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Abstract
This study examines a broad subclass of non-Bazilevič functions that includes several subclasses of q-bounded turning functions and q-

Sakaguchi functions. We link the definition of the class with a modified Opoola q-derivative operator, quasi-subordination, and a few number
of mathematical concepts such as q-calculus and infinite series formations. Among the achievements in this work are the estimates for the early
upper coefficient bounds and the Fekete-Szegö inequalities having complex parameters. In general, this unique class reduces to various recognized
classes of non-Bazilevic functions when some of the parameters take values within their interval of definition.
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1. Introduction and definitions

LetA denote the class of functions that are analytic in the unit disk E and of the form

f (z) = z +
∞∑
j=2

a jz j (z ∈ E := {z : z ∈ C and |z| < 1}), (1)

normalized such that f (0) = f ′(0)−1 = 0. More so, let ’≺’ represent the well-known notation for subordination. Thus, for f , F ∈ A,
then f ≺ F if there exists an analytic function

ε(z) = ε1z + ε2z2 + ε3z3 + · · · (ε(0) = 0, |ε(z)| ⩽ |z| < 1, z ∈ E), (2)

such that f (z) = F(ε(z)). Suppose F is univalent in E, then

f (z) ≺ F(z) ⇐⇒ f (0) = F(0) and f (E) ⊂ F(E).
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In the sequel, f is quasi-subordinate to F (that is f ⪯ F) if there exits an analytic function

ξ(z) = ξ0 + ξ1z + ξ2z2 + . . . (|ξ(z)| ⩽ 1, z ∈ E), (3)

such that
f (z) = ξ(z)F(ε(z)). (4)

Historically, Robertson [1] initiated the concept of quasi-subordination while clearly, when ξ(z) = 1 in Eq. (4), then quasi-
subordination becomes subordination. More so, if ε(z) = z in Eq. (4), then quasi-subordination becomes majorization (that is
f ≪ F), a concept initiated by MacGregor [2]. Obviously,

f (z) ⪯ F(z) =⇒ f (z) = ξ(z)F(z) =⇒ f (z) ≪ F(z) (z ∈ E).

For further information, see Ref. [3].

1.1. Non-Bazilevič functions

In the field of complex analysis, particularly within geometric function theory, Bazilevič functions, see Ref. [4], represent a
class of analytic and univalent (one-to-one) functions defined in the open unit disk. These functions generalize many analytic and
univalent functions such as starlike, convex, bounded turning, close-to-convex, and Yamaguchi functions which are characterized by
differential inequalities involving some underlaying parameters and auxiliary functions.

However, non-Bazilevič functions are those analytic functions in the unit disk that do not satisfy the defining conditions of
Bazilevič functions. Non-Bazilevič functions may still be analytic and univalent but do not adhere to the specific geometric and
analytical properties required by the Bazilevič class. This distinction is significant because Bazilevič functions often exhibit strong
geometric behavior such as mapping the unit disk onto convex, starlike, spirallike, etc. domains while non-Bazilevič functions may
display more irregular or less constrained mappings.

The study of non-Bazilevič functions is important as it helps to understand the limitations of the Bazilevič class and broadens
the scope of univalent function theory. These functions also provide counterexamples or test cases for conjectures in the geometric
function theory. While Bazilevič functions have structured representation formulas and differential subordinations, non-Bazilevič
functions lack these, making their analysis more complex and less predictable. Despite this, they remain a valuable subject of
investigation in modern pure mathematical research. The class of non-Bazilevič functions was introduced by Obradović [5] and
defined as functions that satisfy the conditions

ℜe

 f ′(z)
(

z
f (z)

)1+β
 > 0 (0 < β < 1, z ∈ E).

More details on subclasses of non-Bazilevič functions are accessible from Ref. [6].

