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Convergence and Stability of the Ishikawa Iterative
Process for a class of ϕ-quasinonexpansive Mappings
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Abstract
The paper analyzes the convergence of Ishikawa iteration to the fixed point of a class of ϕ-quasinonexpansive mappings in uni-
formly convex Banach spaces, as well as the stability of the Ishikawa iteration used in approximating the fixed point. The work
not only confirmed Ishikawa iteration’s convergence and stability to the fixed point of ϕ-quasinonexpansive mappings, but it also
pointed the way for future research in the estimate of fixed points of ϕ-quasinonexpansive mappings.
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1. Introduction and preliminaries

If T x = x, then X is a nonempty set with a self-map T : X −→ X, and a point x ∈ X is said to be a fixed point
of T . The set of positive real numbers is designated by R+ throughout this work, while the set {x ∈ X : T x = x}
of fixed points of a mapping T is indicated by FT . Let E be a Banach space that is uniformly convex and D be a
closed convex subset of E. Let T : D −→ D be a nonlinear mapping; a mapping T is said to be contractive if there
is a constant k ∈ [0, 1) such that ||Ta − Tb|| ≤ k||a − b||∀a, b ∈ D. T is said to be nonexpansive if ∃ a constant
k = 1 such that ||Ta − Tb|| ≤ ||a − b|| for all a, b ∈ D. In 1970, Dotson [1] considered a certain class of mapping
known as quasi-nonexpansive mappings which was also studied by Zamfirescu [2], Ciric [3], Berinde [4], Olatinwo
[5] and many other authors. A mapping T is called quasi-nonexpansive if at least there is a fixed point p such that
||Ta − p|| ≤ ||a − p|| ∀ a ∈ D and p ∈ FT .
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Example 1.1. Let V = R and let T be defined as follows:

T (0) = 0,

Ta =
a
2

sin
(

1
a

)
, f or a , 0

The only fixed point of T is 0, since if a , 0 and Ta = a, then

a =
a
2

sin
(

1
a

)
, or 2 = sin

(
1
a

)
which is not possible. Then, suppose T is quasi-nonexpansive since a ∈ D, p = 0 we have

||Ta − p|| = ||Ta − 0|| = ||a||
∣∣∣∣∣sin

1
a

∣∣∣∣∣ = ||a|| = ||a − p||.

However, T is not a nonexpansive mapping. This can be seen choosing a = 2
π

and b = 2
3π , then

||Ta − Tb|| =
2
π

sin
π

2
−

2
3π

sin
3π
2

=
2
π

+
2

3π
=

8
3π
,

whereas,

||a − b|| =
8

3π
.

This demonstrates that nonexpansive mappings are properly included in the class of quasi-nonexpansive mappings.
If nonexpansive mappings with the set of fixed points FT = ∅ are quasi-nonexpansive and linear quasi-nonxpansive
mappings are nonexpansive, we can conclude from the example above that nonlinear continuous quasi-nonexpansive
mappings that are not nonexpansive exist.

2. Iterative processes

Let E be a uniformly convex Banach space and D be a closed convex subset of E and T : D→ D a self-mapping.
We can examine the sequence {an}

∞
n=0 generated by an iteration procedure. Let a0 ∈ D,

an+1 = Tan, n = 0, 1, · · · (1)

The sequence generated by (1) is reffers to successive approximation also known as Picard iteration. In the scenario
where T is nonexpansive, and the contractive requirements are slightly weak, the sequential approximation does not
have to converge to a fixed point of T .
The Mann iterative process is define as

an+1 = (1 − αn)an + αnTan, n = 0, 1, 2, 3, · · · (2)

