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Abstract

The stress-strain and Young’s modulus values of single-walled carbon nanotubes SWCNTs are modeled through linear finite
element simulations and Matlab codes, in this study. Cylindrical zigzag and armchair single-walled are established as carbon
nanostructures. An individual carbon nanotube (CNT) is simulated as a frame-like structure and the primary bonds between two
nearest-neighboring carbon atoms are treated as 3D beam elements. The stiffness and the stress-strain curved of the SWCNTs are
investigated. The effect domination of the nanotube diameter of the CNTs on Young’s modulus is studied. The simulation results
acquired in this study are in good agreement with the experimental results.
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1. Introduction

Carbon nanotubes (CNTs) are devices in which carbon properties are inherent [1]. The CNTs contains only sp
[2] hybridized carbon atoms in a cylindrical structure, these are including the CNTs single-walled carbon nanotubes
(SWCNTs) and multi-walled carbon nanotubes (MWCNTs) [2]. The SWCNTs diameters are 0.4-3 nm, and 2-500 nm
for MWCNTs. depending at the technique of synthesis [3]. Carbon nanotubes used as additives to many structural
materials, and later as an autonomous device for electronics, optics, plastics, and other materials of nanotechnology
fields [4]. CNTs present numerous remarkable properties which include high tremendous strength, aspect-ratio, and
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high thermal conductivity, ultra-lightweight. The significant electronic properties of CNTs starting from metallic to
semiconducting [5]. Their impressive structural, electronic, and mechanical properties are owing to their small size
and mass [6]. There is a strong contradiction between experimental results in literatures. Because of the complexity of
characterizing materials at the atomic scale and the difficulty of the transition in measurements from micro to macro
to elect the results from them. Researchers in experimental studies agreed on nanotubes unparalleled mechanical
properties. While we found that the results of practical experiments are scattered and not identical. According to this
point of view, simulations used to extract the mechanical properties for the nanotubes, is more accurate method [7].

Finite element method FEM, molecular dynamics, continuum mechanics, and experimental measurements are the
most usable methods in calculating the properties of nanostructures [8].

This paper evaluated the single-wall nanotubes with different diameters. The nanostructures were modeled using
the finite element method approach by beam elements. The carbon atoms were taken into consideration to be finite
elements nodes. Zigzag and armchair-type cylindrical tubes have been acquired by computer programming techniques
together with the finite element analysis (FEM).

2. Computational Methodology

There are many ways to view a SWCNT. Carbon cell has a hexagonal shape repeated periodically each carbon atom
attached to the tree other atoms by the strong covalent bond. As a results of the strong bonds and ideal engineering
links, nanotubes and all nano structures have a strong mechanical characteristic [9]. The chiral vector and the chiral
angle determine mechanical properties [10]. The above description was done by using MATLAB code to plot the
carbon Sheet after rolling it to calculate in an accurate computational manner the atomic and bonds sites, according
to the (n, m) values. These sites will be written in Excel files as nodes and elements respectively.

The second step will be the way to calculate strain resulting from the stress on one of the tube ends. The stress
will result in changing the angle between bonds in a way that the following equations control the deformation that
happened in the tube due to the applied stress.

The chiral vector and angle defined in terms of the lattice translation indices (n, m); i.e. the basic vectors a⃗1 and
a⃗2 and the hexagonal lattice is described as [11]:

C⃗h = n · a⃗1 + m · a⃗2, (1)
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Our model based on the elastic properties of single-walled carbon nanotubes; the model used finite element method
to simulate the covalent bonds. The structural properties of chemical bonds can be determined through energies of
stretching, bending, and torsion, which is based on Odegard’s methodology [11]. A hypothetical regular bond has a
definite strain energy, as a result of the tensile bending and torsion energy will be represented [12] as follows:
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UA, UM , and UT are the axial strain energy, the bending energy, and the torsion energy, respectively. L is the length, A
represents the cross section area, I is the moment of inertia, J is the polar moment of inertia for the beam cross section,

24



Hamood et al. / African Scientific Reports 1 (2022) 23–31 25

E Young’s modulus, G represents shear modulus of the beam. Another MATLAB code to be written, to calculate the
stiffness matrix for each bond, then the stiffness matrix for the nanotube and plot stress-strain curves, beginning from
the nodes and elements files resulting from the first MATLAB code. The specified information for our code is the
tube length, tube diameter, EA, EI, and GJ. The code performed to calculate the strain in each tube due to a subjected
force on one end of the nanotube. The mathematical approach used in those calculations will be defined as follows.
The structure beam stiffness will be related in term of the force field constants as follows [12]

EA
L
= kr, (7)