1.2. Some classes of analytic functions

A class of functions that plays an essential role in the development of many classes of analytic (and univalent) functions is the
class of Carathéodory functions. This class was introduced by Carathéodory in 1907 and defined as functions of the infinite series
form

P(z) = 1 + p1z + p2z2 + p3z3 + · · · (ℜe P(z) > 0, P(0) = 1, z ∈ E). (5)

Let the class of Carathéodory functions be represented by PT . An important function in class PT is the Möbius function

L0(z) =
1 + z
1 − z

= 1 + 2
∞∑
j=1

z j (z ∈ E), (6)

or one of its rotation functions

Lδ(z) =
1 + eiδz
1 − eiδz

= 1 + 2
∞∑

k=1

eikδzk (δ ∈ R, z ∈ E), (7)

that maps the unit disk onto the whole open-right-half-plane of the complex plane. This property primly applauses it as the extremal
function in PT where it plays a significant role in solving many extremal problems. In 2020, Umar et al. [7] introduced the subclass
PT (c, A, B) ⊆ PT . A function P(z) in Eq. (5) is said to be in the class PT (c, A, B) if it satisfies the subordination condition

1 +
1
c

[P(z) − 1] ≺
1 + Az
1 + Bz

,
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such that c ∈ C \ {0}, −1 ⩽ B < A ⩽ 1, and z ∈ E. Furthermore, the application of the subordination principle shows that

1 +
1
c

[P(z) − 1] =
1 + Aε(z)
1 + Bε(z)

,

from where simple calculation gives

P(z) =
c(A − B)ε(z) + 1 + Bε(z)

1 + Bε(z)
= 1 + c(A − B)z − cB(A − B)z2 + · · · (8)

= 1 + c(A − B)
∞∑
j=1

(−B) j−1z j.

We observe that PT (1, 1,−1) = P, the class of functions in Eq. (5); PT (1, A, B) = P(A, B), the class introduced and studied by
Janowski [8]; and for 0 ⩽ λ < 1, PT (1 − λ, A, B) = P(λ, A, B), the class introduced and studied by Polatoǧlu et al. [9].

1.3. On certain q-differential operators

Jackson [10] introduced and studied many properties of the q-derivative operator Dq defined as

Dqg(z) =
g(z) − g(zq)

(1 − q)z
(0 < q < 1).

Thus, for function f ∈ A of the form Eq. (1) and for 0 < q < 1, the q-differential operator Dq that mapsA ontoA is define on f by

Dq f (0) = f ′(0) = 1

Dq f (z) =


f (z)− f (qz)

(1−q)z = 1 +
∞∑
j=2

[ j]qa jz j−1 (z , 0)

f ′(z) as q −→ 1

D2
q f (z) = Dq(Dq f (z)) =

∞∑
j=2

[ j − 1]q[ j]qa jz j−2


, (9)

where

[ j]q =
1 − q j

1 − q
= 1 + q + q2 + q3 + · · · + q j−1, (10)

and clearly, lim
q−→1

[ j]q = j. The q-derivative operator have been widely applied by many researchers, see Refs. [11–16]. Using Eq. (9),

we give a comprehensive definition of a modified Opoola q-derivative operator initiated by Alatawi and Darus [11].

Definition 1.1. LetDn,u,v
q,x,y be a q-operator that mapsA toA and defined as follows.

D0,u,v
q,x,y f (z) = f (z),

D1,u,v
q,x,y f (z) = yzDq f (z) − yz(v − u) + z(1 − x)(1 − y) + [x + (v − u − x)y] f (z) = ∆q,y f (z),

D2,u,v
q,x,y f (z) = ∆q,y(D1,u,v

q,x,y f (z)),

so that in general,

Dn,u,v
q,x,y f (z) = ∆q,y(Dn−1,u,v

q,x,y f (z)),

which corresponds to

Dn,u,v
q,x,y f (z) = z +

∞∑
j=2

[x + ([ j]q + v − u − x)y]na jz j ≡ z +
∞∑
j=2

Λ ja jz j, (11)

where
z ∈ E, n ∈ {0, 1, 2, . . .}, y ⩾ 0, v ⩾ 0, 0 ⩽ u + x ⩽ v,

q ∈ (0, 1), [ j]q =
1−q j

1−q , and Λ j = [x + ([ j]q + v − u − x)y]n

 . (12)

We however remark that the q-operator in Eq. (11) generalizes the following earlier known (q-)operators.
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1. lim
q→1
D

0,u,v
q,x,y f (z) = lim

q→1
D

n,u,v
q,1,0 f (z) = f ∈ A in Eq. (1).