If T is constant and the Mann iterative process converges, it does so to a fixed point of T , but if T is not continuous,
there is no guarantee that the Mann iterative process will converge to a fixed point of T .
Recently, R. Jahed et al. [16] investigate the iterations of φ-quasinonexpansive mappings and their applications in
Banach spaces in their paper. First, they show that the sequence generated by the hybrid proximal point method has
strong convergence to a common fixed point of a family of φ-quasinonexpansive mappings as well as applying their
main results to equilibrium problems. Atailia et al. [17] lately combined Hardy and Rogers [18] type nonexpansive
mappings and Suzuki generalized nonexpansive mapping to introduce a new class of mappings known as generalized
contractions of Suzuki type mappings. They were able to obtain some fixed point results for their new class of
nonexpansive type mappings. R. Pant et al. [19] consider the Halpern iteration in 2021 for finding a common fixed
point of a nonexpansive type semigroup and a countable family of mappings satisfying condition (E). As a result, the
findings in [16, 17] have been expanded, generalized, and complemented.
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Ariza-Ruize [6] showed that the mappings of a convex metric space are in class of ϕ-Quasinonexpansive mappings
for Mann iterative process. The algorithm presented by Ishikawa (1974) is as follows:bn = (1 − βn)an + βnTan ,

an+1 = (1 − αn)an + αnTbn .
(3)

where {αn}, {βn} are sequences in [0,1] satisfying the successive parameters:
1. 0 ≤ αn ≤ βn ≤ 1;
2. lim

n→∞
βn = 0;

3.
∑∞

n=1 αnβn = ∞

which converges to a fixed point of a Lipschitz Pseudocontrative self-mapping T on compact, convex subset of Hilbert
space C. We consequently, regard Ishikawa iteration method as a two step Mann iteration with two different parameter
sequences.
The iterative (3) above has been studied widely for both metric and Banach spaces for instance, Osiliki [12], Olatinwo
[14], Chidume [15] among others.

Definition 2.1. (Convex Metric Space) A convex metric space (E, d,⊕) is a metric space (E, d) together with a con-
vexity mapping ⊕ : E × E × [0, 1] −→ E satisfying

d(r, (1 − λ)p ⊕ λq) ≤ (1 − λ)d(r, p) + λd(r, q) (4)

for all p, q, r ∈ E, λ ∈ [0, 1].

Takahashi [7] in 1970 introduced a type of metric spaces called convex metric spaces, this class of metric spaces has
brought a lot improvement and generality of fixed point results on Banach spaces. For example, Zhao-hong Sun [8],
Ciric [9] for non self mapping.

Theorem 2.1. (For more information, see [6]). Consider the convex subset C of a convex metric space (E, d,⊕).
Assume T : C −→ C is a ϕ-quasinonexpansive mapping with ϕ ∈ Φ. Let

{
αn

}
n∈N be a real sequence in the range [0; 1]

that converges to a positive real value. The sequence
{
an

}
n∈N defined by the Mann iteration process then converges to

the unique fixed point of T for any a0 ∈ E.

The purpose of this study is to generalize Theorem 1.1 by utilizing a better Ishikawa iteration method to show both
the fixed point and stability results in uniformly convex Banach spaces with the condition ϕ(t) ≤ t ∀ t ≥ 0 uniformly
convex Banach spaces.

Definition 2.2. If there is a δ(ε) > 0 for any, 0 < ε ≤ 2, then the Banach space E is said to be uniformly convex when

||u|| = ||v|| = 1, ||u − v|| ≥ ε, it implies that
∣∣∣∣∣∣∣∣∣∣u + v

2

∣∣∣∣∣∣∣∣∣∣ ≥ 1 − δ(ε). (5)

Let E be a Banach space with a component of itself such as E ≥ 2. The function δE(ε) : [0, 2) −→ [0, 1] defined by

δE(ε) = inf{1 − ‖
1
2

(a = b)‖ : ‖a‖ = 1, ‖b‖ = 1, ε = ‖a − b‖}

is called modulus of E. If δE(ε) > 0 ∀ ε ∈ [0, 2) then, Banach space E is uniformly convex. We define Opial condition
as follows for any sequence {bn} ∈ V of a normed space (V, ||.||) thus bn ⇀ b0 it follows that ∀ c ∈ V, c , b0,

lim sup
n−→∞

||bn − b0|| < lim sup
n−→∞

||bn − c||,

which can be shown from the extraction of those connected subsequences if the lower limits and upper limits are
interchange in the definition above.
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For the sake of this paper we want to generalized quasi-nonexpansive mappings by introducing ϕ ∈ [0, 1] and λ ∈ [0, 1
2 ]

of reals to the quasi-nonexpnsive mapping ||Ta − p|| ≤ ||a − p|| which gives a class of mappings below

||Ta − Tp|| ≤ (1 − ϕ)(||a − p||) + λ(||a − Tp|| + ||p − Ta||) (6)

for all subsets a ∈ D of uniformly convex Banach space E and p ∈ FT on D, which happens to be the focus of our
research. The mapping T that satisfies (6) is known as generalized quasinonexpansive mapping.

