sensitivity (RAS) as complementary performance
measures. The study explores how the hybrid kernels respond to variations in sample size, tail heaviness, mixture proportions, and
modal separation, thereby assessing not only their accuracy but also their robustness to changes in the underlying data-generating
mechanism. The results demonstrate that the proposed kernels maintain stable performance across a broad range of settings while
retaining the efficiency advantages documented in the preceding sections. We consider the four perturbations in turn, beginning with
sample size, which the previous section identified as the principal determinant of estimation accuracy.
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Table 11: RAS of the AMISE with respect to sample size (baseline n = 10). The relative sensitivity is identical across densities.

n 25 50 100 250 500 1000 2000
RAS 0.5196 0.7241 0.8415 0.9239 0.9563 0.9749 0.9856
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Figure 4: Sensitivity of the AMISE to the mixture proportion 7 in f; = aN(-2,1) + (1 — 1)N(2, 1); baseline = = 0.5.

Table 12: Sensitivity of the AMISE to mixture proportion (selected r; baseline 7 = 0.5).

©  AMISE Ay RAS

0.05 0.00218 0.00021 0.1042
0.25 0.00205 0.00007 0.0368
0.50 0.00198 0.00000 0.0000
0.75 0.00205 0.00007 0.0368
095 0.00218 0.00021 0.1042

4.4.1. Sensitivity to sample size

The RAS rises rapidly and then saturates toward 1 (Figure 3, Table 11). A key structural observation is that the relative
curve is identical for all four densities: because the AMISE factorises as a density-dependent constant times n~*°, the ratio
AMISE(n)/AMISE(n’) cancels that constant and depends on the sample sizes alone. The interpretation is that sample size is the
single most influential determinant of estimation accuracy. Increasing the sample size from n = 10 to n = 25 already reduces
approximately 52% of the baseline AMISE, and this improvement is identical across all target densities.

4.4.2. Sensitivity to mixture proportion

The response is symmetric about the balanced mixture 7 = 0.5, where sensitivity is exactly zero, and rises toward the extremes
(Figure 4 and Table 12). Even at the most lopsided proportion, the RAS reaches only 0.104, well within the mild-sensitivity region.
The estimator is therefore robust to imbalance in component weights: skewing the mixture toward one component changes the
AMISE by at most about 10%.

4.4.3. Sensitivity to tail thickness

Tail thickness is by far the least influential parameter (Figure 5, Table 13): the RAS never exceeds 0.0044, corresponding to a
change of less than one-half of one percent in the AMISE. The small hump near v = 7 reflects the modest peak in the curvature
functional as the ¢ density transitions from a heavy-tailed distribution toward the Gaussian case, but the magnitude is negligible.
In practical terms, the AMISE of the hybrid estimator is essentially invariant to tail heaviness, demonstrating a strong robustness
property for applications involving occasional extreme observations. The final and, as it turns out, most influential shape parameter
is the distance between modes, to which we now turn.

19



8e-06

< ©
=)
)
2
o
=)
T
®
o
<
=)
®
©
<
?
[}
2

2e-04

0e+00

Afere et al. | African Scientific Reports 5 (2026) 358

10 15 20 25

(a) Absolute, A,.

Figure 5: Sensitivity of the AMISE to tail thickness for X ~ ¢,; baseline v = 30 (near-normal).

30

RAS

0.000 0.001 0.002 0.003 0.004
|

(b) Relative, RAS,.

Table 13: Sensitivity of the AMISE to tail thickness (Student-7,; baseline v = 30).

(a) Absolute, As.

4.4.4. Sensitivity to modal separation

Modal separation is the most influential of the three shape parameters, yet it remains firmly within the mild-sensitivity region
(Figure 6, Table 14). The RAS is non-monotonic: it rises to a pronounced peak of 0.280 at § = 1, then declines and stabilises around
0.13 for larger separations. The peak coincides with the transition regime in which the two mixture components are only beginning to

(b) Relative, RAS;.

v AMISE A, RAS
3 0.00221 0.00000 0.0012
5 0.00221 0.00001 0.0043
7 0.00220 0.00001 0.0044
10 0.00221 0.00001 0.0036
30 0.00221 0.00000 0.0000
° °
A A
g -
\ , \
o \.\._.,.,o—o—o—o—o—o 5 - o \.\. o_o-0-0-0-0-0-0
o/ ] o/
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Figure 6: Sensitivity of the AMISE to modal separation é = |u; — | in f5 = %N(—é, 1)+ %N(&, 1); baseline ¢ = 0.