El
L
= kθ, (8)

GJ
L
= kϕ. (9)

The total strain and stress are respectively calculated using the following equations [13]:

ϵ =
∆L
Lo
, (10)

σ =
F
A
, (11)

where ∆L = (L − Lo), L is the current length, Lo is the initial length, F is the applied tensile force which is calculated
by totaling the whole number of the reaction forces at the fixed nodes and A is the cross section area of the CNT ,
which is defined as A = πDt (where D = CNT diameter and t is the thickness of a single-wall carbon nanotube is
taken as 3.4 Å). The slope of the stress-strain curve in this range gives Young’s modulus (Y)

Y =
σ

ϵ
=

F/A
∆L/Lo

, (12)

where is the ratio of normal stress (σ), (ϵ) represents the normal strain from a uni-axial tension test, while (Y) is the
Young’s modulus [14].

3. Result and Discussion

3.1. Structural Characteristics of Carbon Nanotubes

To verify the reliability and efficiency of the structural mechanic’s approach to the modeling of carbon nanotubes
and to illustrate its capability, we design graphite sheets as single-walled carbon nanotubes as shown in Figure 1,
then roll it to perform a (SWCNTs), and to calculate a number of their basic elastic properties, such as stress-strain,
stiffness and Young’s modulus.
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Figure 1. CNTs as a hexagonal graphene sheet.

As a result of the first computational step with the first MATLAB code, the CNTs’ shapes were plotted, and the
locations of the (atoms) nodes and (bonds) elements were calculated as it should be. The geometrical parameters for
zigzag and armchair nanotubes were obtained according to the default chirality (n, m) values. Four armchair models,
there chirality was (12, 12), (17, 17), (22, 22), (30, 30), and three zigzag models (12, 0), (22, 0), (30, 0).

Figure 2. Graphene sheet that forms (a) an armchair and (b) zigzag SWCNT when rolled parallel to x-axis.

The two CNTs with armchair chirality (12, 12) and zigzag chirality (12, 0) shown in (Fig. 2a,b) are modeled and
analyzed. The bond length for both types is 2.3382 nm and the length of the graphene sheets is 20 nm.

3.2. Mechanical Characteristics of Carbon Nanotubes

In the first parametric study for a single wall armchair SWCNTs, and a single wall zigzag CNTs. Three stiffness
parameters need to be decided. They are EA, EI and GJ can be transformed into force constants. These force
constants are known, as the C −C bond. The cross-section for each nanotube is assumed to be circular with diameter
calculated in the first MATLAB code for every nanotube, and used in this search stage. Force constants used in this
step become as follows: EA = 6.52× 10−7 N/nm, EI = 8.76× 10−10 N · nm/rad2 and GJ = 2.78× 10−10 N · nm/rad2.
After calculating the stiffness matrix of the bond, the stiffness matrix for the tube was calculated. The C − C bonds
were represented with the elastic beam mesh elements.
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The reason for considering the planar frame normal to the cylinder base is the reduction of the unknown dis-
placements for the structure system, and putting the whole displacements in a matrix. In the finite element method,
displacements for the joint components required are a translation in the Z direction and rotations about the X and Y
axes. The z-axis in local coordinates and the z-axis in global coordinates will coincide; therefore, linear displacement
along the z-axis will be identical, while the x and y-axes required accurate calculations for transformation to the global
axis because of the rotational and translational components of nodal coordinates.

Notice the existence of three kinds of stiffness sources at each node as shown in Equations (4, 5, & 6). Therefore,
before assembling the corresponding matrices for the nanotube structure, the references of these matrices must be
transformed to the global system of coordinates. And because of conceding the Z-axis of the local coordinates with
the Z-axis for the global system, the rotation will be happened in the x-y plane. The corresponding matrices will be
calculating through the relationship between moment components at each node and for the three axes [15].

Figure 3. Stiffness matrix for (12, 12) nanotube, the clearest view from polar angle rotation.

In concerning to the stiffness matrices, Figure 3 above shows the stiffness matrix for a Az : −46, EL = 15 view
in Matlab figure plot. This figure obvious that the stiffness directions in the nodes matrix. All the stiffness planes
represent the planes gathering of strengths points in the nanotube. The highest plane is along the kz − axis, this plane
refers to the highest resistance to deformation or fracture when shed a deformation force along kz−axis. In the current
study, the nanotube length supposed to be along the z-axis, where the nanotube base lies on the x-y plane. The x and y
axis length plotted according to the nanotube diameter. According to the above description, the reader could imagine
a standing nanotube along the z- axis.