Example 2.1. Let D be the real line mapping T : D −→ D defined by

Ta =


(

a
4 cos

(
1
a

))
if a , 0,

0 if a = 0.

Suppose a = 2, p ∈ FT then ‖Ta − T p‖ = ‖
(

2
4 cos

(
1
2

)
− p

)
‖

≤ (1 − ϕ)(‖2 − 0‖) + λ(‖2 − 0‖ + ‖0 − ( 2
4 cos

(
1
2

)
)‖)

with ϕ ∈ [0, 1] and λ ∈ [0, 1
2 ] we have
≤

(
1
2

)
(‖2 − 0‖ + ‖0 − ( 2

4 cos
(

1
2

)
)‖)

≤ 1 + 2
4 cos

(
1
2

)
.

Hence, T is a generalized quasinonexpansive mapping. Clearly, the class includes qusinonexpansive mappings if
ϕ = λ = 0.
Similarly, the mapping satisfies condition C i.e,
1
2 ||Ta − a|| ≤ ||a − p|| =⇒ ||Ta − T p|| ≤ ||a − p||.

The following lemmas and definition will be a useful tools for this research work.

Lemma 2.1. Let D be a nonempty subset of a uniformly Banach space E. A mapping T : D −→ D satisfies the
generalized quasinonexpansive if p ∈ FT on D and for all a ∈ D,
||T p − Ta|| ≤ ||p − a||.
Proof
||Ta − T p|| ≤ (1 − ϕ)(||a − p||) + λ(||a − T p|| + ||p − Ta||)

= (1 − ϕ)(||a − p||) + λ(||a − p|| + ||p − Ta||)

||Ta − T p|| ≤
1 − ϕ + λ

1 − λ
||a − p|| ≤ ||a − p||.

Lemma 2.2. [10] Let a, b ∈ X. If ||a|| ≤ 1, ||b|| ≤ 1 and ||a − b|| ≥ ε > 0, then

||λa + (1 − λ)b|| ≤ 1 − 2λ(1 − λ)δ(ε) f or 0 ≤ λ < 1.

Lemma 2.3. [11] Let αn ≥ 0, σn ≥ 0 be such that

αn+1 ≤ (1 + αn)an + σn. (7)

If, (a)
∞∑

n=1
αn < ∞; (b)

∞∑
n=1

σn < ∞; and (c) lim
n−→∞

inf an = 0, then lim
n−→∞

an = 0.

Definition 2.3. Harder and Hicks [13]. Let T : X −→ X be a map and (X, d) be a complete metric space. Assume that
the set of fixed points of T is FT = {p ∈ X | T p = p}. Let

{
bn

}∞
n=0 ⊂ X denote the sequence generated by an iterative

operation involving S , defined by

bn+1 = f (T, bn), b0 ∈ X, n = 0, 1, 2, ..., .

The first approximation is b0 ∈ X, and function f is some function. Assume that the sequence
{
bn

}∞
n=0 converges to a

fixed point p of T . Let
{
cn

}∞
n=0 ⊂ X and set εn = d(cn+1, f (T, cn)), n = 0, 1, 2, ..., and the iterative technique above is

T - stable or stable with regard to T if and only if lim
n→∞

εn = 0 implies lim
n→∞

cn = p.

We now proceed by showing the major sequel of this paper.
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3. Main Results

Theorem 3.1. Let E be a non-empty closed convex subset of E, and D be a uniformly convex Banach space. Assume
that the mapping T : D −→ D is a generalized quasinonexpansive mapping. Let {αn}n∈N and {βn}n∈N be sequences in
interval [0, 1] that converge to some positive real values. Then the sequence {an}n∈N is defined by

a1 ∈ D,
an+1 = (1 − αn)an + αnTbn,

bn = (1 − βn)an + βnTan, n ∈ N.
(8)

converges to the unique fixed point of T .