20

resolve into distinct modes. In this region the curvature functional changes most rapidly, producing the largest variation in AMISE.

Once the modes become clearly separated (6 2 2), the local structure around each peak stabilises and the sensitivity correspondingly
flattens. The estimator is therefore most demanding to tune when modes are only marginally separated, which is precisely the
practically important boundary case encountered in many applications. Taken together, the four perturbation studies demonstrate that

20
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Table 14: Sensitivity of the AMISE to modal separation (selected ¢; baseline 6 = 0).

0 AMISE As RAS

0.00 0.00222 0.00000 0.0000
0.50 0.00196 0.00026 0.1184
1.00 0.00160 0.00062 0.2800
2.00 0.00198 0.00024 0.1101
3.00 0.00194 0.00028 0.1279
4.00 0.00193 0.00029 0.1294
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(a) Old Faithful eruption durations. (b) Clinical scar lengths.

Figure 7: Hybrid kernel density estimates fitted to the real datasets, with cluster representatives overlaid on the histograms.

Table 15: Descriptive summary of the two real datasets.

Dataset n Mean SD Min Median Max Skewness

Old Faithful (min) 272 3.488 1.141 1.6 4.0 5.1 -0.414
Scar length (mm) 110 1.798 0.366 1.2 1.8 2.6 0.264

the proposed kernels are robust throughout the parameter space. Apart from sample size, no RAS value exceeds 0.28, indicating that
the estimator maintains stable performance under substantial changes in distributional shape. This robustness motivates the final step
of the study: applying the proposed kernels to real datasets whose underlying shape characteristics are unknown.

4.5. Real-data applications

To verify that the favourable properties observed in the simulation study extend to practical settings, the proposed kernel families
were applied to two benchmark datasets: the bimodal Old Faithful eruption-duration data (n = 272) (see Ref. [39]) and the unimodal
clinical scar-length measurements (n = 110) (see Ref. [40]). Table 15 summarises the principal characteristics of the datasets. Fig-
ure 7 overlays the fitted hybrid density estimates (cluster representatives F';, Biweight order, plug-in bandwidth) on the corresponding
histograms. Figure 8 presents the AMISE trajectories as a function of subsample size, while Tables 16 and 17 report the selected
bandwidths, the resulting AMISE values, and their stability under repeated subsampling. We begin by examining the fitted density
estimates.

Figure 7 demonstrates that the hybrid kernel density estimators closely follow the empirical distributions of both datasets while
maintaining smooth density representations. The Old Faithful data in Figure 7a exhibit a clear bimodal structure, reflecting two
distinct eruption-duration regimes. In contrast, Figure 7b shows a predominantly unimodal distribution with slight positive skewness.
These results indicate that the proposed hybrid kernels effectively capture both multimodal and unimodal characteristics without
excessive smoothing or spurious fluctuations. The descriptive statistics underlying these distributional shapes are summarised in
Table 15.
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Figure 8: AMISE versus sample size (both axes on a log,, scale) at m = 25, averaged over the p; grid, for the two real datasets and
the four kernels.

Table 16: Plug-in (normal-reference) AMISE-optimal bandwidths and AMISE values for the cluster-F; representatives (Biweight
order).

Dataset Cluster (F1) P1 havmise  AMISE

Old Faithful A 0.100 1.0132 0.003 176
B 0.111 1.0111 0.003176
C 0.125 1.0084 0.003176
D 0.143 1.0049 0.003176

Scar length A 0.100 0.3889 0.020463
B 0.111 0.3881 0.020462
C 0.125 0.3870 0.020462
D 0.143 0.3857 0.020460

Table 17: Subsample-size sensitivity for the real data (Epanechnikov, m = 25, p; = 0.5). Each AMISE is the mean over 40 random
subsamples; the very small standard deviation demonstrates excellent stability. RAS is computed relative to the largest subsample.