2. lim
q→1
D

n,u,u
q,x,1 f (z) = lim

q→1
D

n,v,v
q,x,1 f (z) = Dn f (z) is the Sǎlǎgean differential operator [17–21].

3. Dn,u,u
q,x,1 f (z) = Dn,v,v

q,x,1 f (z) = Dn
q f (z) is the Sǎlǎgean q-differential operator [16].

4. lim
q→1
D

n,u,u
q,x,y f (z) = lim

q→1
D

n,v,v
q,x,y f (z) = Dn

y f (z) is the Al-Oboudi differential operator [22].

5. Dn,u,u
q,x,y f (z) = Dn,v,v

q,x,y f (z) = Dn
q,y f (z) is the Al-Oboudi q-differential operator [23].

6. lim
q→1
D

n,u,v
q,1,y f (z) = Dn,u,v

y f (z) is the Opoola differential operator [22, 24–26].

7. Dn,u,v
q,1,y f (z) is the Opoola q-differential operator [13, 14].

2. Lemmas and proposition

Lemma 2.1. ([27, Lemma 2]). Let ε(z) be as defined in Eq. (2), then

|ε j| ⩽ 1 ( j ∈ N).

Lemma 2.2. ([28, Lemma 2]). Let ε(z) be as defined in Eq. (2), then for Φ ∈ C,

|ε2 − Φε
2
1| ⩽ max{1; |Φ|}.

Proposition 2.3. Let f ∈ A, then

f (sz) − f (tz)
s − t

=

(
sz +

∞∑
j=2

a j(sz) j

)
−

(
tz +

∞∑
j=2

a j(tz) j

)
s − t

= z +
∞∑
j=2

γ ja jz j,

for

γ j =
s j − t j

s − t
( j ∈ {1, 2, 3, . . .}),

so that (
z(s − t)

f (sz) − f (tz)

)β
= 1 − βγ2a2z +

(
(1 + β)β

2
γ2

2a2
2 − βγ3a3

)
z2 + · · · (13)

where we declare that
z ∈ E, β ⩾ 0, s, t ∈ C \ {1}, s , t, and |t| ⩽ 1. (14)

3. Core results

3.1. A novel class of analytic functions
Using the aforementioned details, we therefore introduce and study the properties of the following class of analytic functions.

Definition 3.1. A function f ∈ A of the form Eq. (1) is said to be a member of the class Υn,u,v
q,x,y(s, t, α, β; c, A, B) if and only if it

satisfies the geometric condition

(1 − α)Dq(Dn,u,v
q,x,y f (z)) + αDq(Dn,u,v

q,x,y f (z))
(

z(s − t)
f (sz) − f (tz)

)β
− 1 ⪯ [P(z) − 1], (15)

where 0 ⩽ α ⩽ 1, and the declarations in Eq. (12) and Eq. (14) hold.

Remark 3.2. The following classes hold for some specific values of certain parameters.

1. If q→ 1 and n = 0 in Eq. (15), then we have the class of functions that satisfy the quasi-subordination condition

(1 − α) f ′(z) + α f ′(z)
(

z(s − t)
f (sz) − f (tz)

)β
− 1 ⪯ [P(z) − 1].

This class was studied by Shah et al. [6].
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2. If q→ 1, n = 0 and s = 1 in Eq. (15), then we have the class of functions that satisfy the quasi-subordination condition

(1 − α) f ′(z) + α f ′(z)
(

z(1 − t)
f (z) − f (tz)

)β
− 1 ≼ [P(z) − 1].