Proof
Let p ∈ FT denote the fixed point of T , employing (8) and (6),

||bn − p|| = ||(1 − βn)an + βnTan − p||

= ||(1 − βn)(an − p) + βn(Tan − p)||
≤ (1 − βn)||an − p|| + βn||Tan − p||

≤ (1 − βn)||an − p|| + βn[(1 − ϕ)(||a − p||) + λ(||a − T p|| + ||p − Ta||)]

introducing Lemma (1.1) then, we have

||bn − p|| ≤ (1 − βn)||an − p|| + βn||an − p||

||bn − p|| ≤ ||an − p|| (9)

But

||an+1 − p|| = ||(1 − αn)an + αnTbn − p||

= ||(1 − αn)(an − p) + αn(Tbn − p)||

≤ (1 − αn)||an − p|| + αn||Tbn − p|| (10)

Since T is a generalized quasinonexpansive
then,

||Tbn − p|| ≤ (1 − ϕ)(||bn − p||) + λ(||bn − T p|| + ||p − Tbn||)
= (1 − ϕ)(||bn − p||) + λ(||bn − p|| + ||p − Tbn||)

≤ (
1 − ϕ + λ

1 − λ
)||bn − p|| ≤ ||bn − p||

||Tbn − p|| ≤ ||bn − p||
substituting equation (9) gives

||Tbn − p|| ≤ ||an − p|| (11)

substituting equation (11) into (10) we have

||an+1 − p|| ≤ (1 − αn)||an − p|| + αn||an − p||

||an+1 − p|| ≤ ||an − p|| (12)

This affirms that the sequence {||an − p||} is a monotone, non-increasing sequences that converges to a real number say
L. If L > 0,
then ||an − Tbn|| ≤ ||an − p|| + ||p − Tbn|| ≤ ||an − p|| + ||an − p|| ≤ 2||an − p||
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Therefore, {||an − Tbn||} is bounded. As a result, alongside Bolzano Wieltrass theorem, there exists a convergent sub-
sequence {||ani − Tbni||} of {||an − Tbn||} thus lim

n→∞
||ani − Tbni || = λ especially for λ ∈ (0,∞).

Set a =
an − p
||an − p||

and b =
Tbn − p
||an − p||

.

Then we have a − b =
an − Tbn

||an − p||
.

Thus, ||a|| = 1, ||b|| ≤ 1 and

||a − b|| =
||an − Tbn||

||an − p||
≥
||an − Tbn||

||a1 − p||
= ε

By the Lemma (1.2), substituting a and b we have,∥∥∥∥∥αn
(Tbn − p)
||an − p||

+ (1 − αn)
(an − p)
||an − p||

∥∥∥∥∥ ≤ 1 − 2αn(1 − αn)δ
(
||an − Tbn||

||a1 − p||

)
,

such that 0 < δ ≤ 1

||αn(an − p) + (1 − αn)(Tbn − p)|| ≤ ||an − p||
[
1 − 2αn(1 − αn)δ

(
||an − Tbn||

||a1 − p||

)]
By induction,

||an+1 − p|| ≤ 1 − 2αn(1 − αn)δ
(
||an − Tbn||

||a1 − p||

)
.||an − p||

≤ 1 − 2αn(1 − αn)δ
(
||an − Tbn||

||a1 − p||

)
.

(
1 − 2αn−1(1 − αn−1)δ

(
||an−1 − Tbn−1||

||a1 − p||

)
.||an−1 − p||

)
≤ 1 − 2αn(1 − αn)δ

(
||an − Tbn||

||a1 − p||

)
. (1 − 2αn−1(1 − αn−1)δ)(

||an−1 − Tbn−1||

||a1 − p||

)
...