Dataset subsample n Mean AMISE SD RAS
Old Faithful 20 1.356 x 1073 2.554x 107%  2.942
40 6.832x 10™*  8.727x 1077 0.987
60 4573 x10™* 3778 x 1077 0.330
80 3.439x107* 2593 x 1077 0.000
Scar length 20 1.365x 1073 2230x 107%  2.941
40 6.878 x 107 7.459x 1077 0.985
60 4.604 x 10 4.890x 107 0.329
80 3.464x 107 2.828 x 1077 0.000

Table 15 highlights the contrasting characteristics of the two datasets. The Old Faithful data have a larger sample size, greater
variability, and a wider range than the scar-length measurements, reflecting a more heterogeneous distribution. Their negative
skewness indicates a longer left tail, whereas the scar-length data exhibit slight positive skewness. These differences demonstrate
the flexibility of the proposed estimator in accommodating datasets with markedly different distributional shapes and dispersion
characteristics. Beyond the fitted density estimates, the behaviour of the AMISE on these real datasets follows the same pattern
predicted by both the theoretical analysis and the simulation study, as illustrated by Figure 8 and Tables 16—17.

Figure 8 and Tables 16—17 demonstrate that the proposed hybrid kernel estimators are both stable and efficient when applied to

22



Afere et al. | African Scientific Reports 5 (2026) 358 23

real datasets. The AMISE decreases steadily as the sample size increases, confirming the convergence behaviour predicted by the
theoretical analysis. The selected bandwidths and corresponding AMISE values vary only marginally across the cluster representa-
tives, indicating low sensitivity to the tuning parameter p;. The subsampling study further reveals a consistent reduction in AMISE
accompanied by extremely small standard deviations, highlighting the numerical stability of the estimators. Finally, the declining
RAS values confirm that estimation accuracy improves systematically with increasing sample size, mirroring the patterns observed
in the simulation experiments and reinforcing the practical reliability of the proposed hybrid kernel families.

5. Discussion: comparison and limitations

The results obtained in the preceding sections indicate that the proposed class of hybrid polynomial kernels performs consistently
within a near-optimal efficiency band while offering substantial flexibility in shape adaptation. A useful benchmark for interpret-
ing these findings is the classical Gaussian kernel and the Epanechnikov-optimal reference. As shown in Table 1, the asymptotic
efficiency of the proposed family ranges from approximately 0.9572 to 0.9999, which places every member of the class above the
Gaussian kernel efficiency of 0.9512 (see Refs. [21, 26]) and very close to the theoretical optimum attained by the Epanechnikov
kernel (see Ref. [8]). In practical terms, this shows that the gain in flexibility introduced by the hybrid structure does not incur any
meaningful loss in asymptotic performance.

This near-equivalence in efficiency is reinforced by the stability observed across all kernel functionals reported earlier. In par-
ticular, the canonical constant C(K) remains almost invariant across kernel orders and clusters, while the variation in roughness
R(K) and second moment y,(K) is smooth and controlled. Although higher-order kernels such as the Triweight and Quadriweight
forms increase roughness and reduce u,(K), the resulting efficiency loss remains marginal. This indicates that the proposed hybrid
construction preserves second-order optimality while introducing a continuous tuning mechanism through the mixing parameter p;.
This separation of shape control from asymptotic efficiency allows practitioners to adjust local smoothness without leaving a stable
efficiency regime.

When compared with adaptive bandwidth methodologies, the proposed framework plays a complementary rather than competing
role. Classical variable-bandwidth approaches, including Abramson-type estimators (see Ref. [19]), diffusion-based selectors (see
Ref. [41]), and modern plug-in and cross-validation bandwidth rules (see Refs. [32, 38]), operate by locally adjusting the bandwidth
h to reflect data heterogeneity. In contrast, the present construction modifies the kernel shape through p; while retaining a global
bandwidth governed by the AMISE-optimal form. Consequently, adaptive methods mainly address spatial scale variation, whereas
hybrid kernels control higher-order shape features such as peakedness and tail behaviour. The AMISE expressions derived in this
study provide a theoretical bridge suggesting that hybrid kernels can be embedded within adaptive frameworks without loss of
asymptotic coherence.