3. If q→ 1, n = 0, and s = 1 in Eq. (15), then we have the class of functions that satisfy the quasi-subordination condition

(1 − α) f ′(z) + α f ′(z)
(

z(1 − t)
f (z) − f (tz)

)β
− 1 ⪯

[
1 + Az
1 + Bz

− 1
]
.

This class was studied Nunokwa et al. [29].

4. If q→ 1, n = 0, and α = 1, in Eq. (15), then we have the class of functions that satisfy the quasi-subordination condition

f ′(z)
(

z(s − t)
f (sz) − f (tz)

)β
− 1 ⪯ [P(z) − 1].

5. If q → 1, n = 0 = α (or α − 1 = 0 = β) in Eq. (15), then we have the class of functions that satisfy the quasi-subordination
condition

f ′(z) − 1 ⪯ [P(z) − 1].

6. If q→ 1, n = 0, and s = α = 1 in Eq. (15), then we have the class of functions that satisfy the quasi-subordination condition

f ′(z)
(

z(1 − t)
f (z) − f (tz)

)β
− 1 ⪯ [P(z) − 1].

This class was studied by Sharma and Raina [30].

Closely related to the quasi-subordination condition Eq. (15) are:

7.

ℜe
(

z(1 − t) f ′(z)
f (z) − f (tz)

)
> σ,

where z ∈ E, 0 ⩽ σ < 1, t ∈ C \ {1}, |t| ⩽ 1, and studied by Owa et al. [31].

8.

(1 − α)
f (z)
z
+ α f ′(z)

(
z(1 − t)

f (z) − f (tz)

)β
− 1 ⪯ [P(z) − 1],

where 0 ⩽ α ⩽ 1, β ⩾ 0, t ∈ C \ {1}, |t| ⩽ 1, and studied by Srivastava et al. [32].

9.

ℜe
(

z f (z)
f (z) − f (z)

)
> 0,

where z ∈ E and studied by Sakaguchi [33].

In this work, we introduce a new subclass of non-Bazilevic functions defined by modified Opoola q-derivative operator and quasi-
subordination. We thereafter explore some coefficient estimate properties and the Fekete-Szegö functional with complex parameters
for the class. Henceforth to avoid repetition, let all parameter be as defined in Eq. (12) and Eq. (14).

3.2. Coefficient bound estimates
Theorem 3.3. If f ∈ A belongs to the class Υn,u,v

q,x,y(s, t, α, β; c, A, B), then

|a2| ⩽
|c|(A − B)|ξ0|
|[2]qΛ2 − αβγ2|

, (16)

and
|a3| ⩽

|c|(A − B)
|[3]qΛ3 − αβγ3|

[
|ξ0|max

{
1; |Φ|} + |ξ1|

]
, (17)

where

Φ = B +
αβγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − αβγ2)2 . (18)
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Proof. Let f ∈ A, then the application of quasi-subordination principle in Eq. (15) shows that

(1 − α)Dq(Dn,u,v
q,x,y f (z)) + αDq(Dn,u,v

q,x,y f (z))
(

(s − t)z
f (sz) − f (tz)

)β
− 1 = ξ(z)[P(ε(z)) − 1]. (19)

Putting Eq. (2), Eq. (3), and Eq. (8) into Eq. (19) gives the expansion

RHS =c(A − B)ε1ξ0z + {c(A − B)(ε2 − Bε2
1)ξ0 + c(A − B)ε1ξ1}z2 + · · · (20)

and, using Eq. (9), Eq. (11), and Eq. (13) in Eq. (19) gives the expansion

LHS =([2]qΛ2 − αβγ2)a2z +
{ αβ(1 + β)γ2

2

2
− [2]qαβγ2Λ2

 a2
2 + ([3]qΛ3 − αβγ3)a3

}
z2 + · · · . (21)