(
1 − 2α1(1 − α1)δ

(
||a1 − Tb1||

||a1 − p||

)
.||a1 − p||

)
||an+1 − p|| ≤ M

n∏
i=1

[
1 − 2αi(1 − αi)δ

(
||ai − Tbi||

||a1 − p||

)]
(13)

where M = ||a1 − p||
Considering δ as a monotone increasing and

1 − 2αi(1 − αi)δ
(
||ai − Tbi||

M

)
∈ (0, 1)

for all i, since lim
i−→∞

||ani − Tbni || = λ , and M = ||a1 − p|| ∀ n ≥ N, it follows from (13)

||ani − p|| ≤ M
n∏

i=1

[
1 − 2αi(1 − αi)δ

(
||ai − Tbi||

||a1 − p||

)] [
1 − 2α(1 − α)δ

(
β

M

)]ni−N

As i −→ ∞, ||ani − p|| −→ 0 which implies ani −→ p.
From (9), ||bn − p|| ≤ ||an − p||, it implies ||bni − p|| −→ 0 ,
then bni −→ p.
Also, since from (11) we have||Tbn − p|| ≤ ||an − p||, it follows that ||Tbni − p|| −→ 0 and therefore Tbni −→ p.
Since lim

i−→∞
Tbni = p ∈ E and lim

i−→∞
bni = p. Then it follows,

||T p − p|| ≤ ||T p − Tbni || + ||Tbni − p||

≤ ||p − bni || + ||Tbni − p||
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since T is continuous on R,+ as i −→ ∞ then

||T p − p|| ≤ ||p − p|| + ||p − p||

||T p − p|| ≤ 0

which implies T p = p then, p is a fixed point of T .
Since {||an − p||} is monotone non increasing, therefore it is bounded above. Thus, it converges with the lim

i−→∞
ani = p

and lim
i−→∞

an = p implies that the sequence {an} converges to a fixed point of T .

Remark 3.1. Theorem (1.2) is an extension of Theorem (1.1).

The stability of the Ishikawa algorithm using ϕ-quasinonexpansive mapping in uniformly convex Banach spaces is
demonstrated in the following theorem.

Theorem 3.2. Let E be a Banach space that is uniformly convex and D be a non-empty closed convex subset of E.
Let T : D −→ D be a generalized quasinonexpansive mapping with ϕ ∈ [0, 1] and λ ∈ [0, 1

2 ]. Let a0 ∈ E and the
sequence {an}

∞
n=0 be defined by 

a1 ∈ D,
an+1 = (1 − αn)an + αnTbn,

bn = (1 − αn)an + βnTan, n ∈ N.

where {αn}n∈N, {βn}n∈N ⊂ [0, 1]. The Ishikawa iterative process then becomes T - stable.

Proof
Following the definition of Ishikawa algorithm above and the generalized quasinonexpansiveness of T ,

let cn = (1 − βn)bn + βnTbn where an =
bn − p
||bn − p||

and bn =
Tcn − p
||bn − p||

||an|| =

∣∣∣∣∣∣∣∣∣∣ bn − p
||bn − p||

∣∣∣∣∣∣∣∣∣∣ ≤ 1 and ||bn|| =

∣∣∣∣∣∣
∣∣∣∣∣∣
(

Tcn − p
||bn − p||

)∣∣∣∣∣∣
∣∣∣∣∣∣ =
||Tcn − T p||
||bn − p||

≤
(1 − ϕ)(||cn − p||) + λ(||cn − T p|| + ||p − Tcn||)

||bn − p||

≤
||cn − p||
||bn − p||

=
||(1 − βn)bn + βnTbn − p||

||bn − p||

=
||(1 − βn)(bn − p) + βn[Tbn − p]||

||bn − p||

≤
(1 − βn)||(bn − p)|| + βn||Tbn − p||

||bn − p||

≤
(1 − βn)||(bn − p)|| + βn||bn − p||

||bn − p||

=
||bn − p||
||bn − p||

= 1

Let εn = ||bn+1 − f (T, bn)|| = ||bn+1 − (1 − αn)bn − αnTcn||, ∀ n = 0, 1, 2, 3, ..., and if lim
n−→∞

εn = 0 then, using triangle
inequality we get
||bn+1 − p|| ≤ ||bn+1 − (1 − αn)bn − αnTcn|| + ||(1 − αn)bn − αnTcn − p||

= εn + ||(1 − αn)(bn − p) + αn[Tcn − p]||

= εn + ||(1 − αn)an||bn − p|| + αnbn||bn − p||||

≤ εn + (||(1 − αn)an + αnbn||) ||bn − p|| (14)
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introducing lemma (1.2) in (14) we have

||bn+1 − p|| ≤ εn + [1 − 2αn(1 − αn)δ(ε)]||bn − p|| (15)

wherever [1 − 2αn(1 − αn)δ(ε)] ∈ [0, 1]
By Lemma again (1.2) then

lim
n−→∞

||bn − p|| = 0 i.e, lim
n−→∞

bn = p

Therefore, in the structure of uniformly convex Banach space, the Ishikawa algorithm is stable for the class of
ϕ-quasinonextensive mapping.