The practical implications of the numerical results are also noteworthy. Although statistically significant differences are observed
across kernel orders and families, the absolute magnitude of these differences is small. The AMISE values for real data and Monte
Carlo AMISE summaries vary only modestly across kernel choices compared with the much larger effect induced by sample size.
This confirms that sample size is the dominant driver of estimator accuracy, while kernel selection plays a secondary but stabilising
role. The main contribution of the proposed family is therefore not lower error rates, but a smooth and interpretable mechanism for
shape modulation within an already near-optimal class of estimators.

The sensitivity analysis further supports this interpretation. Across all perturbation regimes, relative asymptotic sensitivity re-
mains within the mild-sensitivity region. Sample size produces the expected monotone effect, while shape parameters such as mixture
proportion, tail thickness, and modal separation exert only moderate influence. Even in the most sensitive case, modal separation, the
relative change in AMISE remains well below instability thresholds. This confirms that the estimator is structurally robust in both
asymptotic theory and finite-sample performance, consistent with the simulation and real-data results.

Despite these advantages, several limitations should be acknowledged. The simulation study relies on oracle or plug-in band-
widths, which isolate kernel effects but do not fully capture uncertainty arising from fully data-driven bandwidth selection. Al-
though the real-data analysis partially addresses this using plug-in rules, more advanced selectors such as cross-validation or adaptive
diffusion-based bandwidth methods (see Refs. [32, 38, 41]) could further improve finite-sample comparisons. In addition, the current
framework is restricted to the univariate setting, where polynomial kernel structure is most transparent. While multivariate extensions
via product kernels are straightforward (see Ref. [26]), they may introduce additional computational and calibration challenges, and
their performance may differ from the univariate case. Finally, although asymptotic efficiency results are strong, they do not fully
capture higher-order finite-sample effects, especially in irregular or boundary-dominated densities where local bias behaviour may
dominate global AMISE behaviour.

Overall, the evidence suggests that the proposed hybrid polynomial kernels occupy a practical middle ground between rigidity
and optimality. They retain near-Epanechnikov efficiency while providing a flexible and tunable structure that adapts smoothly
to distributional shape. Their stability across simulation and real-data settings indicates that they can be used interchangeably in
standard applications, with kernel choice serving mainly as a refinement tool rather than a primary determinant of performance.
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6. Conclusion

This study introduced a new class of hybrid polynomial kernels constructed through convex combinations of Beta-polynomial
kernel families. The proposed framework generalises classical polynomial kernels by introducing a mixing parameter that generates
a continuum of smooth kernel shapes while preserving the fundamental properties required for kernel density estimation. In doing
so, the study advances decisively beyond the single family introduced in Ref. [33] and the single cluster developed in Ref. [34]: it
supplies, for the first time, a unified generative mechanism for the entire group of clusters, a complete order-2m asymptotic theory
with fully explicit constants, and a quantitative robustness (RAS) framework covering all members simultaneously. Theoretical
analysis established that the estimators are governed by kernel roughness and moment functionals through a canonical AMISE
constant, and despite added flexibility, they retain near-optimal asymptotic efficiency with negligible loss relative to the Epanechnikov
kernel. Extensive Monte Carlo simulations confirmed these results, showing consistent error reduction with increasing sample size
and uniform convergence across kernel orders. The proposed kernels performed well across symmetric, skewed, heavy-tailed, and
multimodal distributions. Sensitivity analysis further demonstrated strong robustness to distributional perturbations, with sample
size remaining the dominant factor. Real-data applications confirmed accurate and stable density estimation, highlighting practical
usefulness. Overall, the method offers a flexible and efficient alternative for complex density estimation problems.
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