Further, the comparison of the terms in Eq. (20) and Eq. (21) shows that

([2]qΛ2 − αβγ2)a2 = c(A − B)ε1ξ0,

where simple rearrangement yields

a2 =
c(A − B)ε1ξ0

[2]qΛ2 − αβγ2
, (22)

to give

|a2| ⩽
|c|(A − B)|ε1||ξ0|

|[2]qΛ2 − αβγ2|
,

so that the application of Lemma 2.1 gives the result in Eq. (16). Again, from Eq. (20) and Eq. (21) we getαβ(1 + β)γ2
2

2
− [2]qαβγ2Λ2

 a2
2 + ([3]qΛ3 − αβγ3)a3 = c(A − B)(ε2 − Bε2

1)ξ0 + c(A − B)ε1ξ1,

where the substitution for a2
2 and further simplification lead to

a3 =
c(A − B){(ε2 − Bε2

1)ξ0 + ε1ξ1}

([3]qΛ3 − αβγ3)
−
αβγ2c2(A − B)2{(1 + β)γ2 − 2[2]qΛ2}ε

2
1ξ

2
0

2([2]qΛ2 − αβγ2)2([3]qΛ3 − αβγ3)
,

to get

a3 =
c(A − B)ε2ξ0

[3]qΛ3 − αβγ3
−

cB(A − B)ε2
1ξ0

[3]qΛ3 − αβγ3
+

c(A − B)ε1ξ1
[3]qΛ3 − αβγ3

−
αβγ2c2(A − B)2{(1 + β)γ2 − 2[2]qΛ2}ε

2
1ξ

2
0

2([2]qΛ2 − αβγ2)2([3]qΛ3 − αβγ3)
, (23)

which further simplifies to

a3 =
c(A − B)ξ0

[3]qΛ3 − αβγ3

{
ε2 −

[
B +
αβγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − αβγ2)2

]
ε2

1

}
+

c(A − B)ε1ξ1
[3]qΛ3 − αβγ3

.

Now,

|a3| ⩽
|c|(A − B)|ξ0|
|[3]qΛ3 − αβγ3|

∣∣∣∣∣ε2 −

[
B +
αβγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − αβγ2)2

]
ε2

1

∣∣∣∣∣ + |c|(A − B)|ε1||ξ1|

|[3]qΛ3 − αβγ3|
,

or
|a3| ⩽

|c|(A − B)|ξ0|
|[3]qΛ3 − αβγ3|

∣∣∣∣∣ε2 − Φε
2
1

∣∣∣∣∣ + |c|(A − B)|ε1||ξ1|

|[3]qΛ3 − αβγ3|
,

where Φ is as declared in Eq. (18). Further, the application of Lemmas 2.1 and 2.2, and some simplifications give the result in Eq.
(17).

We have the following corollaries for some specific values of α.

Corollary 3.4. If f ∈ A belongs to the class Υn,u,v
q,x,y(s, t, α, β; c, A, B), then for α = 0,

|a2| ⩽
|c|(A − B)|ξ0|

[2]qΛ2
,

and
|a3| ⩽

|c|(A − B)
[3]qΛ3

[
|ξ0|max

{
1; |B|} + |ξ1|

]
.

6
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Corollary 3.5. If f ∈ A belongs to the class Υn,u,v
q,x,y(s, t, α, β; c, A, B), then for α = 1,

|a2| ⩽
|c|(A − B)|ξ0|
|[2]qΛ2 − βγ2|

,

and
|a3| ⩽

|c|(A − B)
|[3]qΛ3 − βγ3|

[
|ξ0|max

{
1; |Ω|} + |ξ1|

]
,

where

Ω = B +
βγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − βγ2)2 .

3.3. Fekete-Szegö coefficient estimates
In 1933, Fekete-Szeg [34] established a precise upper bound for the functional

φ(τ, f ) = |a3 − τa2
2|, (24)

where τ ∈ R and a2 and a3 are f coefficients in (1). Many academics have studied this functional for various subclasses of A,
as evidenced by the volume of literature since its introduction. In 1986, Pfluger [35] presented the functional (24) with complex
parameter τ. Literally, the Bieberbach conjecture serves as the foundation for the analysis of this function. See Ref. [36] for further
information.