The above stiffness plane tells that cutting the carbon nanotube into two similar shells is impossible. In the same
figure there are two planes starting from the same vector there are two stiffness planes starting from the same kz−vector
starting from the (0, 0) point and rising up to 12.93, and making a 30 degree angle with the first stiffness plane. These
two planes refer to other strong places in the nanotubes structure. These two planes starting from the same line the
line height is 29.39 nm and slanted from the main plane by an angle equal to 30 degrees, this angle formed according
to the rotation angle of the bonds or joints along the x-axis and y-axis.
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Figure 4. The stiffness matrix for armchair (12, 12).

In Figure 4, it is obvious that the maximum point on the middle plane is (990, 990, 38.8). The strength points
reach to a high level while it is less in the side planes and equal to (1038, 987, 12.93). The stiffness due to elongation
due to the applied force in the nanotube is clear in the z-value at the middle plane (38.8). In the two other planes, the
x-axis reaches to 1038 units. In all the stiffness planes x maximum point and y- maximum point is much higher than
the z- maximum point due to the rotation action on the atomic bonding along these two axes.

Figure 5. The stiffness planes for Zigzag (12, 0).

Figure 5 shows the maximum point is (489, 489, 38.8) and the lower plane reach (513, 474, 12.93). The strength
planes in the two kinds of nanotubes shows an equal maximum point at z-axis (height), and lower length and width in
the zigzag type. The lower x-axis and y-axis values mean lower strength and more fracture ability.

From the stiffness matrix and a more force subjected on one of the nanotubes ends the stress-strain relation for
each nanotube, was calculated and plotted in Figure 6.
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Figure 6. The stress-strain relation in armchair nanotube with shape preserving fitting.

Figure 6 shows the stress-strain relation for single wall armchair (17, 17) carbon nanotube. Two regions are
clear the first region is linearly dependent, and the second region where the stress changed its behavior after the
(0.1579 GPa). To determine the mathematical approach is finite element method (FEM), enable to show the elastic
mechanical behavior of the SWCNTs.

Figure 7. Stress-strain comparison curves of armchair and zigzag SWCNTs.

The variation of stress-strain curves of armchair (12, 12) chirality and zigzag (12, 0) chirality SWCNTs is shown
in Figure 7. It is clear that: the stress–strain values increase linearly up to an inflection point (peak force) occurs at
about 10.04 % strain for an armchair and 7.9 % strain for zigzag, and then increases gradually with non-linearity at
large stress-strain values. The stress- strain of the armchair and zigzag SWCNTs are 0.223 T Pa and 0.1214 T Pa,
respectively. Based on the curves, the stress-strain value of armchair is larger than that of zigzag. This may be due
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to the existence of bonds between unstable edge atoms in the armchair, which is not present in zigzag SWCNTs [16].
The calculated results are in the equal order as the ones suggested within the literature [17].

Figure 8. Young’s modulus for armchair and zigzag SWCNTs with various CNT diameter using Morseforce.

The calculated Young’s modulus is plotted against the nanotube diameter for armchair and zigzag SWNTs using
More force method, in Figure 8. It could be seen that the trend is similar for both armchair and zigzag SWNTs;
Young’s modulus increased slightly. In general young’s modulus increased with the diameter. This could be attributed
to the effect gradually diminishes of curvature with the CNT diameter increase [18]. FE simulation results for Young’s
modulus and nanotube diameters are listed in Table 1. Those values are in good agreement with the theoretical results
of Lu & Huang [17] and experimental results of Chuo & Li [19].

Table 1. Finite element simulation results of young’s modulus and diameters values of Armchair & Zigzag SWNTs.
Model/Chirality (n, m) Diameter (nm) Young’s Modulus (T Pa)

Armchair (12,12) 0.814 1.0046
Armchair (17,17) 1.1534 1.0055
Armchair (22,22) 1.4927 1.0056
Armchair (30,30) 2.0354 1.0077

Zigzag (12,0) 0.470 1.0599
Zigzag (22,0) 0.8617 1.06
Zigzag (30,0) 1.1752 1.08

4. Conclusion

Within this computational study, a structural mechanics approach has been developed for modeling single-wall
carbon nanotubes via finite element method (FEM), two graphene sheets with armchair chirality (12,12) and zigzag
chirality (12,0) are modeled and analyzed for the comparison between the armchair and zigzag type based on the
chirality. The values of stress-strain and young’s modulus of SWCNTs are acquired. The stress–strain values increase
linearly before reaching the force peak. An inflection point (force peak) take place at about 10.4 % strain for an
armchair and 7.9 % strain for zigzag, and then increase gradually. Young’s modulus E increases with increasing
nanotube diameter. The tube deformation decreased with increasing the diameter of the tube.
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