4. Conclusion

In conclusion, for the class of ϕ-quasinonexpansive mappings in uniformly convex Banach space, this paper
offered helpful information on the establishment of convergence to the fixed point and stability of the Ishikawa iterative
process.

Acknowledgments

We thank the anonymous referees for their useful suggestions.

References

[1] W. G. Dotson, “On the mann iterative process”, Trans. Amer. Math. Soc. 4 (1970) 506.
[2] T. Zamfirescu, “Fixed point theorems in metric spaces”, Arch. Math. 11 (1972) 292.
[3] L. B. Ciric, “Quasi-contraction non-self mappings on Banach spaces”, Bull. Acad. Serbe Sci. Arts. 23 (1998) 25.
[4] V. Berinde, “On the convergence of the Ishikawa iteration in the class of Quasi-contractive operators”, Acta Math. Univ. Comenianae. 73

(2004) 119.
[5] M. O. Olatinwo, “Some stability results for nonexpansive and Quasi-nonexpansive operators uniformly convex Banach spaces using Ishikawa

iteration process”, Carpathian J. Math. 24 (2008) 82.
[6] D. Ariza-Ruiz, “Convergence and stability of some iterative processes for a class of Quasi-nonexpansive type mappings”, J. Nonlinear Sci.

Appl. 5 (2012) 93.
[7] W. Takahashi, “Aconvexity in metric space and nonexpansive mapping”, Kodai Math. Sem. Rep. 22 (1970) 142.
[8] Z-H. Sun, “Strong convergence of an implicit iteration process for a finite family of asymptotically Quasi-nonexpansive mappings”, J. Math.

Anl. Appl. 286 (2003) 351.
[9] L. B. Ciric, “A generalization of Banach‘s contraction principle”, Proc. Am. Math. Soc. 45 (1974) 267.

[10] C. W. Groetsch, “A note on segmenting mann iterates”, Journal of Mathematical Analysis and Applications 40 (1972) 369.
[11] C. E. Chidume, “Geometric properties of Banach spaces and nonlinear iterations”, The Abdus Salam International Centre for Theoretical

Physics, Trieste, Italy (2000) 145.
[12] M. O. Osiliki, “Some stability results for fixed point iteration procedures” J. of Nigeria Math. Japonica. 33 (1995) 693.
[13] A. M. Harder & T. L. Hicks ”A Stable Iteration Procedure for Nonexpansive Mappings” Math. Japon. 33 (1988) 687.
[14] M. O. Olatinwo, “Convergence and Stability Results for Some Iterative Schemes” Acta University Apulensis 26 (2011) 225.
[15] C. E. Chidume, “Approximation of fixed point for Quasi-nonexpansive mappings in Lp spaces”, Indian J. Pure Appl. Math. 22 (1991) 273.
[16] R. Jahed, H. Vaezi & H. Piri, “Strong convergence of the iterations of φ-quasinonexpansive mappings and its applications in Banach spaces”

Sahand Communication in Mathematical Analysis 17 (2020) 71.
[17] S. Atailia, N, Redjel & A. Dehici, “Some fixed point results for generalized contractions of Suzuki type in Banach spaces”, J. Fixed Point

Theory Appl. 21 (2019) 1.
[18] G. E. Hardy & T. D. Rogers, “A generalization of a fixed point theorem of reich”, Can. Math. Bull. 16 (1973) 201.
[19] R. Pant, P. Patel, R. Shukla & Manuel De la Sen ”Fixed point theorems for nonexpansive type mappings in Banach spaces”, Symmetry 13

(2021) 585. https://doi.org/10.3390/sym13040585

80