Theorem 3.6. If f ∈ A belongs to the class Υn,u,v
q,x,y(s, t, α, β; c, A, B), then

φ(τ, f ) ⩽
|c|(A − B)

|[3]qΛ3 − αβγ3|

[
|ξ0|max

{
1; |Ψ|} + |ξ1|

]
,

for τ ∈ C, and

Ψ = B +
αβγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − αβγ2)2 +
τc(A − B)([3]qΛ3 − αβγ3)ξ0

([2]qΛ2 − αβγ2)2 . (25)

Proof. Using Eq. (22) and Eq. (23) in Eq. (24) means

a3 − τa2
2 =

c(A − B)ε2ξ0
[3]qΛ3 − αβγ3

−
cB(A − B)ε2

1ξ0

[3]qΛ3 − αβγ3
+

c(A − B)ε1ξ1
[3]qΛ3 − αβγ3

−
αβγ2c2(A − B)2{(1 + β)γ2 − 2[2]qΛ2}ε

2
1ξ

2
0

2([2]qΛ2 − αβγ2)2([3]qΛ3 − αβγ3)
− τ

(
c(A − B)ε1ξ0

[2]qΛ2 − αβγ2

)2

,

where we further simplify it to achieve the equation

a3 − τa2
2

=
c(A − B)ξ0

[3]qΛ3 − αβγ3

{
ε2 −

[
B +
αβγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − αβγ2)2 +
τc(A − B)([3]qΛ3 − αβγ3)ξ0

([2]qΛ2 − αβγ2)2

]
ε2

1

}
+

c(A − B)ε1ξ1
[3]qΛ3 − αβγ3

.

Now, ∣∣∣a3 − τa2
2

∣∣∣ ⩽ |c|(A − B)|ξ0|
|[3]qΛ3 − αβγ3|

∣∣∣∣∣ε2 − Ψε
2
1

∣∣∣∣∣ + |c|(A − B)|ε1||ξ1|

|[3]qΛ3 − αβγ3|
,

where Ψ is as declared in Eq. (25). Thus, the application of Lemmas 2.1 and 2.2 gives the result in the theorem.

We have the following corollaries for some specific values of α.

Corollary 3.7. If f ∈ A belongs to the class Υn,u,v
q,x,y(s, t, α, β; c, A, B), then for α = 0,

φ(τ, f ) ⩽
|c|(A − B)

[3]qΛ3

[
|ξ0|max

{
1; |Θ|} + |ξ1|

]
,

for τ ∈ C, and

Θ = B +
τc[3]qΛ3(A − B)ξ0

[2]2
qΛ

2
2

.

7
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Corollary 3.8. If f ∈ A belongs to the class Υn,u,v
q,x,y(s, t, α, β; c, A, B), then for α = 1,

φ(τ, f ) ⩽
|c|(A − B)
|[3]qΛ3 − βγ3|

[
|ξ0|max

{
1; |ϑ|} + |ξ1|

]
,

for τ ∈ C, and

ϑ = B +
βγ2c(A − B){(1 + β)γ2 − 2[2]qΛ2}ξ0

2([2]qΛ2 − αβγ2)2 +
τc(A − B)([3]qΛ3 − βγ3)ξ0

([2]qΛ2 − βγ2)2 .

4. Conclusion

In this work, we explored a subclass of non-Bazilevič functions that included several subclasses. The definition of the new class
was a combination of a modified Opoola q-derivative operator, quasi-subordination, and q-calculus. Among the results obtained are
the upper bound of the coefficient estimate and the Fekete-Szegö inequalities with complex parameters for the class. The new class
reduces to various known subclasses of non-Bazilevič functions when some of the the parameters take values within their interval of
definition.
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